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Abstract
Lambek elegantly characterized part of natural language. As is well-known, his substructural logic L,
and its non-associative version NL, handle basic function/argument composition well, but not scope taking
and syntactic displacement—at least, not in their full generality. In previous work, I propose NLλ , which is
NL supplemented with a single structural inference rule (“abstraction”). Abstraction closely resembles the
traditional linguistic rule of Quantifier Raising, and characterizes both semantic scope taking and syntactic
displacement. Due to the unconventional form of the abstraction inference, there has been some doubt that
NLλ should count at a legitimate substructural logic. This paper argues that NLλ is perfectly well-behaved.
In particular, it enjoys cut elimination and an interpolation result. In addition, perhaps surprisingly, it is
decidable. Finally, I prove that it is sound and complete with respect to the usual class of relational frames.
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Thanks to Glyn Morrill, Larry Moss, Greg Restall, Shawn Standefer, and my three referees. Errors
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NLλ

NLλ is a substructural logic (Restall 2000, Ono 2003) with applications in the syntax and semantics of natural languages. It is based on the non-associative Lambek calculus NL (Lambek 1958,
1961; Moortgat 1997, Buszkowski 2010), augmented by a structural postulate (“abstraction”) that
corresponds to the traditional linguistic rule of Quantifier Raising (May 1977, 1985; Heim and
Kratzer 1998).
NLλ was first proposed in Barker 2007, where it was used to provide a compositional account
of the semantics of same and different in English. The present paper concentrates on the formal
properties of NLλ , rather than on its linguistic applications; for analyses in NLλ of scope, binding,
ellipsis, and more, see chapters 13 through 16 in Barker and Shan 2014, as well as Barker 2007,
2013, 2015a, 2015b, and Barker in prep.
Because the abstraction postulate does not resemble standard structural postulates (for a list
of standard structural postulates, see, e.g., Restall 2000:26), there has been some doubt that NLλ
is a legitimate substructural logic. For instance, Kubota 2015:23 remarks that “[t]he use of λ s in
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structured antecedents is without precedent,” and he questions the “formal and ontological status”
of the postulate. So the present paper sets out to establish that NLλ is perfectly legitimate and
well-behaved as a substructural logic.
The mistrust of the abstraction postulate persists despite the fact that Barker and Shan 2014
(section 17.9) prove soundness and completeness and decidability for a restricted version of NLλ .
However, there are two aspects of that discussion that limit its persuasiveness, both of which are
remedied here. One limitation is that their proof is indirect: they first prove that NLλ is equivalent
to a more conventional substructural logic (discussed below in section 5.1), and then prove soundness and completeness for the second logic. The proofs here deal directly with NLλ . The second
limitation is that because their results apply only to a restricted version of NLλ , they leave open the
status of unrestricted NLλ . They remark (page 181) that extending the results to the unrestricted
version would require “new techniques”. The present paper supplies the new techniques.
The logic has two modes. One mode corresponds to Lambek’s original logic, and characterizes
horizontal composition, i.e., left/right adjacency (in syntactic terms, “external merge”). The other
mode characterizes vertical composition, that is, context/value combination (“internal merge”).
The vertical mode allows an expression to combine with one of its delimited continuations, so I
will sometimes call this the continuation mode.
The addition of a product unit (as in, e.g., Lambek 1988) for the horizontal mode allows the
logic to model gaps left by syntactic movement. Thus abstraction and the unit together allow NLλ
to characterize both covert movement (scope) and overt movement (syntactic displacement).
Unrestricted NLλ , the logic of scope and movement:
• Formulas: F :=

DP | S | Q

| t | F\F | F × F | F/F | F)F | F ⊗ F | F( F

• Structures: S := F | 1 | S • S | S ◦ S
• Axiom and cut:
A`A

Γ`A

AXIOM

Σ[A] ` B

Σ[Γ] ` B

CUT

• Logical inference rules:
Γ`A

Σ[B] ` C

\L

Σ[Γ • A\B] ` C
Σ[A • B] ` C
Σ[A × B] ` C
Γ`A

×L

Σ[B] ` C

Σ[B/A • Γ] ` C
Σ[1] ` A
Σ[t] ` A

/L

tL

A•Γ ` B

\R

Γ ` A\B
Γ`A Σ`B
Γ•Σ ` A×B

×R

Γ•A ` B
Γ ` B/A

1`t

/R

tR

A◦Γ ` B

Γ ` A Σ[B] ` C
Σ[Γ ◦ A)B] ` C
Σ[A ◦ B] ` C
Σ[A ⊗ B] ` C
Γ ` A Σ[B] ` C
Σ[B( A ◦ Γ] ` C

)L
⊗L

(L

Γ ` A)B
Γ`A

Σ`B

Γ◦Σ ` A⊗B
Γ◦A ` B
Γ ` B( A

)R
⊗R

(R
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• Structural rules:
1•∆ ≡ ∆ ≡ ∆•1
Σ[∆] ≡ ∆ ◦ λ αΣ[α]

(unit)
(abstraction)

The notation ‘Σ[∆]’ indicates a structure Σ containing within it a distinguished occurrence of a
structure ∆, so that ‘Σ[Γ]’ will be the result of replacing the relevant occurrence of ∆ in Σ with Γ.
The brackets allow replacing only a single occurrence in a context (versus replacing an arbitrary
number of occurrences), as usual in discussions of Lambek-style logics (e.g., Moortgat 1997).
In view of the abstraction structural rule, we must enlarge the set of structures by adding the
following closure rule: if ∆ and Σ[∆] are structures, and α is a variable from the set {x, y, z, . . .} not
occurring in Σ[ ], then λ αΣ[α] is a structure. For instance, DP, DP • S, DP ◦ λ x(x • S), λ yλ x(x • y),
and λ z(z • λ xx) are structures, but x, (x • S), λ x.DP, and λ xλ x(x • x) are not. It will simplify the
specification of the logic if we adopt a constraint on derivations inspired by Barendregt’s 1984:26
variable convention: we’ll assume that no variable occurs in more than one premise. As long
as there is an unbounded number of distinct variables, this is easy to guarantee. As a result of
adopting this constraint, every λ α will always correspond to exactly one occurrence of α in the
body of the structure. This means that we can safely cut or introduce a slash within the body of a
lambda structure without needing to rename any variables.
The abstraction inference rule closely resembles the traditional linguistic rule of Quantifier
Raising (May 1977, 1985; Heim and Kratzer 1998). It says in effect that whenever a structure Σ
contains within it an occurrence of the structure ∆, ∆ can potentially take scope over Σ. This is
accomplished here by adjoining ∆ in the continuation mode (i.e., via ‘◦’) with the lambda structure
λ αΣ[α], where α is a variable not occurring anywhere in Σ[ ]. Since the lambda structure λ αΣ[α]
surrounds ∆, it constitutes one of ∆’s (delimited) continuations.
As we should expect from the resemblance to Quantifier Raising, NLλ is well suited to modeling in-situ quantifier scope. If we assign Ann to the category DP, saw to the category (DP\S)/DP,
and the quantifier everyone to the category S( (DP)S), we have the following account of in-situ
scope taking:
DP ` DP S ` S
\L
DP ` DP
DP • DP \ S ` S
/L
DP • (( DP\ S )/ DP • DP) ` S
DP ◦ λ x( DP • (( DP \ S )/ DP • x)) ` S

λ x(DP • ((DP\S)/DP • x)) ` DP)S

ABS

)R

S

`S

S( ( DP ) S ) ◦ λ x( DP • (( DP \ S )/ DP • x)) ` S
DP • (( DP\ S )/ DP • S( ( DP ) S )) ` S

(L

ABS

LEX

Ann • (saw • everyone) ` S
The natural Curry-Howard labeling (see, e.g., chapter 13 in Barker and Shan 2014) gives the desired semantics for scope-taking, namely, everyone(λ x.saw(x)(ann)).
One way to understand the abstraction rule is as a kind of syntactic movement. In this derivation, the scope-taker everyone moves upwards to adjoin to its scope domain. A movement analogy
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is not necessary, however. It is equally legitimate to say that the scope-taker remains in place,
and we are simply focussing it, and placing the context that surrounds it into the background. See
Barker and Shan 2014, Barker 2015a, 2015b for discussion.
With the addition of a unit for the horizontal mode, the logic also provides an account of overt
syntactic movement. The unit structural rule says that the structural constant ‘1’ (which can be
thought of as the empty structure, ‘()’) serves as both a left and right unit for the horizontal mode.
The unit will be used to model gaps for overt movement as well as silent modifiers, and plays
a key role in sprouting in the analysis of sluicing in Barker 2013 and chapter 15 of Barker and
Shan 2014. The unit structure corresponds to the type ‘t’. The symbol ‘t’ stands for the weakest
tautology, as in, e.g., Restall 2000, but in a happy coincidence, it also corresponds to the symbol
often used in the syntactic literature to stand for syntactic traces.
For example, if we assign who to the category Q/(t⊗(DP)S)), then following Morrill et
al. 2011:22, we can analyze an embedded question such as who Ann saw, as in Bill knows [who
Ann saw] as follows:

1`t

·
·
·
λ x(Ann • (saw • x)) ` DP)S

1 ◦ λ x(Ann • (saw • x)) ` t⊗(DP)S)
Ann • (saw • 1) ` t⊗(DP)S)
Ann • saw ` t⊗(DP)S)

⊗R

ABS

unit
Q

Q /(t⊗( DP) S )) • (Ann • saw) ` Q

`Q

\L

In the traditional syntactic treatment, the wh-word who moves from the object position of saw,
leaving a trace. That movement corresponds here to the abstraction of the unit, establishing a
logical connection between the object position and the wh-word. The t in the lexical category of
who licenses the abstraction of the unit.
As mentioned above, Barker and Shan 2014 place restrictions on the abstraction rule that are
not imposed here (see their section 17.6, page 190). Essentially, they allow abstraction only out
of contexts built from the horizontal mode, but not out of contexts built from the vertical mode.
This restriction allows Barker and Shan to prove an Efficient Abstraction theorem, which says
that for every derivation, there is an equivalent derivation in which only formulas (as opposed to
complex structures) undergo abstraction (i.e., ∆ in the abstraction rule is always a formula). As
they note, this has the unfortunate effect of ruling out derivations proposed for sluicing in Barker
2013 (see discussion in Barker and Shan 2014:205, section 7.11), since sluicing crucially requires
abstraction of a lambda structure. The unrestricted version of NLλ given here covers all of the
sluicing analyses proposed in Barker 2013, and the decidability proof below does not depend on
Efficient Abstraction.
The presence of lambdas and variables in the syntax of NLλ often creates concern; for an
example in print, once again, see Kubota 2015:23. Are these lambdas “real” lambdas? And what
about the variables? Although these formal elements are novel in the context of the syntactic side
of Lambek grammars, variables and binding constructions are common in logic in general (just
think of the Predicate Calculus with quantification). Furthermore, there is a related literature that
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uses lambda expressions in syntactic calculi. Notable examples include Oehrle 1994, Muskens
2001, and de Groote 2002. In any case, the set of formulas in the logic are well-defined, the set of
structures in the logic are well-defined, and the inferences licensed by the abstraction postulate are
well-defined. Just like any structural rule, the abstraction rule licenses replacing one structure with
a different structure based on purely structural criteria.
In other words, just like any logic, NLλ fully and precisely characterizes a class of inferences.
And just as we can for any logic, we can ask the usual metalogical questions: does the logic
enjoy cut elimination? (Yes.) Is the logic decidable? (Surprisingly, yes.) Is there an interpolation
theorem? (Yes.) What sort of semantics fits the logic? (The same relational frames that are often
used to provide a semantics for other substructural logics.) Is the logic sound and complete with
respect to its semantics? (Yes.)

2

Decidability

Note that NLλ has the subformula property. This is easy to see, since NL has the subformula property, and the structural postulates neither add nor delete any formulas. The subformula property
often leads to decidability, as long as there is a bound on the application of the structural postulates.
For instance, there are only so many ways of regrouping a set of structures, so associativity does
not threaten decidability for L.
In contrast with L, it is not obvious that NLλ is decidable, since abstraction inferences can be
repeated ad infinitum (e.g., A ≡ A ◦ λ xx ≡ (A ◦ λ xx) ◦ λ xx ≡ ...). Without some way of limiting abstraction, proof search will continue forever. Proving decidability will involve three main lemmas:
cut elimination, a bound on the number of abstractions, and a bound on the number of units.

2.1

Cut elimination lemma

Lemma 1 (Cut elimination): Every provable sequent has a cut-free proof.
Proof. The standard proof of cut admissibility for NL relies on pushing cuts upward in the
proof until one of the premises is an axiom, at which point both the axiom and the cut can be
eliminated without disturbing the proof. The logical rules of NLλ are the same as the rules for
other Lambek-style grammars, and so are equally compatible with cut elimination. As for the
abstraction postulate, since every formula present in the conclusion of an abstraction is also present
in its premise, any cut that targets a formula in the conclusion can be pushed upwards to target the
corresponding formula in the premise, so abstraction inferences do not impede cut elimination. 
See Barker and Shan 2014 chapter 17 for a more detailed version of this proof.
Note the material that replaces the cut formula in the conclusion of a cut inference must constitute the entire left hand side of one of the premises, so there is no danger of a cut separating a
variable from its binder.
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Abstraction lemma

Since the abstraction inference rule is bi-directional, we can separate it into two parts, corresponding to beta reduction (‘RED’) and beta expansion (‘EXP’):
Σ[∆ ◦ λ xΓ[x]] ` A

Σ[Γ[∆]] ` A
Σ[∆ ◦ λ xΓ[x]] ` A

RED

Σ[Γ[∆]] ` A

EXP

The terms ‘reduction’ and ‘expansion’ reflect the bottom-to-top direction of fit, since decidability
is a matter of proof search, which involves starting with the final conclusion and searching to find
a proof that licenses it.
Since the premise of a reduction inference is strictly simpler than its conclusion, it poses no
threat to decidability. The goal, then, will be to establish a bound on the number of expansions
needed.
The strategy for proving the lemma stated immediately below will depend on tracking the
lifetime within the proof of each ‘◦’. Since there are no ‘◦’s in axiom instances, each ‘◦’ must be
introduced into the derivation either by a logical rule (more specifically, by )L, ⊗R, or( L) or by
a reduction inference. Once a ‘◦’ has been introduced, it will be copied by subsequent inference
rules from premise to conclusion until it is eliminated either by a logical rule ()R, ⊗L, or( R),
or by an expansion inference. I’ll say that a chain of ◦’s that is introduced by a reduction and
eliminated by an expansion is a purely structural abstraction.
Lemma 2 (purely structural abstraction is eliminable): given an arbitrary derivation in NLλ ,
there is an equivalent derivation (same conclusion, same Curry-Howard labeling) in which no ‘◦’
eliminated by an expansion inference was introduced by a reduction inference.
Proof. In view of Lemma 1, we can assume without any loss of generality that we have a cutfree proof. If the derivation does not contain any purely structural abstractions, the derivation is
already consistent with the lemma. Therefore assume that there is at least one purely structural abstraction in the proof. We will construct an equivalent parallel proof in which the purely structural
abstraction is omitted.
·
·
·
·
Σ[Γ[∆]] ` A
·
·
RED
Σ[∆ ◦ λ xΓ[x]] ` A
Σ[Γ[∆]] ` A
·
·
·
·
·
·
Σ0 [∆0 ◦ Π0 [λ xΓ0 [x]]] ` A0
Σ0 [Π0 [Γ0 [∆0 ]]] ` A0
Σ00 [∆00 ◦ Π00 [λ xΓ00 [x]]] ` A00
·
·
·
000 000
Σ [∆ ◦ λ xΓ000 [x]] ` A000
Σ000 [Γ000 [∆000 ]] ` A000
·
·
·

X

EXP

Σ00 [Π00 [Γ00 [∆00 ]]] ` A00
·
·
·
000 000 000
Σ [Γ [∆ ]] ` A000
·
·
·

X

In the original proof on the left, a reduction introduces a ‘◦’ that is carried through until a matching
expansion eliminates it. The claim is that it is always possible to construct a corresponding modi-
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fied proof as schematized on the right with identical starting and ending sequents, but without the
abstraction.
Examining the reduction inference in the original derivation, note that in the conclusion of the
inference, the ‘◦’ is adjacent to the newly created λ . Subsequent inferences can interpose structure
between a ‘◦’ and its lambda. For instance, additional reductions can abstract material from Γ into
this position, and we can insert as many units as we wish. The possibility of interpolated material
is schematically represented in the middle inference as Π0 and Π00 . However, in order for the final
expansion to eliminate the ‘◦’, the ‘◦’ must be reunited with its original λ , since inspection of the
logic reveals there is no way to create or maneuver any different lambda into the position adjacent
to a pre-existing ‘◦’. This means in addition that if the structure λ xΓ[x] created by the original
reduction is itself abstracted, it will only have to undergo expansion back into its original position
in order for the occurrence of ◦ in question to be eliminated, so this secondary abstraction would
itself be removable.
Focus now on the schematic inference labelled X. The intention is that X can be any inference,
either logical or structural (and so may have a second premise, not represented in the schematic
diagram). Assuming that the premise in the original proof and the premise in the constructed
proof share Σ0 , Π0 , Γ0 , and ∆0 , the premises differ only in the position of ∆0 , the presence of the ◦
and the λ x, and the occurrence of x embedded in Γ0 . In particular, every formula, every structural
connective, and every potential landing site for an abstraction that is present in the left side premise
is present also in the right side premise. It follows that the right hand premise will match the
requirements of the X inference, and that the left hand conclusion and the right hand conclusion
will also share identical Σ00 , Π00 , Γ00 , and ∆00 (up to choice of variables).
In particular, it is not possible for ⊗L and( R inferences to target the distinguished ‘◦’, since
the right hand element is not a formula. A )R inference can potentially target the ‘◦’—but then
the chain containing the ‘◦’ would not be purely structural, contrary to assumption.
Since the subproofs begin synchronized (by construction), and since each step maintains synchronization, the final conclusions will be identical. Furthermore, because the same logical inferences are executed in the same way (that is, they manipulate the same formulas to build the
same structures), and in the same order, and because structural inferences do not affect the CurryHoward labeling, the semantic label of the final sequent of the original proof will be identical to
that of the constructed proof. 
Given lemma 2, it follows that we can limit proof search to derivations in which each ‘◦’
eliminated by an expansion inference was introduced by a logical rule. Because each logical rule
introduces at most one ‘◦’, and because the number of instances of the logical rules is bounded
by the number of logical connectives in the final sequent, it follows that the number of expansion
inferences is also bounded by the number of logical connectives in the final sequent.
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Unit lemma

Just as we did for abstraction, we can separate the structural rule governing the unit into operations
that introduce (“push”) and eliminate (“pop”) a unit:
Σ[∆] ` A

Σ[∆] ` A

Σ[1 • ∆] ` A

LEFT PUSH

Σ[1 • ∆] ` A
Σ[∆] ` A

RIGHT PUSH

Σ[∆ • 1] ` A

Σ[∆ • 1] ` A
LEFT POP

RIGHT POP

Σ[∆] ` A

The inference names are from Restall 2000:30; the choice of ‘1’ for the unit comes from Ono 2003.
Only inferences in which the premises are more complex than the conclusion (i.e., the pop
rules) threaten decidability, so we can concentrate on them.
Lemma 3 (a bounded number of pops suffices): given an arbitrary derivation in NLλ , there is
an equivalent derivation (same conclusion, same Curry-Howard labeling) in which the number of
pop inferences is bounded by the length of the final conclusion.
Proof. Let p be an arbitrary derivation. In view of cut admissibility, we can assume that p is cutfree. Focus on an instance of pop, and on the inference i immediately above it. In most instances,
the order of pop and i can be exchanged without affecting the proof (same final conclusion, same
Curry-Howard labeling). But there are a limited number of situations in which the exchange cannot
occur. Here is a complete list:
• Pop blocked by an \L, ×R, or /L inference:
1`A

Σ[B] ` C

Σ[1 • A\B] ` C
Σ[A\B] ` C
1`A

∆`B

1 • ∆ ` A×B

\L

LEFT POP

×R
LEFT POP

1`A

Σ[B] ` C

Σ[B/A • 1] ` C

∆ • 1 ` A×B

∆ ` A×B
∆ ` A×B
• Pop blocked by an expansion inference (four subcases):
Σ[1 ◦ λ xΓ[x • ∆]] ` A
Σ[Γ[∆]] ` A

LEFT POP

Σ[∆ ◦ λ xΓ[1 • x]] ` A
Σ[Γ[1 • ∆]] ` A

×R
RIGHT POP

Σ[1 ◦ λ xΓ[∆ • x]] ` A
EXP

Σ[Γ[1 • ∆]] ` A

RIGHT POP

Σ[B/A] ` C
∆`A 1`B

/L

EXP

Σ[Γ[∆ • 1]] ` A
Σ[Γ[∆]] ` A

RIGHT POP

Σ[∆ ◦ λ xΓ[x • 1]] ` A
EXP

LEFT POP

Σ[Γ[∆ • 1]] ` A

EXP
RIGHT POP

Σ[Γ[∆]] ` A
Σ[Γ[∆]] ` A
The top two cases, in which it is the unit that is abstracted, correspond to using the unit as
a trace for syntactic movement, as illustrated in section 1. The bottom two cases, in which
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it is the complement of the unit that is abstracted, correspond to the analysis of sprouting
in sluicing (see Barker 2013:section 4.3 or Barker and Shan 2014:182 for an analysis of the
sprouting sluice in John left, but I don’t know when; the unit serves as a silent temporal
adverbial modifying left).
Note that these cases can overlap if ∆ = 1:
1 ◦ λ xΓ[(1 • x) • Π] ` A

1 ◦ λ xΓ[(x • 1) • Π] ` A
EXP

Γ[(1 • 1) • Π] ` A

LEFT POP 2

Γ[1 • Π] ` A

LEFT POP1

Γ[Π] ` A

EXP

Γ[(1 • 1) • Π] ` A
Γ[1 • Π] ` A
Γ[Π] ` A

LEFT POP2
LEFT POP1

The left-hand (right-hand) derivation matches both of the schemas in which the variable x
occupies the leftmost (rightmost) position. In this one kind of situation, a single expansion
inference can simultaneously block two pop inferences. We can exchange the order of the
pop inferences with each other in order to select which inference is adjacent to the expansion
inference; but neither one can hop over the expansion inference, so both pop inferences remain trapped beneath the expansion. In all other situations, an inference can block at most
one pop inference. There are variants with Π on the left hand side of the units.
• Pop blocked by push (two subcases):
Σ[∆] ` A

Σ[∆] ` A
Σ[1 • ∆] ` A
Σ[∆] ` A

LEFT PUSH
LEFT POP

Σ[∆ • 1] ` A
Σ[∆] ` A

RIGHT PUSH
RIGHT POP

Since these proof fragments begin and end with the same sequent (with the same CurryHoward label), they can be deleted without affecting the proof.
A pop inference is never blocked by another pop inference, though one case needs comment:
Σ[(11 • 12 ) • ∆] ` A
Σ[11 • ∆] ` A
Σ[∆] ` A

RIGHT POP 2

Σ[∆ • (11 • 12 )] ` A
6≡

LEFT POP1

Σ[∆ • 12 ] ` A
Σ[∆] ` A

LEFT POP 1

RIGHT POP 2

The order of the left pop and right pop inferences can’t be exchanged. However, the problematic
pair of inferences is equivalent to a pair that clearly can be safely swapped:
Σ[(11 • 12 ) • ∆] ` A
Σ[11 • ∆] ` A
Σ[∆] ` A

RIGHT POP 2

LEFT POP1

Σ[(12 • 11 ) • ∆] ` A
≡

Σ[11 • ∆] ` A
Σ[∆] ` A

LEFT POP 2

LEFT POP1

Once we replace the left hand proof fragment with the equivalent fragment on the right, we can
safely swap the Left Pop2 inference with the Left Pop1 inference. By the same kind of reasoning,
a right push can cancel with a left pop when the target has the form Σ[1 • 1].
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With these observations in hand, we can push pop inferences as far upwards in the proof as
possible. If a pop is blocked, it will get trapped immediately beneath the inference that blocks it. If
the blocking inference is a push inference, the two inferences cancel out, and we can remove them.
Since there are a bounded number of \L, /L, and expansion inferences, there will be a bounded
number of pops. 
Unlike abstraction, there are situations in which a purely structural unit—that is, a unit that is
both introduced and eliminated via structural rule—cannot be eliminated. The analysis of sprouting
in Barker 2013 (reproduced in Barker and Shan 2014, chapter 16) is an example. In that analysis,
the introduction of a unit serves the role of a silent modifier that allows remnant movement to
provide an antecedent for the sluice gap.

2.4

A decision algorithm

In order to complete the proof of decidability, it is necessary to exhibit an algorithm that is guaranteed to either find a derivation if one exists—or else to guarantee that no derivation is possible—in
an amount of time bounded by the size of the sequent to be proved.
Theorem 1 (decidability): NLλ is decidable.
Proof. By lemma 1, we can limit proof search to cut-free proofs. By lemma 2, we can associate
each sequent s with a budget k of expansion inferences, where k is the number of ‘)’s, ‘( ’s, and
‘⊗’s in s. We can then conduct the normal Gentzen-style proof search, positing expansions freely
at every stage, as long as the number of expansions does not exceed the budget for the subproof
in question. Since there are a finite number of ways to apply the expansion inference, this search
is guaranteed to terminate. By lemma 3, similar reasoning applies to pop inferences for the unit,
except that the budget for pop inferences is bounded above by (2 ∗ k) + the number of instances of
\L, ×R, and /L in s. 
Although simple, this algorithm is crude. Many additional optimizations are possible. However, a detailed analysis of efficient parsing for NLλ will have to wait for a different occasion.

3

Polymorphism and an interpolation theorem

Interpolation has a long history in logic, beginning with Craig’s 1957 interpolation lemma. In
the study of Lambek systems, interpolation has been used to prove bounds on expressivity or
computational complexity (e.g., Pentus 1993, building on Roorda 1991; Jäger 2005; Buszkowski
2005). I will use an interpolation result here to understand how lambda structures function in the
context of a proof. The result will also be used in the completeness proof below.
In many Lambek systems, there is a simple correspondence between structures and formulas
(see, e.g., Buszkowski 2010:13): just map • to ×, ◦ to ⊗, and 1 to t, and anything that can be
proven by a structure can be proven by replacing that structure with its corresponding formula, and
vice versa.
Extending this strategy to NLλ is not simple. The reason is that there is no single formula
that can behave in all circumstances like a given lambda structure. Lambda structures connect the
type of their sibling argument with the type of the containing structure, without fixing in advance
what the transmitted type is. For instance, A ◦ λ xx ` A for all choices of A. It follows that λ xx `
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A)A, so all formulas of the form A)A have an equal claim to represent part of the provability
potential of λ xx. And in fact, this polymorphism is an essential part of how the logic does useful
linguistic work, since the structure that undergoes abstraction in a reduction inference when a
lambda is introduced can differ arbitrarily from the structure that undergoes expansion when that
same lambda is eliminated.
However, when a lambda structure is embedded in a specific proof, we can find a formula that
accurately tracks the role the structure plays in that proof. It might be helpful to think of a lambda
structure not as a type, but as a type operator, that is, as a function from types to types, as in logics
that inhabit the rear plane of the Barendregt cube.
Theorem 2 (interpolation): Given Σ[∆] ` A, there is a formula δ such that ∆ ` δ and Σ[δ ] ` A.
Proof. The proof proceeds by induction on the number of inferences in the derivation of Σ[∆] `
A. Clearly the theorem holds for axiom instances. Assume that the theorem holds for derivations
containing n − 1 inferences. Then we can assign formulas to structural elements in the conclusion
of an arbitrary nth inference along the following lines:
Γ`A

Σ[B] ` C

Σ[B:(A:Γ • A\B:A\B)] ` C

Γ`A

\L

Σ`B

A:Γ • B:Σ ` A × B

Σ[γ:Γ[π:Π[δ :∆]]] ` A

×R

Σ[ω:Ω ◦ γ:λ xΓ[π:Π[x]]] ` A

Σ[δ :∆ ◦ δ )γ:λ xΓ[δ )π:Π[x]]] ` A

RED

Σ[ω⊗γ:Γ[ω⊗π:Π[ω:Ω]]] ` A

EXP

For structures of the form γ:λ xΓ[π:Π[x]], the goal is to find a label π for the incomplete structure
Π[x] such that λ xΓ[x ◦ π] ` γ. For instance, in the labeling for the reduction inference, λ xΓ[x ◦
δ )π]] ` δ )γ, as desired. For expansion, we reason as follows:
ω `ω

λ xΓ[x ◦ π] ` γ

ω ◦ λ xΓ[x ◦ π] ` ω ⊗ γ
Γ[ω ◦ π] ` ω ⊗ γ
Γ[ω ⊗ π] ` ω ⊗ γ

⊗R

EXP

⊗L

The second premise in the top line follows from the inductive hypothesis. 

4

A sound and complete semantics for NLλ

NLλ is sound and complete with respect to the usual class of relational frames.
A frame F for NLλ consists of a set of points P, a partial order ‘≤’ on P, and two 3-place
accessibility relations, R• and R◦ , one for each mode. The accessibility relations can be any threeplace relation over P, as long as they satisfy the following requirement for their interaction with
the partial ordering ≤: for all abcde f with d ≤ a, e ≤ b and c ≤ f , R• abc → R• de f , and likewise
for R◦ . That is, the accessibility relations must be downward monotonic with respect to each of
their first two arguments, and upward monotonic with respect to their third argument. This is what
Restall 2000:240 calls a ‘plump’ accessibility relation.
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A model M for NLλ is a frame plus an evaluation relation that relates points to formulas
and to structures. For atomic formulas, the only restriction on the evaluation relation is that it is
upward monotonic with respect to the partial order ≤. That is, if p A for any atomic formula
A, and p ≤ q, then q A. In addition, the evaluation relation must obey the following semantic
constraints on complex formulas and on structures:
a
b
c
a
b
c
c
c
i
b

C/B iff ∀bc.(R• abc ∧ b B) → c C
A\C iff ∀ac.(R• abc ∧ a A) → c C
A×B iff ∃ab.R• abc ∧ a A ∧ b B
C( B iff ∀bc.(R◦ abc ∧ b B) → c C
A)C iff ∀ac.(R◦ abc ∧ a A) → c C
A⊗B iff ∃ab.R◦ abc ∧ a A ∧ b B
Σ • ∆ iff ∃ab.R• abc ∧ a Σ ∧ b ∆
Σ ◦ ∆ iff ∃ab.R◦ abc ∧ a Σ ∧ b ∆
1 iff i t
λ xΣ[x] iff ∀ac∆.(R◦ abc ∧ a ∆) → c Σ[∆]

The clauses for the logical connectives and the structural connectives and the unit are standard (see,
e.g., Moortgat 1997 or Restall 2000). The final clause gives the semantics for lambda structures.
It is essentially a polymorphic generalization of the clause for ‘)’ formulas.
In order for models to accurately track the structural postulates, we constrain the accessibility
relations R• and R◦ in every frame as follows:
∀ab.a ≤ b ↔ (∃i.R• iab ∧ i t) (left unit)
∀ab.a ≤ b ↔ (∃i.R• aib ∧ i t) (right u’t)
∀ab.a ≤ b ↔ (∃i.R◦ aib ∧ i λ xx)
(I)
◦
•
◦
◦
◦
∀abcd.(∃e.R abe ∧ R ecd) ↔ (∃ f gh.R c f g ∧ R bgh ∧ R ahd ∧ f λ zyx((x ◦ y) • z))
(B• )
∀abcd.(∃e.R◦ abe ∧ R◦ ecd) ↔ (∃ f gh.R◦ c f g ∧ R◦ bgh ∧ R◦ ahd ∧ f λ zyx((x ◦ y) ◦ z))
(B◦ )
∀abcd.(∃e.R◦ abe ∧ R• ced) ↔ (∃ f gh.R◦ c f g ∧ R◦ bgh ∧ R◦ ahd ∧ f λ zyx(z • (x ◦ y)))
(C• )
∀abcd.(∃e.R◦ abe ∧ R◦ ced) ↔ (∃ f gh.R◦ c f g ∧ R◦ bgh ∧ R◦ ahd ∧ f λ zyx(z ◦ (x ◦ y)))
(C◦ )
The names I, B, and C are from combinatory logic (see section 5.1 below).
A diagram will help organize the details of, for example, frame condition B• :
d◦
d•
e◦
a

c
b

h◦

a
↔

g◦

b
c

f
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Frame condition B• guarantees that whenever there are points a, b, c, d, e related by R• and R◦ as on
the left, there will be points a, b, c, d, f , g, h related as on the right, and vice versa, where f supports
the combinator that encodes the correspondence.

4.1

Soundness

A sequent X ` A is valid if x X guarantees x A in every frame. A logic is sound with respect
to a class of frames just in case every provable sequent is valid.
In order to prove that NLλ is sound with respect to the semantics and the frame conditions, we
must first prove that the semantics guarantees monotonicity (cf. Restall 2000:242).
Lemma 4 (monotonicity): If p Γ and p ≤ q, then q Γ.
Proof. The lemma holds for atomic formulas by stipulation. If Γ = Σ • ∆, there exist a and
b such that a Σ, b ∆, and R• abp. But since R• is plump, it is upward monotonic in its third
argument, so it follows that R• abq. Similarly for structures built from ◦, ×, or ⊗. If Γ = A\C, then
p Γ iff for all a and c, (R• apc ∧ a A) → c C. But since R• aqc → R• apc, it follows that p Γ
only if q Γ. Similarly for structures built from /, ),( , and lambda structures. 
Theorem 3 (soundness): NLλ is sound.
Proof. The proof proceeds by induction on proof length. Axiom instances are trivially sound,
and it is easy to show for each logical inference rule that whenever the premises are sound, the
conclusion is also sound. We only need to worry here about the structural inferences.
For the left unit, we must show that q ∆ iff q 1 • ∆. In the left to right direction, assume
that q ∆. Then q 1 • ∆ iff there exists i and p such that i 1, p ∆, and R• ipq. According
to the evaluation condition for the unit, i 1 iff i t. Frame condition (left unit) guarantees the
existence of a point i such that i t and R• ipq iff p ≤ q. If we choose p = q, we have i 1 and
R• ipq, so q 1 • ∆.
In the right to left direction, assume q 1 • ∆. Then there are i and p such that i t, p ∆,
and R• ipq. But by the frame condition, the existence of such an i entails p ≤ q. This is enough to
guarantee that q ∆, in view of lemma 4.
A similar argument holds for the right unit.
For abstraction, we need to show that for all points c and all structures ∆ and Σ[∆], c Σ[∆] iff
there exist points a and b such that a ∆, b λ xΣ[x], and R◦ abc. The right to left direction (i.e.,
expansion) follows immediately from the semantic clause for lambda structures.
For the left to right direction, i.e., in order to establish that reduction is sound, for each proof
containing reduction inferences, we will construct a parallel proof for which the frame conditions
guarantee the existence of points with the required properties. Consider the first (highest) reduction
inference in an arbitrary proof. Then there is a structure Σ[∆] that the reduction inference will
replace with ∆ ◦ λ xΣ[x]. We will construct hλ xΣ[x]i, a structure in the parallel proof that will
be semantically equivalent to λ xΣ[x]. The construction proceeds by induction on the structural
complexity of Σ[ ]. For the base case, hλ xxi = λ xx, and frame condition (I) guarantees the existence
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of suitable points. In the inductive case, assume Σ[∆] = Π[∆] • Γ. Then we have
c
iff c
iff c

Π[∆] • Γ
(∆ ◦ hλ xΠ[x]i) • Γ
∆ ◦ (hλ xΠ[x]i ◦ (Γ ◦ λ zyx((x ◦ y) • z)))

(inductive hypothesis)
(frame condition B• )

Then hλ x(Π[x] • Γ)i = hλ xΠ[x]i ◦ (Γ ◦ λ zyx((x ◦ y) • z)). The frame condition guarantees the existence of a point b supporting hλ xΠ[x]i ◦ (Γ ◦ λ zyx((x ◦ y) • z)), and expansion inferences guarantee
that b λ x(Π[x] • Γ). This is sufficient to establish that the reduction inference in the original
proof is sound. Similar reasoning applies if the inductive case is one of the other three possible
structural configurations.
We can continue to build the original proof and the parallel proof in lock step, repeating the
reasoning just given for each subsequent instance of reduction. At each stage, there will points
that support structures in the parallel proof that are guaranteed to also support the corresponding
structures in the original proof, from which it follows that the original proof is sound. 
This strategy of mapping lambda structures into equivalent structures containing only combinators is essentially the standard embedding of lambda terms into combinatory logic (e.g., Barendregt
1984:152); the relation between NLλ and combinatory logic is discussed in section 5.1 below.

4.2

Completeness

A logic is (weakly) complete with respect to a class of frames just in case every valid sequent is
provable. I will establish completeness in the usual way, by constructing a ‘canonical’ frame and
model that only validates provable sequents.
In some completeness proofs for Lambek-style logics, points in the canonical point set are
taken to be formulas of the logic. This strategy won’t work here, for the same reason given above
in section 3, namely, that the polymorphism of lambda structures prevents using any single formula
to represent an abstract. However, allowing points to be (certain) sets of formulas will work,
following the general lines of the general proof of completeness for substructural logics given in
Restall 2000 chapter 11. In particular, the sets must be closed under consequence (i.e., if A is in
some point p and A ` B, then B ∈ p).
Therefore let P be constructed in the following way: for each structure ∆, consider the set of
formulas {D|∆ ` D}. Clearly, this set is closed under consequence. The class of all sets of formulas
is a set, and since P is a subclass of this larger class, we can be sure that P is a set rather than a
proper class. Then P will serve as our set of points, with the subset relation ⊆ as the partial order
≤.
The accessibility relations for the canonical frame are defined as follows for all points a, b, and
c, and for all formulas A and B:
R• abc iff ∀AB.(A ∈ a ∧ B ∈ b) → A×B ∈ c
R◦ abc iff ∀AB.(A ∈ a ∧ B ∈ b) → A⊗B ∈ c
Clearly these accessibility relations are plump with respect to ⊆.
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Adding a canonical evaluation relation ‘ ’ defines the canonical model. For all points p and
structures ∆,
p ∆ iff {A | ∆ ` A is provable in NLλ } ⊆ p
In particular, when ∆ is a single formula A, given that points are closed under provability, this
definition reduces to
p A iff A ∈ p
Before proving completeness, we must establish that the canonical relation ‘ ’ respects the
semantic constraints and the frame conditions.
Lemma 5 (respecting the semantics): The canonical model respects the semantic constraints.
Proof. We need to show that the canonical evaluation relation satisfies the general constraints
on the evaluation relation given above.
For atomic propositions A, is clearly upward monotonic with respect to ≤, since if A ∈ p and
p ⊆ q, then A ∈ q.
(×): The evaluation clause for ‘×’ is repeated here:
c

A×B iff ∃ab.R• abc ∧ a

A∧b

B

In the left to right direction, assume c A×B. Choose a = {A0 | A ` A0 }, and b = {B0 | B ` B0 }. Then
R• abc iff ∀A0 ∈ a, B0 ∈ b.A0 ×B0 ∈ c. We know that A×B ∈ c by assumption, and that A×B ` A0 ×B0
(use ×L and ×R), and since c is closed under provability, A0 ×B0 ∈ c. The right to left direction
follows immediately from the definition of R• .
(⊗): Similar to (×).
(\): The evaluation clause for ‘\’ is repeated here:
A\C iff ∀ac.(R• abc ∧ a

b

A) → c

C

In the left to right direction, assume b A\C. Choose arbitrary a and c, and assume R• abc and
a A. Then A×(A\C) ∈ c by the definition of R• , and since A×(A\C) ` C and c is closed under
provability, c C. In the right to left direction, assume the right hand proposition holds. Choose
a = {A0 | A ` A0 }, and let c = {C0 | ∃A ∈ a, B ∈ b : A×B ` C0 }. Then R• abc by the construction of c,
so C ∈ c by assumption. But also by the construction of c, there must exist some A0 ∈ a and B ∈ b
such that A0 ×B ` C. By ×L and cut, A • B ` C, and so B ` A\C. Since b is closed under provability,
b A\C.
(/), ()), (( ): Similar to (\).
We must also check that the canonical evaluation relation extends to structures in the appropriate way.
(•): Here is the evaluation condition for •:
c

Σ • ∆ iff ∃ab.R• abc ∧ a

Σ∧b

∆

In the left to right direction, assume c Σ • ∆. Choose a = {A | Σ ` A} and b = {B | ∆ ` B}. Since
Σ • ∆ ` A×B for all A ∈ a and for all B ∈ b (use ×R), we have R• abc.
In the right to left direction, choose a and b as before, so a = {A | Σ ` A} and b = {B | ∆ ` B},
and assume that R• abc. Choose an arbitrary C such that Σ • ∆ ` C. By theorem 2, there exist σ and
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δ such that Σ ` σ (which means σ ∈ a), ∆ ` δ (which means δ ∈ b), and σ ×δ ` C. Since R• abc,
σ ×δ ∈ c, so C ∈ c.
(◦): Similar to (•).
(1): The evaluation clause for 1 says that for all i, i 1 iff i t. In the left to right direction,
assume that i 1. Since 1 ` t, and i is closed under provability, i t. In the right to left direction,
assume i t. Then for all A such that 1 ` A, it follows that t ` A by tL, and since points are closed
under provability, i 1.
(λ ) The semantic clause for lambda structures is repeated here:
b

λ xΣ[x] iff ∀ac∆.(R◦ abc ∧ a

∆) → c

Σ[∆]

For the left to right direction, assume b λ xΣ[x]. Choose arbitrary a, c, and ∆ such that a ∆ and
R◦ abc. Then c ∆ ◦ λ xΣ[x], and since c is closed under consequence, c Σ[∆].
For the right to left direction, assume b satisfies the condition on the right hand side of the
biconditional. Let A be any formula, and choose ∆ = A, a = {A0 |A ` A0 }, and c = {C|∃A, B : A ∈
a, B ∈ b, A ⊗ B ` C}. Then R◦ abc and a ∆ by construction, so c Σ[∆] by assumption. Let
E[A] be a formula containing A as a subformula such that Σ[A] ` E[A] for all choices of A. (The
reasoning in the proof of theorem 2 (interpolation) will show how to construct many such E[ ] in
the general case.) Since b is a point, there must be a structure Γ such that for all B ∈ b, Γ ` B.
For any such Γ, by the construction of c, A ◦ Γ ` E[A], from which we have Γ ` A)E[A] for all
formulas A. The only way that a single structure Γ can fulfill this requirement for all E[ ] is if Γ
entails a lambda structure of the form λ xΣ[x], in which case b λ xΣ[x]. 
For example, if λ xΣ[x] = λ x(x ◦ DP), then DP is a suitable choice for Γ, since λ x(x ◦ DP) ` B
only if DP ` B.
Lemma 6 (respecting the frame conditions): The canonical model respects the frame conditions.
Proof. We need to show that the canonical model provides points that behave under the canonical evaluation relation as required by the frame conditions.
(left unit): Here is the frame constraint for the left unit:
∀ab.a ≤ b ↔ (∃i.R• iab ∧ i

t)

Choose arbitrary a and b. In the left to right direction, assume a ≤ b. Let i = {A |t ` A}, so we
have i t. Then R• iab iff for all I ∈ i, A ∈ a, I×A ∈ b. Since a ≤ b, A ∈ b, and since b is closed
under provability, t×A ∈ b and therefore I×A ∈ b. In the right to left direction, assume that R• iab.
Then I×A ∈ b for all I ∈ i and A ∈ a. Since I×A ` A, and b is closed under provability, a ⊆ b.
(right unit), (I): Similar to (left unit).
(B• ): Here is frame condition (B• ):
∀abcd.(∃e.R◦ abe ∧ R• ecd) ↔ (∃ f gh.R◦ c f g ∧ R◦ bgh ∧ R◦ ahd ∧ f

λ zyx((x ◦ y) • z))

Choose arbitrary a, b, c, and d.
In the left to right direction, assume there exists e such that R◦ abe and R• ecd. Choose arbitrary
A ∈ a, B ∈ b, and C ∈ c. Then (A⊗B)×C ∈ d. Now let f , g, and h be points such that f λ zyx((x ◦
y) • z), R◦ c f g, and R◦ bgh. We need to show that A ⊗ (B ⊗ (C ⊗ F)) ∈ d for all A, B,C, F ∈ a, b, c, f .
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Since d is closed under provability, it will suffice to prove that (A ⊗ B) × C ` A ⊗ (B ⊗ (C ⊗ F)).
Starting with A ◦ (B ◦ (C ◦ F)) ` A ⊗ (B ⊗ (C ⊗ F)), since λ zyx((x ◦ y) • z) ` F (by construction of
f ), a cut on F and three reductions completes the argument in the left to right direction.
In the right to left direction, assume there exists f , g, and h such that f ` λ zyx((x ◦ y) • z),
R◦ c f g, R◦ bgh, and R◦ ahd. Choose e as the smallest point containing A ⊗ B for all A ∈ a and
B ∈ b. Then we need to show that (A ⊗ B) × C ∈ d for all A, B, C in a, b, c. Choose F =
C)(B)(A)((A ⊗ B) ×C))). Clearly, F ∈ f , so A ⊗ (B ⊗ (C ⊗ F)) ∈ d, and since d is closed under
provability, (A ⊗ B) ×C ∈ d.
(B◦ ), (C• ), and (C◦ ): Similar to (B• ). 
Theorem 4 (completeness): NLλ is complete with respect to the semantics and the frame
conditions.
Proof. Lemmas 5 and 6 establish that the canonical model respects the semantics and the frame
conditions. Assume ∆ ` A is valid for some structure ∆ and some formula A. Let d be a point in
the canonical model such that d = {D | ∆ ` D}. Then d ∆. Since ∆ ` A is valid, it follows that
d A. But d A iff A ∈ d. So by the construction of d, ∆ ` A is provable in NLλ . 

5
5.1

Relevant work
NLCL

As mentioned in section 4.1, the soundness proof relies on ideas from the traditional embedding
of lambda terms into combinatory logic. It should come as no surprise, then, that there is a combinatory version of the logic in which the abstraction postulate is replaced by the following five
bidirectional structural postulates:
p
=== I
p◦I

(p ◦ q) • r
==========•== B•
p ◦ (q ◦ (r ◦ B ))

p • (q ◦ r)
===========
C•
•
q ◦ (r ◦ (p ◦ C ))

(p ◦ q) ◦ r
==========◦== B◦
p ◦ (q ◦ (r ◦ B ))

p ◦ (q ◦ r)
===========
C◦
◦
q ◦ (r ◦ (p ◦ C ))

Here, the structural symbols I, B• , B◦ , C• , and C◦ are zero-place structural connectives, that is,
logical constants. See Barker 2007 and Barker and Shan 2014 for more details. This presentation
is slightly different from the presentation in those works, which considered a restricted version of
NLCL . This version allows abstraction out of any context, just like the version of unrestricted NLλ
studied in this paper.
The resemblance between these postulates and the frame conditions given above should be obvious. In some sense, these postulates fit the frame conditions more naturally. In fact, the strategy
used in the works cited (and, incidentally, independently suggested for consideration by a referee)
was to define NLλ partly or entirely in terms of a mapping into NLCL . As discussed in section 1,
the goal of the present paper is to study NLλ on its own terms, and to prove its metatheoretical
properties directly. The advantages of NLλ over NLCL include derivations that are much shorter
and dramatically more understandable, as well as a much more natural correspondence with the
traditional linguistic rule of quantifier raising.
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The Displacement Calculus D

There have been a number of other substructural logics that have addressed scope-taking and movement. One especially relevant one is due to Morrill et al. 2011. They define a logic based on
Lambek’s associative logic L that they call the Displacement Calculus, D. There are both striking
similarities and striking differences between their approach and the one discussed here.
As for the similarities, the correspondence is easiest to see at the level of formulas. Following Moortgat 1996, Morrill et al. define a type connective ‘↑’ such that B ↑ A means (roughly) “a
discontinuous expression that would be of category B if one of its gaps were filled with an expression of category A”. This is functionally equivalent to A)B here (note the reversal of the order of
the subcategories). Likewise, they define a complementary connective ‘↓’ such that D ↓ C means
“an expression that would be of category C, if only it were first substituted into a discontinuous
expression of category D”, which is functionally equivalent to C( D.
As for the differences, for one instance, D is not multimodal. As Morrill et al. put it (p. 13), “the
displacement calculus has multimodal types but only unimodal sequents”. Whether this seems like
an advantage depends on theoretical taste, but it is equally legitimate to prefer the way that NLλ
cleanly separates local function/argument combination on the one hand and long-distance scopetaking and syntactic movement on the other into distinct modes of combination both syntactically
and semantically.
In any case, models for D are built out of ‘graded monoids’, which are monoids with a homomorphism into the additive monoid of naturals. The sort or grade of an element in the model is the
number of discontinuities it contains. Valentı́n 2012 proves that D is complete with respect to the
class of general preordered displacement algebras. There is no need for grades in the semantics
of NLλ , of course; as we have seen, the semantics given here for NLλ is a set of points with two
(ungraded) monoid operations constrained by a set of frame conditions.
One intriguing property of the Displacement Calculus is that it contains no structural rules
whatsoever. For instance, in addition to the treatment of scope-taking, Morrill et al.’s commitment
to associativity, likewise their treatment of units, is “baked in” to the semantics and the logical
rules.
But having fewer structural rules is not necessarily better. For instance, having a structural
postulate for associativity (e.g., p • (q • r) ≡ (p • q) • r) lucidly and compactly captures the essence
of associativity. For one advantage, the logic can easily be studied with and without associativity
as desired, just by adding or removing the postulate (think of Lambek’s NL and its associative
version L).
In the same spirit, the abstraction postulate in NLλ clearly and concisely expresses the essence
of scope taking.
Surely having two such conceptually different but empirically convergent logical characterizations can only enrich our understanding of scope-taking and syntactic displacement.

6

Conclusions

NLλ is a Lambek-style substructural logic enriched by the addition of an unconventional structural inference (“abstraction”). Despite the unusual form of the abstraction inference, the logic
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is well-defined. Furthermore, it is well-behaved with respect to the usual properties expected of
substructural logics, notably including cut elimination, interpolation, and decidability. In addition,
NLλ is sound and complete with respect to the usual class of relational models for substructural
logics.
The abstraction inference closely resembles the traditional linguistic rule of Quantifier Raising, as well as the traditional notion of syntactic movement more generally. The many linguistic
analyses of scope, binding, ellipsis, and movement that have been developed using NLλ suggest
that it is indeed well-suited to linguistic theorizing. I conclude that NLλ is good candidate for the
logic of scope taking and syntactic movement.
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