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ETHNIC DIVERSITY AND DEMOCRATIC STABILITY
Kanchan Chandra and Cilanne Boulet

I Introduction

Ethnic diversity has a bad name in empirical democratic theory. Practically every
major work on the determinants of democratic transition and consolidation describes
ethnic diversity as a threat: The disagreement is only over the degree of threat relative to
other variables and in different contexts (Mill [1961] 1991; Rustow 1970; Dahl 1971;
Horowitz 1985; Lijphart 1977; Przeworski 1991). Figure 1, adapted from the work of
Arend Lijphart, who is ironically among the most optimistic of political scientists on this
subject, summarizes the presumed negative relationship between ethnic diversity and the
probability of democratic consolidation. (Lijphart 1977, 237).
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Perhaps the most widely cited of the mechanisms by which ethnic diversity is
believed to threaten democracy is the prospect of permanent exclusion. Democracy,
according to this argument, requires fluid political majorities and minorities in order to
function. The politicization of ethnic divisions, the argument runs, is prone to produce a
politics of fixed majorities and minorities based on ethnic demography (Horowitz 1985,
p. 84). Consequently, ethnic divisions are more likely to be threatening for democracy
than other types of divisions.



This paper accepts at face value the proposition that a stable democracy requires
fluid majorities and minorities. But it challenges the claim that the politicization of
ethnic divisions produces a politics of permanent majorities and minorities. This claim is
based on the assumption that individuals have fixed ethnic identities that exist prior to,
and remain unchanged by, political competition. Commonly associated with
primordialist approaches to ethnic identity, this assumption has been discredited by three
decades of research on the constructed origins of ethnic groups, which suggest that ethnic
identities change in part through the political process. This paper develops a conceptual
vocabulary in which to express constructivist insights with greater precision, and then
uses this vocabulary to construct an alternative model of the relationship between ethnic
diversity and democratic stability. Throughout, democracy is minimally defined to mean
simply a political system in which the leadership is chosen through competitive elections.
A stable democracy, then, is simply a democracy in which all parties acquiesce to the
competitive system, while an unstable democracy is one in which the competitive system
is under threat of subversion.

Our model is built on a distinction between an identity category, defined as a
social group in which an individual is eligible for membership, and the attribute(s) that
qualify an individual for membership in that category. The central insight of the model is
that the existence of fluid majorities and minorities depends, not upon the nature of
identity categories that are politically mobilized (i.e. whether they are ethnic or non-
ethnic) but on the distribution of attributes that define membership in these categories in
the population. Under majority rule, some distributions of attributes will produce only a
single possible minimum winning identity category. Such distributions are likely to
produce permanent results, repeatedly returning members of the same category to power.
Regardless of whether they consist of ethnic or non-ethnic attributes, these distributions
should threaten democratic stability by producing a class of permanent winners and
permanent losers. Other distributions, on the other hand, can generate either none, or
multiple possible minimum winning categories (although only one will be activated at
any given time). Such distributions are likely to produce fluidity in election results over
time. Regardless of whether they consist of ethnic or non-ethnic attributes, these
distributions are likely to generate fluidity in election results and therefore are likely to
safeguard democratic stability.

Section II the distinction between attribute and category, and redefines an identity
category as a combination of attributes. Section III uses the tools of combinatorial
mathematics to show how we can use information about the distribution of individual
repertoires of attributes across a population to predict the number of minimum winning
categories that should result from a given distribution. Section IV discusses the
implications of these predictions for theories of democratic stability.

II. Vocabulary



We illustrate the vocabulary throughout this section using examples of ethnic
identity categories, which are our main concern in this paper. However, the logic should
in principle be applicable also to identity categories of other kinds.



i. Attribute and Category

The basic building block of our model is the distinction between an attribute and
an identity category. By an identity category, we mean a social group in which an
individual is eligible for membership. Later, we use the term activated identity category
to refer to that identity category in which an individual actually declares membership.

By an attribute, we mean a characteristic that qualifies an individual for
membership in that social group, or signals such membership. The correspondence
between attributes and categories is not objective but socially constructed. The defining
attributes associated with each category will vary depending on who is doing the
defining. But an identity category is always associated with some defining attributes.

Ethnic identity categories are simply those identity categories in which
membership is defined by attributes that are, on average, either acquired through descent,
or believed to be acquired through descent.' For instance, the attributes associated with
the category “West-Indian” in New York, as identified by Mary Waters’ respondents,
include one or more of the following: birth in one of the English-speaking islands of the
Caribbean (Jamaica, Barbados, Trinidad, Grenada etc) or Guyana; dark skin; language;
and accent. (Waters 1999). The category “African-American,” similarly, is commonly
associated with some of the following attributes: descent from African American parents;
dark skin; physical features; hair type; etc.

The distinction between attribute and category is relational, not absolute.” For any
given domain of analysis, we can distinguish between an object that is a category and one
or more objects that are attributes in relation to that category. However, objects that are
attributes in relation to a category in one domain of analysis may themselves be
categories in relation to other attributes in other domains of analysis. Take for example
“dark skin,” which we describe above as a qualifying attribute for either the category
“West-Indian” or “African-American.” In another domain of analysis, the term “dark
skin” can itself be thought of as a category, defined by a discrete interval on some
continuum of shades of skin colour (dark brown to black). And these “attributes” can
themselves be thought of as categories in other domains of analysis. Our use of this
distinction therefore, is always contingent upon a domain of analysis.

ii. Type and Value of Attribute

For the purpose of describing the distribution of attributes across individuals, it is
useful to make a distinction between a type of attribute and the range of values on a type.

! For a fuller discussion of this definition and its relation to previous definitions of ethnic identities, see
Chandra-Metz (2002).
? Jan Lustick’s written comments made this point clear to us.



By “type” of attribute, we mean a class of attributes with mutually exclusive
values. Values on an attribute can in principle be discrete or continuous. But throughout
this paper, we assume the existence of discrete values on a type. Types of attributes with
continuous values, such as height or skin colour, are accommodated by expressing ranges
of values as discrete intervals.

For example, one type of attribute is “skin colour.” The values on this type might
include “black™ and “white.” We depict the type of attribute and the range of values on
each type as follows:

Skin colour: {black, white}

Another type of attribute might be country of origin. The values on this type
might include “foreign” and “native,” represented as follows:

Origin: {foreign, native}
Each individual in a population possesses exactly one value on each type of attribute.

A “type of attribute” is related to what constructivist scholarship refers to as a
“dimension” or “cleavage.” The term “dimensions” and cleavage are most commonly
used to describe an array, or family, of mutually exclusive categories that include 100%
of the population (Posner, forthcoming). The term “type of attribute” describes a
mutually exclusive family of attribute-values that go into the definition of those
categories, and includes 100% of the population. In other words, given some domain of
analysis, the term “type of attribute” describes the inputs in the production of categories,
while the term “dimension” is normally used to describe the output. In order to underline
the distinction, we use the terms “attribute-type” or “attribute-dimension” when referring
to the input, and the term “category dimension” when referring to the output.

iii. Repertoire of Salient Attributes for a Population

By a population, we mean the collection of individuals in a given country. In
principle, individuals within and across populations possess a vast range of
characteristics, any of which might potentially be the defining attributes for membership
in some category: height, weight, length of nose, eye colour, hair type, length of hair,
occupation, dress, last name, income, etc. We stipulate, however, that despite this very
large set of possibilities, populations are distinguished by the possession of a small
repertoire of salient attributes. The process by which these attributes come to be salient is
exogenous to our model. Throughout the remainder of this paper, the term attribute refers
to only to salient attributes.

The list below represents a simple example of a repertoire of salient attributes. We
will use this as our running example throughout this paper. Each row describes a type of



attribute, associated with a set of values. The two types of attributes listed here are skin
colour and origin, each with two values.

Skin colour: {black, white}
Origin: {foreign, native}

In general, the repertoire of salient attributes for a population, with j types of
attributes and n; values for attribute type Aj, can be represented in the following way:

Ar {a,a ..., a,, }

Ax: {ay,,a,,,. a,,. }

Aj: {aj’l,aj’z,...,aj,nj}

iv. Repertoire of Attributes for An Individual

Above, we described the repertoire of attributes for a population. The repertoire of
attributes for an individual in this population consists of one value on each type of
attribute in the population repertoire. In other words, we assume that all individuals
possess one value on each type of attribute: e.g. every person has some skin colour; every
person has some hair type etc.

Consider our running example of a population with the repertoire of two types of
attributes with two values on each.

Skin colour: {black, white}
Origin: {foreign, native}

This population repertoire can generate the following four individual repertoires:
Black and Foreign (BF); Black and Native (BN); White and Foreign (WF); and White
and Native (WN).

In general, the larger the population repertoire, the greater the number of
individual repertoires it will generate. Where we have j types of attributes and n; values
for attribute type A;, the total number of distinct repertoires is nin...n;. (See Proof 1 in
the Appendix.).

v. Distribution of individual repertoires of attributes across populations

So far, we have argued that populations differ from each other based on their
repertoires of salient attributes. However, populations with an identical population
repertoire can also differ from each other based on the distribution of individual
repertoires within them.



One population generated from the example above, for instance, might have a
very high proportion of individuals with BN repertoires and low proportions of
individuals with BF, WN and WF repertoires; another might have more individuals with
a WN repertoire than any other; and so on.

These distinct distributions can be represented in Table 1, in which the proportion
of individuals with different repertoires is represented by the values a, b, ¢ and d:

Table 1

Black White
Foreign | a b
Native C d

Here, a is the proportion of individuals in this population with the repertoire BF; b
is the proportion of individuals with the repertoire WF; c is the proportion of individuals
with the repertoire BN; and d is the proportion of individuals with the repertoire WN.
There can be as many distinct populations are there are values of a, b, ¢ and d, subject to
the restriction that atb+c+d = 1.

If we have more than two values on each type, we can still place the individual
repertoires in such a table. The number of rows and columns in the table will correspond
to the number of values on each of the two types.

If we have more than two types of attributes, representing the distribution using a
table is more difficult, since the table will have as many dimensions as there are types of
attributes. An alternate way to think about distributions in this case is to list the distinct
individual repertoires that correspond to the population’s repertoire of attributes and the
proportion of the population associated with each.

Consider for instance a population with the following repertoire of three types of
attributes with two values on each.

Skin colour: {black, white}
Origin: {foreign, native}
Height: {tall, short}

This population repertoire will generate the following 8 individual repertoires:
Black and Foreign and Tall (BFT); Black and Foreign and Short (BFS); White and
Foreign and Tall (WFT); White and Foreign and Short (WFS); Black and Native and Tall
(BNT); Black and Native and Short (BNS); White and Native and Tall (WNT); White
and Native and Short (WNS). Table 2 represents the proportion of individuals with each
repertoire in this population as follows:



Table 2

Repertoire Proportion

BFT
BFS
WEFT
WFS
BNT
BNS
WNT
WNS

St Hh 0 Q0 O

There can be as many distinct populations in this case are there are values of a, b,
c, d, e, f, g and h, subject to the restriction that a+b+c+d+e+f+g+h=1.
Similarly, we can represent the range of distributions of individual repertoires that
correspond to a population repertoire with any number of types of attributes and any
number of values on each type in a two dimensional table.

Note that there is only an indirect link between the distribution of individual
repertoires of attributes and the repertoire of attributes for the population. The
distribution of individual repertoires of attributes depends upon how many distinct
repertoires there are, and the proportions of each in the population. The number of
individual repertoires of attributes is derived from the repertoire of attributes for a
population. However, the proportions are not. For this reason, we say that the repertoire
of attributes for a population constrains but does not determine the distributions of
individual repertoires of attributes.



vi. Identity categories are combinations of attributes

Identity categories can now be defined as combinations of attributes using the
“and” or the “or” operator, or some combination of the two.

A few of the identity categories that can be constructed from our running example
include {Black}; {Black and Foreign}; {Black or White}.

Identity categories so constructed can be of varying degrees of complexity. They
might for instance correspond to only one value on an attribute as the category “Black”
does in our example. They might combine several values on one type of attribute as the
category {Black or White} does. They might combine one or more values across types,
as the category {Black and Foreign} does. And, while the examples from the small
repertoire above all use either the “and” or the “or” operator, identity categories from a
larger repertoire of attributes can be constructed by using a combination of “and” and
“or” operators across and within types.

For example, the category “West Indian” in Waters’ study might be thought of as
a combination of values on three types of attributes (skin colour, native language and
place of birth), using both the “and” and the “or” operator: {Dark skin, and English-
speaking and (Born in Guyana or Barbados or Jamaica or Trinidad ........ )}. The
category “Russian-speaking population” in Laitin’s study of Estonia might be written as a
combination of values on two types (language and nationality), using both the “and” and
the “or” operator: {Russian-speaker and (Russian or Ukrainian or Belarusian or Polish or
Jewish or Finn} (Laitin 1998). The category “Nubian” in Idi Amin’s Uganda might be
thought of as a simpler combination of values on one type (tribe), using only the “or”
operator: {Baganda or Basoga or Banyoro or Acholi or Langi or Batoro or Kakwa...}
(Kasfir 1979). The category “Other Backward Caste” in India might be thought of a
comparably simple combination of values on a single type (caste), also using only the
“or” operator: {Yadav or Kurmi or Patel or Lodh or Nai or Saini...}.

In general, the greater the use of the “and” operator, the more restrictive the
definition of a category. The greater the use of the “or” operator, the more permissive the
definition of a category.

vii. Repertoire of Identity Categories for a Population

We conceptualize the repertoire of identity categories for a population as a set of
combinations that can be generated from its repertoire of salient attributes. This repertoire
describes the whole range of identity possibilities for individuals in that population.

The total number of different combinations, with no restrictions, that can be

generated from our running example above is 16. These are: &J; Black and Foreign;
Black and Native; White and Foreign; White and Native; Black; White; Foreign; Native;
Black or Foreign; White or Foreign; Black or Native; White or Native; (Black and



Native) or (White and Foreign); (Black and Foreign) or (White and Native); the entire
population.

In general, the total number of different combinations, with no restrictions, that
can be generated from a repertoire of j types of attributes and n; values for attribute type

A;is 2" | Note that this includes both the empty set and the entire population as
categories. (See Proof 2 in the Appendix)

In modeling the “operative” repertoire of identity categories for populations, we
may want to place further restrictions on which combinations are permissible. In the
model that follows, we impose one simple restriction: we stipulate that individuals will
consider only those combinations of attributes that use the “or” operator across values
and the “and” operator across types instead of an arbitrary combination of the two. Our
reasoning is that individuals have limited cognitive capacities and are not likely to
process the entire range of possible combinations. This restriction produces a simpler
range of identity possibilities. Instead of considering all possible combinations,
individuals are allowed only to consider each type of attribute one at a time, deciding
which values are allowed. They are not permitted to consider combinations in which the
range of allowed values on one type of attribute is contingent upon allowed values on
other types. We may also want to impose additional restrictions on permissible
combinations to reflect institutional and historical legacies. We do not do this here but
this is the subject of our current work on extensions to this model.

Given this restriction, our running example generates an identity repertoire of 10
categories, including the trivial examples of categories that include everyone and
categories that include no one: J; Black and Foreign; Black and Native; White and
Foreign; White and Native; Black; White; Foreign; Native; the entire population. In
general, the total number of different combinations, with this restriction, that can be
generated from a repertoire of j types of attributes and n; values for attribute type A; is

J
H (2" =1)+1. (See Proof 4 in the Appendix.)

i=1

The concept of an identity repertoire is perhaps the most important concept

generated by constructivist scholarship but at the same time the most underdeveloped.
Previous constructivist scholarship, including our own, typically uses the term “identity”
in the term identity repertoire vaguely to mean attributes, categories or attribute-
dimensions and category-dimensions. The only exception to this rule is Posner
(forthcoming), who provides a precise definition of an identity repertoire as including
identity categories. Further, it restricts the number of identity possibilities that
individuals face to an arbitrarily low number, ranging between two and three categories
(Sahlins 1989, Laitin 1986, Waters 1990, Waters 1999, Chandra 2003, Posner
forthcoming). Finally, it does not allow for the possibility that elements in some existing
identity repertoire might be recombined to produce still more identity possibilities. The
result is that our theories of identity choice apply only to highly simplified worlds.

Our definition builds upon previous constructivist work by increasing its degree
of precision and generality: First, it provides a precise conceptualization of the identity

10



repertoire as consisting of categories. But it adds a new level of analysis by stipulating
that these categories are generated by an underlying repertoire of attributes. Second, it
allows for the possibility that an identity repertoire may consist of any number of
categories, produced by any number of salient attribute dimensions (although our running
example focuses on a simple 2*2 case for purposes of exposition). Third, by
conceptualizing the repertoire of identity categories as composed of combinations and
recombinations generated from an underlying repertoire of attributes, it captures more
accurately the large range of identity possibilities that face individuals in the real world.
(Note, however, that because the bounds and content of this repertoire of attributes are
arbitrarily determined, the size of the repertoire of categories generated from it also
remains arbitrarily determined in our model).

viii. Repertoire of Identity Categories for an Individual

An individual repertoire of identity categories consists of those categories for
which she is eligible for membership based on her individual repertoire of attributes.

For example, an individual with the individual repertoire of attributes BF would
be eligible for membership in four categories, namely: Black; Foreign; Black and
Foreign; entire population. In fact, in our example, every individual will be eligible for
membership in exactly four categories.

In general, the restriction that individuals will consider only those combinations
of attributes that use the “or” operator across values and the “and” operator across types,

J

will yield an individual repertoire of categories of size l_[(Z”"_1 ). (See Proof 5 in the
i=1

Appendix). Without any restrictions an individual repertoire of categories has size

2111112...11/-—1 (See Pr00f3 in the Appenle)

The size of an individual’s repertoire of categories depends upon the number of
types and values of attributes in the repertoire of the population. However, as in the case
of the repertoire of categories for a population, this conceptualization of individual
repertoires of categories allows us to impose definite bounds on the identity options for
any one individual. It indicates, further, that the identity options for any individual are
typically larger than the repertoire of attributes that she begins with.

ix. Summary

In the next section, we use the concepts developed here to predict the number of
minimum winning categories that can emerge across populations. But before we do that,
it would be useful to summarize four key relationships derived from these concepts that
will turn out to be especially relevant.

Number and Composition

1. Repertoire of Attributes— .~ Determines . of Individual Repertoires of
for a Population Attributes

11



2. Repertoire of Attributes p Constrains but ) Distribution of Individual
for a Population does not determine Repertoires of Attributes

Number and Composition
3. Repertoire of Attributes_____y, ~ Determines __y, of Categories in Repertoire

for a Population of Categories for that
Population
4. Distribution of Size of the Categories in
Individual Repertoires of — Determines ——® Repertoire of Categories for
Attributes in the Population. that Population

III Predicting the Number of Minimum Winning Categories for Different
Distributions of Attributes

We assume that the electorate in our democracy is constituted by rational individuals
playing an n-person, constant sum, winner-take-all game, in which they have to decide
which identity category to join. The winner is defined as the majority ethnic category,
where the majority exceeds some size threshold k ( .5<k<1). The value of k is
exogenously determined. The payoff is individually divisible among members of the
majority ethnic category. Individuals have perfect information about the distribution of
individual repertoires of salient attributes in the population.

Given a choice, all rational individuals will want to belong to a category that is of
minimum winning size. We assume, for the purposes of completeness, that those who
are not eligible for membership in any category of minimum winning size will join the
largest category that they can of those remaining. However, this particular assumption is
not necessary to the model. The results remain the same regardless of the assumption
governs their identity choices.

The basic insight of the model can be summed up in a single proposition: when
there is a single minimum winning category, the pattern of self-classification in the
population will be stable, but the democratic system will be unstable. But when there are
none or multiple minimum winning categories, the pattern of self-classification in the
population will be unstable, while the democratic system will be stable. The logic
underlying this proposition is as follows:

When only one minimum winning category exists, those eligible should declare
membership in it. Having done so, they have no incentive to reclassify themselves, since
such a reclassification will not bring rewards with it. Those who are not eligible for
membership in the winning category will choose the largest of their remaining options.

12



However, they will be permanently locked out of power and so will have an incentive to
subvert the system.

But, if the distribution of individual repertoires of ethnic attributes generates
either none or more than one minimum winning category then while we should see
instability in self-classification, but should see a stability in the democratic system.
When a distribution of attributes does not generate any minimum winning category, we
might expect individuals to experiment with different forms of self-classification and
form temporary alliances with those from different categories in the search for a
minimum winning coalition. In a world of such fluid self-identifications, the democratic
system as a whole should be stable since no individual need fear permanent exclusion.
When there is more than one possible minimum winning category, those who are losers
when one identity category is activated have the option of reversing their situation if they
can successfully induce potential members of an alternative winning category to declare
this alternate membership. The possibility of reversing a disadvantageous situation
within the existing rules of the game by should ensure that this democracy is stable.

The foundation for this model is Riker’s theory of minimum winning coalitions,
which predicts that in “in n-person, zero-sum games, where side-payments are permitted,
where players are rational, and where they have perfect information, only minimum
winning coalitions occur.” (Riker, 32). This model is an application of Riker’s theory of
minimum winning coalitions to the study of identity change, conceptualizing identity
categories as coalitions, with one modification: the restrictions on the possible coalitions
that can form are not simply the payoff structure or the “weights” associated with
individuals as is the case in Riker’s formulation, but the distribution of individual
repertoires of attributes in the population. For reasons that should now be clear, the
remainder of this paper uses the terms “category,” “coalition” and “combination”
interchangeably. In conceptualizing ethnic categories as coalitions entered into by
rational individuals in pursuit of individually divisible payoffs, we follow previous
constructivist texts (Bates 1974; Posner forthcoming; Chandra forthcoming). The main
innovation in this model, however, is its ability to incorporate a greater degree of
complexity.

i. The Set of Possible Ethnic Categories For a Population

The set of possible ethnic categories for a population of n individuals corresponds
to the set of possible combinations generated by its repertoire of salient ethnic attributes.

Table 3 lists the categories generated from the population repertoire that is our
running example and the membership of each. It lists all 16 categories that would result if
we did not impose any restrictions on the combinations that individuals are willing to
consider. The shaded cells describe those categories that would be excluded if we impose
the restriction that individuals consider only “and” combinations across types of
attributes and only “or”” combinations for values within types).

13



Table 3

Definition of Category Allowed individual repertoires
%) None

Black and Foreign BF

Black and Native BN

White and Foreign WF

White and Native WN

Black BF, BN

White WEF, WN

Foreign BF, WF

Native BN, WN

Black or Foreign BF, BN, WF
White or Foreign BF, WF, WN
Black or Native BF, BN, WN
White or Native BN, WF, WN
(Black and Native) or (White and Foreign) BN, WF

(Black and Foreign) or (White and Native) BF, WN

Entire Population (Black or White; Foreign or BN, WN, BF, WF
Native)

A population with more than two types of attributes and two values on each
attribute would generate a larger set of categories. A population with three types of
attributes and two values on each, for instance, would generate 256 categories in the
unrestricted case and 28 categories with the restriction above. To see why, recall from
Section II. (vii) that the total number of different combinations that can be generated
from a repertoire of j types of attributes and n; values for attribute type A; , with no

J
restrictions, is 2" and, with the restriction we impose, is [ [(2" -1)+1). A
i=l1
population with two types of attributes and three values on each, by a similar logic,
would generate 512 possible categories in the unrestricted case, and 50 possible
categories with the restriction that we impose.

ii. The Size of Each Possible Ethnic Category

The size of each possible ethnic category depends upon the proportion of

individuals in the population who possess each attribute that is included in the definition

of that category.
Recall that this proportion can be represented in our simple example as follows:
Table 4

| Black | White |

14



Foreign | a b
Native c d

The size of each category that can be generated by this population, for the
unrestricted and restricted cases then, are given in Table 5. As before, the shaded cells
describe those categories included in the unrestricted case only.

Table 5
Definition of Category Allowed individual Size
(Category) repertoires
) 0 0
Black and Foreign BF a
Black and Native BN c
White and Foreign WF b
White and Native WN d
Black BF, BN atc
White WF, WN b+d
Foreign BF, WF a+tb
Native BN, WN c+d
Black or Foreign BF, BN, WF atb+c
White or Foreign BF, WF, WN atb+d
Black or Native BF, BN, WN at ct+d
White or Native BN, WFE, WN b+c+d
(Black and Native) or BN, WF b+c
(White and Foreign)
(Black and Foreign) or BF, WN a+d
(White and Native)
Entire Population (Black or | BN, WN, BF, WF atb+tct+d=1
White; Foreign or Native)

We do not, for purposes of brevity, list the size of the categories associated with
larger population repertoires of attributes. However, the logic is identical.

iii. The Poset of Possible Categories and their Sizes

Since some of the possible categories are contained in each other, they form a
partially ordered set. A partially ordered set (poset) consists of some elements which can
be ordered in relation to each other and some that cannot. (See the appendix for a formal
definition.) Figures 2(a) and 2(b) show the posets which corresponds to our running
example.

15



Figure 2(a): The Unrestricted Case

BF,WF,BN,WN

Figure 2(b): The Restricted Case

Each point in the diagram represents a category, described by the individual
repertoires that are eligible for membership. In Figure 2a, the 16 points represent the
membership of the 16 possible categories. In Figure 2b, the 10 points represent the
membership of the 10 possible categories. At the lowest level we have & and at the
highest level we have the entire population.

Categories arrayed at a higher level in the diagram contain some of the categories at a
lower level. Each line connecting two points represents containment: when a line
connects a lower point to a higher point, the lower category is contained in the higher
category. For example, the thick line in Figure 2b, shows that the category White and
Foreign, corresponding to the individual repertoire WF, is contained in the category
White, which corresponds to the individual repertoires WF and WN. When two
categories are not linked by a line, the lower category is not contained by the higher
category.
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In general, any set of possible categories generated from a repertoire of attributes for
a population can be represented as a poset. The structure of the poset depends upon the
number of types of attributes in the population repertoire and the number of values. It
will have as many nodes as there are categories derived from this population repertoire of
attributes. The larger the number of categories, then, the larger and more complicated the
poset will be.

For instance, the poset corresponding to a repertoire of attributes for a population that
has three types of attributes and two values on each, for instance, will have 256 nodes (in
the unrestricted case) and 28 nodes (with the restriction that we impose). The poset
corresponding to a repertoire of attributes for a population that has two types of attributes
and three values on each will have 512 nodes (in the unrestricted case) and 50 nodes
(with the restriction we impose). We do not draw out posets corresponding to these
larger and more complex population repertoires. But the key point here is that we can
use this two dimensional diagram to describe populations with any number of types of
attributes and ranges of values on each.

The appendix describes this poset further. For example, we show it is a lattice. We
also determine its structure for any number of types of attributes in the population

repertoire and any number of values.

iv. The Set Of Minimum Winning Categories

The set of minimum winning categories for any population varies with the context.
We can now formally define a context, to mean all of the following information:

e the repertoire of salient attributes for the population,

e the distribution of the individual repertoires over the population, and

e some value k, .5 <k <1, defined as the minimum winning threshold. We take the
value of k to be exogenously determined in the short term.

A category is minimum winning in a context if it does not include the entire population,
and fulfils two further conditions:

e itssizeis >k, and
e it does not contain any other possible category whose size is also > k.

The first condition gives us all categories that are larger than the minimum-winning
threshold. We call this the set of all winning categories. The set of winning categories is
a subset of the set of all possible categories generated by a population repertoire of
attributes. However, as noted above, some winning categories may contain other, smaller
ones. Individuals eligible for membership in two winning categories, one of which is
contained by the other, should prefer the smaller one. The second condition captures this
logic by including within our set of minimum winning categories only those categories
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which are “minimal by containment.” The set of minimum winning categories is then a
subset of the set of winning categories.

v. Identifying The Set of Minimum Winning Categories in a Poset

The representation of all possible categories using a diagram allows us to identify
easily whether a possible category both exceeds the minimum winning threshold k and is
minimal by containment. In the examples below, we draw the posets that describe the
possible categories generated by three different population repertoires and identity the
number of minimum winning categories in each. For ease of exposition, each of these
examples describes the set of possible categories in only the restricted case (where we
assume that individuals will only consider “and” combinations across types and “or”
combinations within types). The logic for the unrestricted case would be identical. The
only difference is that the poset, and the number of minimum winning categories, would
be larger for the unrestricted case.

Suppose k = .6 and suppose that the values of a, b, ¢ and d in our running example are
as follows:

Table 6

Black White
Foreign | a(.4) b(.4)
Native c(.1) d(.1)

Figure 5 shows us immediately that this population produces only one possible
minimum winning category, defined as the category “Foreign”, with membership BF,
WEF.

Figure 5
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With the same k, consider now the following set of values of a, b, ¢, and d.

Table 7

Black White
Foreign | a(.4) b(.25)
Native c(.3) d(.05)

Representing this population in Figure 6 shows us immediately that this population
produces two possible minimum winning categories: one defined “Foreign”, has the
membership BF, WF and is of size .7; the other, defined as “Black” has the membership
BF and BN and is of size .65.

Figure 6
1

Consider, finally, the following set of values of a, b, ¢, and d, again with k=.6.

Table 8
Black White
Foreign a(.25) b(.3)
Native c(.25) d(.2)

Representing this population in Figure 7 shows us immediately that this population

does not produce a single minimum-winning category.
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Figure 7

IV. Predicting Democratic Stability

i. Predicting Democratic Stability for Particular Distributions of Attributes
(Holding the value of k constant)

Earlier, we defined a stable democracy as with more than one minimum winning
category. The three examples above nicely illustrate variation in the probability of
democratic stability.

Consider Figure 5, in which there is only one minimum winning category: the
category “Foreign,” with size .8 and membership of individuals with the repertoires WF
or BF. With perfect information about the distribution of individual repertoires of
attributes, all individuals will see that the category “Foreign” is the only winning
category. Individuals with the repertoires WF and BF, then, will declare membership in
the category “Foreign.” Individuals with the repertoires WN or BN should declare
membership in the category “Native,” the largest category in which they are eligible, with
size .2. Thus, a bipolar division should emerge in the electorate, with 80% of the
population classifying itself as being of foreign origin, and 20% as native.

Given the winner take all assumption, the payoff for the members of the minority
category will be 0. Even under such oppressive circumstances, however, individuals with
the repertoires WN or BN will not reclassify themselves, since they simply do not have
any ethnic identity category in their repertoire that will improve their lot. And individuals
with the repertoires WF or BF will not reclassify themselves since they cannot do better
under a different system of classification. As a result, this population should have an
unstable democracy, under threat of subversion from this permanent minority, as long as
the minimum winning threshold k remains constant.

But consider Figure 6, which generates two minimum winning categories:

“Foreign”, with size .65 and membership of individuals with repertoires BF or WF; and
“Black”, with size .7 and membership of individuals with repertoires BF or BN. In this
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scenario, the possibility for change in the electoral verdict does exist, driven by those
who stand to lose under one scheme of categorization but can gain in another. This
democracy, then, should be characterized by fluidity in electoral competition and
therefore stable. Similarly, consider the example in which the distribution of individual
repertoires fails to generate any minimum winning category, as in the case of Figure 7.
In this scenario, we should also expect electoral fluidity and therefore democratic
stability, as small categories, none of which are of minimum winning size, form
temporary alliances with each other.

ii. Predicting Democratic Stability for Particular Distributions of Attributes
(Allowing the Value of k to Vary)

Above, we predicted the probability of democratic stability for different distributions
of attributes, holding the value of k constant. But another way to predict the probability
of democratic stability is to explore the extent to which a democracy is robust to changes
in the value of k.

For example, consider the population described in Figure 5. For this distribution of
attributes, we see from Figure 5 that the minimum winning category will remain
unchanged for a large range of values of k (.5 <k <.8). For any k value in this range, this
population will have a “Foreign” majority of 80% and a “Native” minority of 20%. We
might think of the k value as representing the electoral system, or some combination of
electoral, party and legislative institutions that determine the size of the requisite electoral
coalition. To the extent that this population makes it impossible for losers to turn the
situation to their advantage for a large range of k values, this population should produce
an unstable democracy under a wide range of institutional conditions.

But the population described in Figure 8 should produce a stable democracy with
only a small change in k values.

Figure 8
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When k = .6, the population represented in Figure 8 will generate only one minimum
winning category: “Foreign,” of size .7. However, a small change in the value of k, from
.6 to .55 generates two minimum winning categories: “Foreign” of size .7, and “Black” of
size .55. Slight changes in institutional design should safeguard democratic stabilility for
this population.

iii. Predicting Democratic Stability in General for Different Distributions of
Attributes and Different Values of k

Can we say anything about the prospects for democratic stability associated with
population repertoires of different sizes and composition? Are large population
repertoires more likely to be associated with stable democracies than small ones? Are
population repertoires with a small number of types but a large range of values over these
types more likely to produce stable democracies than population repertoires with a large
number of types but a small range of values over these types?

Let us first discuss the possibility of democratic stability with the population
repertoire in our running example, with 2 types of attributes and two values on each type.
Four distinct individual repertoires can be generated from this population repertoire, and
these four repertoires can be distributed in varying proportions across a population. Chart
1 summarizes the proportion of these distributions that produce, for different (discrete)
values of k, exactly one minimum winning category (Line 1); more than one minimum
winning category (Line 2); and no minimum winning category (Line 3).
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Chart 1
Population Repertoire: 2 Types, 2 Values on Each
No. of Individual Repertoires: 4
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1
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0.3 4 2

Proportion of Distributions of
Individual Repertoires

0.2 4

0.1

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

K (Minimum Winning Threshold)

For low to moderate values of k (.5 <k <.73), this population repertoire is more
likely to produce a single minimum winning category than any other outcome. However,
for high values of 'k, (.73 <k <1), no minimum winning category becomes the more
likely outcome. The proportion of distributions that generates more than one minimum
winning category also decreases with increasing values of k. However, it is always less
likely than one of the other two outcomes.

Another way to interpret this chart is as follows: As the value of k increases,
distributions of individual repertoires that generate any minimum winning category
become increasingly rare. But when a distribution of individual repertoires does generate
a minimum winning category, the probability that this will be a unique one is high.

What does this mean about the prospects for democratic stability in particular
countries with a population repertoire of 2 types of attributes and 2 values on each type?
In order to extrapolate from this graph to countries that have such a population repertoire,
we need to know how different distributions of individual repertoires are distributed
across these countries. In the absence of further information, we make the assumption
that these distributions are randomly distributed across countries. Given this assumption,
we can infer that the probability that these countries will generate stable democracies is
low for low to moderate values of k (.5 <k <.73), but increases with higher values of k.
(.73 <k <1). (Note, however, that this inference would not hold if the distribution of
individual repertoire of attributes across countries were skewed.)
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Consider now what happens when we hold constant the number of types of
attributes in a population repertoire but increase the number of values on each type from
2 to 3. This population repertoire generates a total of 9 distinct individual repertoires that
can be distributed in different proportions across a population. Chart 2 summarizes the
proportion of these distributions that produce, for different values of k, exactly one
minimum winning category (Line 1), more than one minimum winning category (Line 2),
and no minimum winning category (Line 3).

Chart 2
Population Repertoire: 2 Types, 3 Values on Each
No. of Individual Repertoires: 9
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0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

K (Minimum Winning Threshold)

The first thing to note about this population repertoire is that it generates a much
higher likelihood of a stable democracy than the previous one. For low to moderate
values of k (.5 <k £.77), this population repertoire is most likely to generate multiple
minimum winning categories. For a small interval (.78 <k < .83, the proportion of
distributions that generate a single minimum winning category than any other outcome.
And for high values of k (.83 <k < 1), the absence of a minimum winning category
becomes the most probable outcome. Making as above the assumption that these
distributions are randomly distributed across countries, we can infer that countries with
this type of population repertoire should be likely to have stable democracies for all
values of k except for a brief window when k is moderately high.

Consider, finally the case of a population repertoire in which we increase the
number of types from 2 to 3, keeping the number of values on each type constant. This
population repertoire, with 3 types and 2 values on each, generates a total of 8 distinct
individual repertoires which can be differently distributed to produce distinct populations.
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Chart 3 summarizes the proportion of these distributions that produce our three different
outcomes for different values of k.

Chart 3
Population Repertoire: 3 Types, 2 Values on Each
No. of Individual Repertoires = 8

0.8 1

0.7 4
06

05 /
04 1 ’(

0.3 1

0.2 1

0.1 4

Proportion of Distributions of Individual
Repertoires

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

k (Minimum Winning Threshold)

Here, for low values of k (.5<k <.63), we are more likely to see multiple
minimum winning categories than any other outcome. For a brief window, (.63 <k <
.69), a single minimum winning category becomes more likely than the other two
alternatives. And for moderate to high values of k (.69 <k < 1), we are most likely to see
the absence of a minimum winning category. Making as above the assumption that these
distributions are randomly distributed across countries, we can infer that countries with
this type of population repertoire should have stable democracies at low and high k
values.

We have not experimented with larger increases either in the number of values on
each type, keeping the number of types constant, or in the number of types. Our
expectation is that increases in either will dramatically increase the probability of fluidity
in identities and therefore democratic stability.

IV. Conclusion
We have tried to show that there is no necessary link here between the

politicization of ethnic categories and the likelihood of democratic instability. Instead,
the key variable is the underlying distribution of attributes that constitute ethnic identity
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categories: some distributions will generate unstable multi-ethnic democracies while
others will not. While we have focused in this paper mainly on ethnic categories, the
same logic should apply also to non-ethnic ones. When the distribution of non-ethnic
attributes, such as landownership, or income, or rural-urban residence or ideological
affiliations and so on generate only a single minimum winning identity category, we
should expect to see democracy under strain. But we should expect a stable democracy,
other things equal, when the distribution of non-ethnic attributes produces none or
multiple minimum winning categories.

In future work, we expect to explore some key extensions to this model. First, we
impose further restrictions on the attributes and combinations of attributes that
individuals are most likely to consider, introducing weights to differentiate between
attributes that have been historically and institutionally privileged from those that have
not. Second, whereas this model applies only to winner-take-all situations in which the
outcome is determined by majority rule, we have begun to explore the possibility of
change associated either with other decision rules in a winner-take-all system (e.g.
plurality rule) or with systems that are not winner-take all (e.g. in which the payoft is
distributed proportionally among groups). A third extension would broaden the
applicability of the model to scenarios in which individuals are motivated by the desire
for collective benefits rather than individually divisible goods as they are here. Finally,
in future work, we would like to shift the focus from the distribution of attributes to the
design of institutions. We are especially interested in the institutions that determine the
value of k. Holding the distribution of individual repertoires of attributes constant, this
model allows us to ask: What institutional designs will be optimal given the distribution
of identity repertoires in a population? By comparing the outcomes that the same
individuals will obtain under different thresholds, we can theorize about the institutions
that they should find optimal.
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Appendix: Mathematical Aspects of
the Model

version dated: August 21, 2003

The purpose of this appendix is to discuss the mathematical aspects of our
model. The appendix is divided as follows. The relevant definitions are pre-
sented in Section 1. In Section 2, we count the number of possible coalitions
overall and in an individual’s repertoire of possible coalitions. It is natural
to consider a partial ordering on the set of possible coalitions by contain-
ment. We determine the structure of this poset and explain how to draw it
in Section 3. Additional properties of the poset are discussed in Section 4.
Section 5 uses this framework to calculate the probability of having zero,
one or many minimum winning coalitions given population repertoires of
attributes of different sizes.

1 Definition of our Model

Let P be a finite set which we call the population. We call the elements of
P individuals.

Let A ={A;, Ay, ..., A;} be a finite set of types of attributes. For each type
A; € A we associate a set V; = {a;1, a;o, ..., a; n, } of values for that types. Let
V =UV,. We call V the set of all attributes.

Now, each individual takes on exactly one value for each type of attribute.
This can be expressed as follows. We have a function f: P x A — V such
that f(p, A;) € V; for each p € P and A; € A. We call the set f(p,.A) the

repertoire of individual p. There are at most nins ... n; different repertoires.

Proof 1. Since an individual takes on exactly one of n; values on type A;,
there are n; possibilities for the value on the first type, ny possibilities for the
value on the second type, and so on. Multiplying gives us at most niny...n;
different repertoires. [

Let R = {f(p,A) : p € P}, the set of all repertoires achieved by an individual
in the population P. By our previous remark we see that #R < niny...n;.



We define a possible coalition as a set of individuals which satisfy some logical
(ie. and, or, not) combination of the attributes. Recall that an individual’s
repertoire of attributes is a set {v1,vq,...,v;} consisting of one value from
each type of attribute. The set of all individuals with that repertoire is the
set in which all individuals satisfy the condition “v; and v, and ... and v;.”
Since individuals have exactly one value from each type of attribute, any
logical combination of the attibutes can be written as an “or” combination
of the repertoires. This allows us to give an equivalent definition of a possible
coalition.

Definition 1. Let R € R be the subset of allowed repertoires. Then we let
Cr={p€ P: f(p,A) € R}, the set of all individuals whose repertoire is in
R. We call Cr a possible coalition.

In this first definition, we allow any combination of the repertoires. This may
not be applicable to all situations. In applications of this model, we may need
to restrict the kinds of combinations of attributes which are allowed to form
coalitions. We propose an altenate definition of possible coalition to illustrate
how a general type of restriction on which coaltions are allowed form affects
our theory.

In the second definition, we only allow certain combinations of the attributes.
The restriction we impose amounts to the following: the coalition is defined
by specifying a set of allowed values from each type of attribute independent
from the set of allowed values on another type. An individual can then belong
to a coalition if she has an acceptable value on each type of attribute.

Definition 2. For each type of attribute A;, let R; € V; be the set of allowed
values for A;. Then we define Cg, ... r,) ={p € P: f(p,A;) € R;}. We also
call these possible coalitions.

Note that if we let R be the set of repertoires whose value on attribute A; is
in R;, then we get C(g,,. r,) = Cr as defined in the first definition. So the
possible coalitions from the second definition are a subset of those arising
from the first definition. In general, no matter which restriction is imposed
on the formation of possible coaltions, we will always be considering a subset
of the possible coalitions defined by Definition 1.

These are the only two definitions of possible coalitions that we use in this
appendix. However, other types of restrictions could also be imposed when



defining the posssible coalitions, and the analysis we present in the following
sections could be carried out with alternate definitions.

Definition 3. By a context we mean the following information: a popu-
lation P, types of attributes A, values on those attributes V', a function f
telling us which individuals have take on which attributes, and a number k,
b <k <1, which we call the winning threshold.

Definition 4. A possible coalition, C, is called a winning coalition if it
satisfies the following condition:

#C
1. @Zk‘.

This condition says that the proportion of the population which is in C is at
least as large as the winning threshold.

Definition 5. We call a winning coalition C non-trivial if it is not equal
to P, the entire population.

Definition 6. A possible coalition, C, is called a minimum winning coali-
tion if it satisfies the following two conditions:

1. ﬁ—ng, and

2. ﬁ—g < k for every C' C C.

The first condition says the possible coalition is a winning coalition. The
second condition says that, subject to being winning, the coalition is minimal
by containment, i.e. it does not contain a smaller winning coalition.

2 Number of Possible Coalitions

Given some population repertoire of attributes, we can calculate the number
of possible coalitions for both of the definitions proposed above. We can do
so not only for small examples but in the most general situation, where we
have j types of attributes and these have ny, no, ..., n; values each.



2.1 General Definition

In the first definition, possible coalitions are defined by listing the allowed
repertoires without any restriction on the combinations. Therefore, the pos-
sible coalitions are in a natural one-to-one correspondence with the subsets
of R, the set of repertoires. There are 2#® such subsets.

Proof 2. To obtain this number, consider each element of R, ie. each
repertoire. Either the repertoire is in a subset or it is not, giving us 2 choices.
To choose a subset, we must decide whether each repertoire is in the subset.

Therefore, we have to make 2 x 2 x --- x 2 = 2#% choices in all, giving us
the number of subsets of R. Hence we conclude that there are 2#® possible
coalitions. O

In the case that there is at least one individual with each repertoire of at-
tributes, we have #R = ninsy ... n; and this gives 2™"2-+" possible coalitions.

We may also calculate the size of an individual’s repertoire of possible coali-
tions, that is the number of possible coalitions in which an individual is
eligible for membership. For every individual, it is 2#%~1.

Proof 3. We use the same reasoning as above and notice that an individual
p is contained in a possible coalition Cy if and only if f(p, A) € R. Therefore
we want to count the number of subsets of R which contain f(p,.4). These
are in one-to-one correspondence with the subsets of R — f(p, A), a set of size
#R — 1 and hence there are 2#°~! such subset. This is us 2#7~! possible
coalitions in an individual’s repertoire of possible coalitions. [

If there is at least one individual with each repertoire of attributes, the
size of an individual’s repertoire of possible coalitiosn is 271727 =1 hecause

#R: ning...n;.

2.2 Restricted Definition

Now consider the second definition. We will determine the number of possible
coalition only in the case where there is at least one individual with each
repertoire of attributes. In this case, there are TI7_ (2" — 1) + 1 possible
coalitions.

Proof 4. According to our definition, to determine a possible coalition we
must specify allowed values for each type of attribute. As long as each subset
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of allowed values is non-empty, we get a non-empty possible coalition. So our
plan is to count the number of non-empty possible coalitions first and then
add 1 at the end. Also note that two different choices of non-empty subsets
of allowed values on each type give a different possible coalition. Therefore,
we simply need to count the number of ways in which we can specify the
subsets of allowed values for each type of attribute. For type A;, there are
n; values and therefore 2™ subsets of values, 2™ — 1 of which are non-empty.
Therefore we get IT7_, (2™ — 1) non-empty possible coalitions. Adding 1 for
the empty coalitions, we see that in total we have II/_ (2" — 1) + 1 possible
coalitions. [

Finally, we determine the size of an individual’s repertoire of possible coali-
tion under the restricted definition to be 272" ~J again working only in the
case that there is at least one individual with each repertoire of attributes.

Proof 5. Consider individual p € P. Individual p is in the possible coalition
C(Ry,Rs,...r;) if and only if f(p, A;) € R;. Notice that this condition implies
that R; is non-empty for ¢ = 1,...,7. Now subsets R; C V; that contain
f(p, A;) are in one-to-one correspondence with subsets of V; — {f(p, 4;)}.
Since V; has size n;, V; — {f(p, A;)} has size n; — 1. Hence there are 27!
such subsets of V; containing f(p, 4;). This implies that there are TT/_ 2" ~1 =
2mn2--nj=J possible coalitions in an individual’s repertoire of possible coali-
tions. []

3 Drawing the Poset of Possible Coalitions

Consider now the set of possible coalitions. Since some of the possible coali-
tions are contained in others, it is natural to consider their partial order
defined by containment. Note that Cr, C Cg, if and only if Ry C R,.

Formally, a partial ordered set (poset) is a pair (P, <) where P is a set and
< is a relation of P satisfying the following conditions:

1.p<pforallpe P.
2. f p<qgand g <rthen p<rforallp,q,reP.

3. If p<qgand g <pthenp=gqforall p geP.



general definition restricted definition

Figure 1: Example of the lattice of possible coalitions for the general and the
restricted definition

In our case, the set P is the population and our relation is containment.

If the poset has an element which is less than or equal to every other element,
we call it a 0. If it has an element which is greater than or equal to every
other element, we it a 1. For basic information about posets we refer the
reader to [1, 3, 4].

Posets may be draw by use of a Hasse diagram. In the main part of our text
we repeatedly see the diagram for the poset of possible coalitions which arises
in the case where we have two attributes each with two values. In a Hasse
diagram, dots represent the element of P and lines represent containment. If
x < y, then y is drawn above z and line is drawn between x and y if x < y
and there is no z such that x < z < y. If we draw a line from x up to y, we
say y covers x. Figure 1 shows the Hasse diagram for the poset of possible
coalitions which arise from each of our definitions, in the case where we have
two types of attributes each having two values. Note that these two posets
have different numbers of elements, as observed in the previous section.

Before discussing the properties of the poset of possible coalitions, we describe
it concretely and provide an algorithm for drawing the poset when we are
dealing with larger sets of attributes.

We need one more definition in order to give this description. If S and T are
posets, then the direct product, S x T, of S and T'is {(s,t) : s € S,t € T}
with the order relation (s,t) < (¢/,t) if and only if s < ¢ and ¢ < t'. There
is a procedure for drawing the Hasse diagram for the product of two posets.
Take the first poset S and draw it with large circles instead of dots for the
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Figure 2: Drawing By

element of S. Now, in each circle, put a copy of T. This is called a nested
line diagram for S x T'. To get the Hasse diagram for S x T we replace the
lines between the circles with lines connecting corresponding elements of T’
in each circle. We will show examples of this procedure when we give the
descriptions of the lattices of possible coalitions.

3.1 General Definition

In the general definition, where we allow any combination of repertoires to
define a possible coalition, the structure of our lattice depends only on the
number of repertoires which have at least one individual, #R. If there are
#R = n such repertoires, then our lattice is B,,, the boolean lattice on n
elements. This follows simply by definition, since a boolean lattice is defined
to be the poset of subsets of the set {1,2,...,n} ordered by containment. Tt
is known that B, = 2" is the product of n chains of length 2. Combined
with the description of how to draw the product of two posets, this gives a
good way to draw out and visualize our poset.

Figure 2 shows how to draw By = 2* First we construct B, = 2 x 2.

Using our drawing of By we construct B3 = 2 x By. Similarly we obtain
B4 =2X Bg.

3.2 Restricted Definition

Now consider the restricted definition of possible coalitions. Let Si, Sy, ..., S,
be posets with a 0. Let SZ denote S; with its 0 removed. Then we let
Sy Sy = (S x - x5,)J0. Notice that Sy * Sy + S5 = (Sy * Sy) S5 =
S1%(S2%S3). To draw the nested line diagram for S; %S, we use the procedure
for drawing the product of two posets that was described above and connect
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Figure 3: Lattice of possible coalitions (restricted definition) in the case with
two attributes each having two values

the new element 0 to the bottom circles by double lines to indicate that 0 is
below every element of the poset in that circle.

Now we may describe the structure of the lattice of possible coalitions that
arises from the second definition. Suppose that we have j types of attibutes
having ny,ng,...,n; values. If there is at least one individual in each reper-
toire, then our lattice of possible coalitions is By, x By, x -+ x By, where B,
denotes the Boolean lattice on n; elements.

Proof 6. We start by considering the non-empty possible coalitions. The
non-empty possible coalitions correspond to a choice of non-empty subsets of
values for each attribute. Therefore, since there is at least one individual that
has each repertoire, the non-empty part of our lattice is simply the product
of the posets of non-empty subsets of values for each attribute. In other
words, we have ém X EnQ X oo X an. The only missing possible coalition
is the empty coalition which is contained in every other possible coalition.
Therefore our result follows by adding a 0 to ém X EnQ X -+ X an. O

To illustrate this procedure, Figure 3 shows the construction of the poset of
possible coalitions when there are two attributes having two values each and
Figure 4 shows the contruction of the poset when there are two attributes
having two values and three values respectively.

4 Lattice Structure and Other Properties

This section discusses a few of the properties of posets of possible coalitions.
These properties are not needed for the analysis found in the next section but
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Figure 4: Lattice of possible coalitions (restricted definition) in the case with
two attributes having two values and three values respectively



are included as interesting properties which may be useful for future analysis
of the posets. At the end of the section we also mention their connection to
Formal Concept Analysis.

The more interesting posets that we have encountered are the ones that arise
from the restricted definition which we propose for possible coalitions. The
posets arising from the first definition are all boolean and thus have been
well studied. In particular, boolean lattices have all of the properties which
we are going to present for the posets arising from the second definition.

The first fact to notice about the poset of possible coalitions is that it is a
lattice. To be a lattice, every pair of elements, x and y, must have a greatest
lower bound (a unique minimal element among all the elements which are
greater than x and y in the partial order) and a least upper bound (a unique
maximal element among all the elements which are less than x and y in the
partial order). The greatest lower bound is denoted by x A y and the least
upper bound is denoted by x V y. The greatest lower bound of two possible
coalitions, Cg,,...r;) N C(RQ,...,R;); is simply the intersection of those possible
coalitions, C(gr,,...r;) ﬂC(R’l,.A.,R;.) = C(RmR’l,...,ijR;)- The least upper bound is
not quite the union of the two possible coalitions, because that union may
not be a possible coalitions. However, we can still describe the least upper
bound simply. It is obtained by taking the union of the allowed values over
each type of attribute. We have Cr, . r;) V C(R’l,...,R;) = C(RluRg,...,RjuR;.)-
Since the lattice is finite, we immediately see that our poset is a complete
lattice meaning that every subset of element of our poset has a greatest lower

bound and a lowest upper bound.

There is one more property of this lattice that is worth mentioning. It is
complemented. A lattice is complemented if for every x € P there exists a
y such that z Ay = 0 and z V Yy = 1. The possible coalition C(Rl,...,Rj) has
as a complement the possible coalition Cy; g, ,....v;—r;), obtained by allowing
all the values on a type of attribute which are not allowed in the original
possible coalition. Note that possible coalitions do not neccessarily have a
unique complement.

This section would not be complete without mentioning the connection to
Formal Concept Analysis. As we are doing here, Formal Concept Analy-
sis studies the relationship between objects and (possibly multi-valued) at-
tributes by considering a lattice, the formal concept lattice, whose elements
are basically set of objects defined by sharing the same attributes. To obtain
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our poset of possible coalitions as a formal concept lattice, we must change
our list of values on each type of attribute to include all subsets of values
from that type. Regardless of what type of restriction is imposed on which
coalitions can form, the set of possible coalitions will still be a formal concept
lattice. For further information on Formal Concept Analysis, see [3].

5 Predicting the Number of Minimum Win-
ning Coalitions

We want to apply our description of the poset to predicting when there will
be exactly one minimum winning coalition and when there will be more.
In this section, we present an algorithm for calculating the proportion of
distributions of attributes over a population give rise to exactly zero, one, or
more than one minimum winning coalition.

Notice that if C is a winning coalition, then all possible coalitions which
contain C are also winning coalitions because they are at least as large as C.
In mathematical terms, this says that the set of winning coalitions forms a
dual order ideal. The minimum winning coalitions are the mimimal elements
of the dual order ideal of winning coalitions. Therefore, we have one minimum
winning coalition exactly when the dual order ideal of winning coalitions has
one minimal element, that is, it is a principal dual order ideal.

(An order ideal of a poset P is defined to be a subset I C P such that if
1 €1 and j <ithen j € I. A dual order ideal of a poset P is defined to be a
subset I C P such that if i € I and 7 < j then j € I. A principal dual order
ideal is defined to be an order ideal with exactly one minimal element.)

We would like a simple characterization of when the dual order ideal of
winning coalitions is principal. Alternatively, we can consider a possible
coalition C and ask when it is the unique minimum winning coalition. First
it must be winning. That is #C > k. Second, it must be minimal in the dual
order ideal of winning coalitions. For this second condition to be satisfied,
it is enough to require that all C’ which do not contain C are not winning,.
That is #C’' < k for all C’ 2 C. However, the set of possible coalitions C’' 2 C
form an order ideal. Therefore, when implementing our algorithm, it will be
enough to verify that #C’ < k for C’ which are maximal in this order ideal.

Let rq,79,...,75 denote the proportion of the population in each repertoire.
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Note that the size of a possible coalition is simply a sum of the r;’s corre-
sponding to repertoires which are allowed in that possible coalition. So we
can express #C > k and #C’ < k as linear inequalities in the r;’s.

Note also that by definition of the r;’s we have the following equations.
M +7ro+...+7rs= 1

0<r;<lfori=1,2,....s

Therefore, the r;’s form a (s — 1)-dimentional polytope P. The points of this
polytope are the distributions of attributes over the population.

Let us add the condition that tell us that C is a minimum winning coalition,
so that we are considering the polytope defined by:
T1+T2+...+Ts: 1

0<r<lfori=1,2,..,s
#C >k
#C' < k for C' maximal in the order ideal of C' 2 C.

Then we are considering the polytope, call it P(C), of all distributions of
the attributes over the population such that C is the only minimum winning
coalition. Moreover, the quotient Vv(.f;‘j), of the volumes of these polytopes,
is the proportion of distributions of attributes over the population in which

C is the only minimum winning coalition.

It is clear that P(C) NP(D) is empty for distinct possible coalitions C # D.
Therefore the proportions of distibutions that produce only one minimum

winning coalition is

3 V(P(C))
C a possible coalition V(P)
The algorithm for calculating what proportion of distribution of the at-
tributes yields only one and more than one minimum winning coalition can
be summarized as follows. First we draw out the poset of possible coalitions
as described in Section 3. Next we go through each possible coalition C and

calculate % Finally, > . V‘(}z;f))) give us the proportion of distributions
V(P(©))

which result in only one minimum winning coalition and 1 -5, ) gives
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Figure 5: Proportion of the population in each possible coalition (general
definition)

the proportion of distributions in which result in more than one minimum
winning coalition. If we only want to consider non-trivial minimum winning
coalitions, we can do so by taking the sum over all non-trivial minimum
winning coalitions. This is done in the program that follows.

We were able to implement this algorithm on small examples using symbolic
mathematical software, Maple 8.00 and Franz’s Maple package for convex ge-
ometry [2]. Thankfully, due to symmetries of the poset of possible coalitions,
the calculation of V(P(C)) for a specific possible coalition often amounts
to a calculation which has been done previously. This greatly improves the
computational complexity of our algorithm.

Writing out the details for a small example will make this clearer. We will do
this for both the general and the restricted definitions of possible coalition
in the case where we have two attibutes each with two values.

5.1 General Definition

Let a, b, ¢, and d be variables denoting the proportion of the population with
each repertoire. See Figure 5. Then

a+btct+d=1 (1)
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0<a,becd<l1 (2)

This defines an 3-dimentional polytope and its volume is %

By symmetry, we only need to consider three principal dual order ideals: the
one where a denotes the size of the minimal element, the one where a + b
denotes the size of the minimal element, and the one where a + b+ ¢ denotes
the size of the minimal element. These correspond to the following sets of
inequalities: for a we have equations 1 and 2 along with

a > k
b+c+d < Fk,

for a + b we have equations 1 and 2 along with

a+b > k
at+c+d < k
b+d+d < k,

and for a + b + ¢ we have equations 1 and 2 along with

a+b+c
a+b+d
a+c+d
b+d+d

AN NNV
™~ o o

Using the following Maple program we calculate the volumes of these poly-
topes and for .5 < k < 1 we compute the proportion of the distributions
of attributes over the population in which there is exactly one non-trivial
winning coalition.

> libname := libname, "/convex":

> with(linalg):

> with(convex):

> printlevel:=0:

> Q:=intersection([1,1,1,1]=1, [1,0,0,0]>=0, [0,1,0,0]>=0,

(0,0,1,0]>=0, [0,0,0,1]1>=0):
> k:=100:
> for j from 50 to k do
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Figure 6: Proportion of the population in each possible coalition (restricted
definition)

> Q1:=intersection([1,1,1,1]=1, [1,0,0,0]>=0, [0,1,0,0]>=0,
(0,0,1,0]>=0, [0,0,0,1]1>=0, [k,0,0,0]>=j, [0,k,k,k]<=j):

> Q2:=intersection([1,1,1,1]=1, [1,0,0,0]>=0, [0,1,0,0]>=0,
(0,0,1,0]>=0, [0,0,0,1]1>=0, [k,k,0,0]1>=j, [0,k,k,k]l<=j,
[k,0,k,k]<=j):

> Q3:=intersection([1,1,1,1]=1, [1,0,0,0]>=0, [0,1,0,0]>=0,
[0,0,1,01>=0, [0,0,0,1]1>=0, [k,k,k,01>=j, [0,k,k,kl<=j,
[k,0,k,k]l<=j, [k,k,0,k]<=j):

> print(j,evalf ((4*surface(Ql)+6*surface(Q2)+4x*
surface(Q3))/surface(Q)));

> od;

A similar program obtains the proportion of the distributions of the at-
tributes over the population in which the only winning coalition is the entire
population. From these two sets of output, it is easy to calculate the propor-
tion of the distributions of attributes over the population which have more
than one minimum winning coalition. The output of these programs is shown
as a graph in the main part of the text.

5.2 Restricted Definition

Let a, b, ¢, and d be variable denoting the proportion of the population with
each repertoire. See Figure 6. Then

a+b+c+d=1 (3)
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0<a,bec,d<1 (4)

As in the case of the general definition, this defines an 3-dimentional polytope

and its volume is %

By symmetry, we only need to consider two principal dual order ideals: the
one where a denotes the size of the minimal element and the one where a + b
denotes the size of the minimal element. These correspond to the following
sets of inequalities: for a we have equations 3 and 4 along with

a > k
b+d < k
c+d < k,

and for a + b we have equations 3 and 4 along with

a+b > k
a+c < k
b+d < k
c+d < k

Using a Maple program very similar to the previous one, we calculate the
volumes of these polytopes and for .5 < k < 1 we compute the proportion of
the distributions of attributes over the population in which there is exactly
one non-trivial winning coalition.

> libname := libname, "/convex":

> with(linalg):

> with(convex):

> printlevel:=0:

> Q:=intersection([1,1,1,1]=1, [1,0,0,0]>=0, [0,1,0,0]>=0,

[0,0,1,0]>=0, [0,0,0,1]>=0):

> k:=100:

> for j from 50 to k do

> Q1:=intersection([1,1,1,1]=1, [1,0,0,0]>=0, [0,1,0,0]>=0,
(0,0,1,0]>=0, [0,0,0,1]>=0, [k,0,0,0]>=j, [0,k,0,k]<=j,
[0,0,k,k]<=j):

> Q2:=intersection([1,1,1,1]=1, [1,0,0,0]>=0, [0,1,0,0]>=0,
(0,0,1,0]1>=0, [0,0,0,1]1>=0, [k,k,0,0]1>=j, [k,0,k,0]1<=j,
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[0,k,0,k]<=j, [0,0,k,k]<=j):
> print(j, evalf((4xsurface(Ql)+4*surface(Q2))/surface(Q)));
> od;

Again, a similar program obtain the proportion of the distributions of the
attributes over the population in which the only winning coalition is the
entire population. From these two sets of output, it is easy to calculate the
proportion of the distributions of attributes over the population which have
more than one minimum winning coalition. The output of these programs is
shown as a graph in the main part of the text.

Similar programs where written for the other cases discussed in the main
part of the text.
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