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Abstract

Approval balloting is applied to the problem of electing a represenative committee. We
demonstrate seweral ways to identify sudh a committee, paying particular attention to
weighting methods that can reduce the inBuence of voters whose views are very di! er-
ent from those of other voters. We shaw that a general class of voting systemsbasedon
approval ballots can be implemented through analysisof an appropriate table. A by-product

of this procedureis claribcation of the complexity of these systems.



1 Introduction

Approval voting is a well-known voting procedureapplicable to single-winnerelections. Vot-
ers approve of as many candidatesasthey like, and the candidate with the most approvals
wins [Brams and Fishburn, 1978,1983]. But this method of aggregatingapproval votesis not
the only one possible,as Merrill and Nagel[1987]argue. It is therefore useful to distinguish
betweenapproval balloting (ead voter submits a ballot that identibeswhich candidatesare
approved) and approval voting (the method, indicated above, by which approval ballots are
tallied to determine the winner).

In this paper, we discusshow approval ballots can be usedto selecta committeeNa
subset of the candidatesNthat represers, in somesense,all voters. In suc an election,
voters would be instructed to indicate on their approval ballots the subsetsof candidates
that bestrepresen them on the committee.

Our proceduresfor identifying a most represenativ e subset of the set of candidates
capitalize on the fact that ead ballot also specibesa subsetof this set. Of course,di! erert
voters will typically specify di! erent subsets. We view the problem of identifying the most
represerativ e committee asthat of identifying the subsetthat is Oclosest@ the collection
of subsetsspecibedby the voters. Our procedurescan be adapted to ref3ect restrictions on
the size or composition of the committee to be elected.

Based on an appropriate measureof distance, we discusstwo criteria of closenesso
the collection of subsetsspecibedby the voters, minimax (a represenativ e subset should
minimize the maximum distanceto the subsetsof all voters) and minisum (a represenativ e
subset should minimize the sum of distancesor, equivalertly, the averagedistance to the
subsetsof all voters). Elsewherewe o! er a broader discussion of criteria of fairness in
electing committees. [Brams, Kilgour, and Sarver, 2005]

2 Terminology and Not ation

There are n > 1 voters. The set of k > 1 candidatesis denoted C = {1,2,...,k}. We
represent a subsetof the candidatesS ! C by a (row) vector p = (p1, p2,...,Pxk), Where
ph = 1if h" S and p, = 0 otherwise. (Usually we will write subsetsin vector notation
without punctuationNfor example, 1001101designatesthe subsetcomprising candidates1,
4,5,and 7.)

The n voters(pallots are pt, p?, ..., p", which we write asrows of a 0-1 matrix, P, called
the ballot data matrix. Note that P has n rows and k columns; the erntry in row i and



column h of P, pih, is 1 if voter i approvesof candidate h and O otherwise.

Example 1 There are n = 3 voters and k = 3 candidates. Voter 10dmnllot is 100 (i.e.
voter 1 approvesof candidate 1 only), whereas voter 20dmllot is 110, and voter 3Odmllot

is 101. The ballot data matrix is
! $
. 100

)
P=#110é)
1 01

The ballot data matrix recordsthe subsetof candidatesapproved by ead voter. Because
we wish to construct anonymous voting systems,we need not maintain a record of which
voter approved of a particular subset. Moreover, as the number of voters grows (and the
number of candidates becomesrelatively small), it is increasingly likely that some voters
will castidentical ballotsNthat is, approve of exactly the samesubset. If so,the ballot data
matrix will contain many identical rows. To simplify the data, we record only the distinct
ballots (in any order), and the number of times ead is chosen.

More speciPcally we assaiate with the voted-for subsets,g!, o, ..., d , corresponding
courts mg, my, ... m', indicating that m; > 0 di! erert voters approve of exactly the subset
g. It follows that ;=1 m; = nandd # ¢' whenewerj # j'. As before, we write
qt, &%, ...,q asrows of a 0-1 matrix Q, called the compressel ballot data matrix. Note that
Q has ¢ rows and k columns, and the erntry in row j and column h of Q is denoted qL
Asscciated with Q is a count vector, m, which is a column vector with the court, m;, asits
j™ entry. We call (Q, m) compressel ballot data.

Example 2 There are n = 4 voters and k = 3 candidates. Voters 1, 2, and 3 vote as in
Example 1; voter 4 votes exactly as voter 3. The compressel ballot data is (Q, m) where

! $ ! $
, 100 L1
Q=#110& m=# 1&
101 2

To measurethe distance betweentwo subsetsof C, p and g, we will usethe Hamming
distance, d(p,q) = Ezl lph $ on|. Thus, d(p,q) equalsthe number of componerts of p
and g that are di! erert, or the number of candidateswho are in one of p or g but not the
other. Note that for any subsetsp and g of C, 0 % d(p,q) % k and, of course,d(p,q) = 0
i! p= g. Toillustrate using Examples1 and 2, d(100, 110) = 1 (the two subsetsdi! er only
on candidate 2), and d(110, 101) = 2 (the subsetsdi! er on candidates2 and 3).



3 Minisum and Mi nimax Criteria

We begin by addressingthe problem of selecting a represertativ e subset of candidates, p,
given a ballot data matrix, P. We assumethat there are no restrictions on the subsetto
be selected.

This problem was consideredby Brams, Kilgour, and Sarver [2004]. One solution they
proposedwas majority voting (MV), which can be implemented on P by summing each
column to obtain the total vote for ead candidate. An MV committee is a committee
comprising only candidateswho receie at least votes! There is always at least one MV
committee; in the extreme casein which every candidate receives fewer than 3 approvals,
the MV committee contains no members, that is 00...0.

Formally, for ballot data P, the number of votes for candidate h is np(h) = T, p‘h.
The set of all MV committeesis then
( | n _ n)
MV((P)= p! C:ph=11f np(h)>§and phn= 0 if np(h)<§ . QD

For instance, in Example 1, the numbers of votes for candidates 1, 2, and 3 (the column
sumsof P) arenp (1) = 3,np(2) = 1, and np (3) = 1, respectively. Becauseonly candidate
1 receives more than % = % votes, and no candidate receives exactly % votes, the unique
MV committee is 100 (i.e. it includes only candidate 1).

Brams, Kilgour, and Sarver [2004, Proposition 4] proved that a subsetof the candidates,
p, is an MV winner if and only if it minimizes [, d(p,p'). Thus, the MV winners are the
subsetsof candidatesthat are at minimum total distance (or, equivalertly, at minimum av-
eragedistance) from the votersCballots. For this reason,they referredto an MV committee
asa minisum committee. We debne

minisu m(P) = MV (P).

There are two or more committees in minisu m(P) whenewer at least one candidate
receivesprecisely 5 votes. If so,the total distancefrom the ballots to a committee cortaining
such a candidateis exactly equalto the total distancefrom the ballots to the samecommittee
without the candidate, rendering both of these committees members of minisu m(P).

'We adopt this debnition, rather than the standard requirement of Onore than ”5 votes,Ofor technical
reasonsthat will become apparent shortly. Our debnition is equivalent to the conventional one whenever
n is odd; when n is even, di! erencesare unlikely unless n is small. Our debnition implies that the MV
committee is not unique (two or more subsetsare tied for winning) if and only if n is even and at least one
candidate receives precisely 5 votes. In this case,an MV committee includes all candidates who receive

more than 7 votes, plus any subsetof the set of candidates who receive exactly 7 votes.



As a secondapproad to bPnding a represenativ e committee, Brams, Kilgour, and Sarver
[2004] adapted the unanimity version of the Fallback Bargaining procedure [Brams and
Kilgour, 2001]. They proposed an iterativ e procedure that takes place in discrete time,
t=2012.... At time t, voter i is modeled as willing to be represerned by any subset of
candidatesin his or her acceptableset

L(t) ={p" C:d(p',p) %t}. 2)

For example, at time t = 0, voter iO=nly acceptablesubsetis p', the subsetspecibedon
his or her approval ballot. At time t = 1, Al(t) includes p' and any subsetat Hamming
distance 1 from p' Nany subsetthat di! ersfrom p' in exactly one candidate, who might be
a member of p' now excluded, or a non-menber of p' now included. At time t = 2, voter
iOsacceptableset includes all subsetsat Hamming distance at most 2 from p', and so on.
This fallback processcortinuesuntil there is a subsetthat is acceptableto all voters.

Formally, the fallback processendsat time t',; debnedby

tp = min{t=0,1,...: AL(t)# &. (3)
i=1

The fallback (FB) winners are all subsetsacceptableto all voters at time t',;. Formally,

+ . " ,
FB(P)= p! C:p" Ab(tp),i=1,...,n" . (4)
For instance, in Example 1, the three votersCacceptablesubsetsat times 0 and 1 are given
in the following table:

AL(t) A2(t) A3(t)

t=0 {100} {1104 {101
t=1/{100000 110,103 | {110010,100 113 | {101 001,111, 100

Obsene that the acceptablesets at time t = 0 are disjoint, while the acceptable sets at
time t = 1 have exactly one common member, namely 100. It follows that t, = 1 and
FBp = {10¢. Hencethe unique FB committee corresponding to P is 100, according to
this iterativ e procedure in which acceptable sets for ead voter becomelarger and larger
over time until there is at least one subsetin common.

Basedon a result of Brams and Kilgour [2001, Theorem 3], Brams, Kilgour, and Sarver
[2004]concludedthat a subset,p, is an FB winner if and only if it minimizes maxi=; d(p,p').
Thus, the FB winners are the subsetsof candidatesfor which the maximum distanceto any
voterOdballot is aminimum. For this reason,they referredto an FB committee asa minimax
committee. We debne

minimax (P) = FB(P).



Brams, Kilgour, and Sarver [2005] next asked whether duplication of ballots could
change the set of winning committees. In our more general setting, we consider how the
minisum and minimax procedurescan be applied to compressedballot data, (Q, m), as
opposedto ballot data, P.

It is immediate that, for compressedballot data, the number of votes for candidate
his ngm(h) = ;:1 m;q,. Given this emendation, the depnition of the set of minisum
committees,

(
minisu m(Q,m)= p! C:pp=1if ngm(h) > % and p, = 0 if ngm(h) < % , (5)
is essetially unchangedfrom (1).

When the minimax procedureis applied to ballot data, P, (2) debnesthe acceptable
set of voter i at time t. For compressedballot data, the acceptableset at time t for a voter
who voted for d is, analogously

Al () = {p" C:d(d,p) %t}. (6)

The set of minimax winners can then be determined using
*! )
tom = Min{t=0,1,2,...:  Ab,(t) # &;
( = )
minimax (Q,m)= p! C:p" AL (tom).i = L....¢ ,

which is essettially unchangedfrom (2), (3), and (4).

As Brams, Kilgour, and Sarver [2005] noted, the minimax winners are not altered by
the duplication of ballots. In our terms, minimax (Q, m) does not depend on the court
vector, m, becauseFB committeesrelR3ectonly which subsetswere voted for, not how many
votes eadt onereceived. While this property is consistert with someapproacesto fairness
(the FB committees are the committees that for which the worst-represerted voter is best
represerted, which recalls RawlsO$1971]approach to justice), it makesthe outcome highly
sensitive to outliers and thus not represenativ e of any tendency of voters to cast similar
ballots.

Brams, Kilgour, and Sarver [2005]suggestedthat it might be appropriate to revisethe
minimax procedure so that the rate of increase of the acceptable subset certered at ¢f
dependsinversely on m;. Applying this variation to compressedballot data would yield,
instead of (6),

j ! - " . j 0 L
Aom®) = p C.d(q‘,p)/omj : (7)



Then the revised minimax winners would be determined using
*!
tom = min{t" [0, ): AL i(t) # &;
o ( = )
minimax (Q,m) = p! C:p" Agp(tom) = 1,.... ¢

Note that the iterativ e fallback processstill starts at time t = 0, but it now takes place
in continuous (rather than discrete) time. (Sincethe m; are integers, the threshold times
tg'm are always rational, but we make no useof this simplibcation.) Note that the minimax
committees produced by this adjusted procedurerefRectballot duplication: the more voters

who vote for g, the slower the acceptableset certered at g grows.

Let usillustrate our results sofar, taking P asin Example 1 and (Q, m) asin Example
2. We noted earlier that minisu m(P) = {10G;. For (Q,m), ngm(1) = 4, ngm(2) = 1,
Nom(3) = 2,and 5 = 2, so minisu m(Q, m) = {100,107} in other words, both 100 and
101 are minisum committees for (Q, m).

We determined earlier that minimax (P) = {100}. The calculation that minimax (Q, m) =
{100 is identical. But the adjusted procedure givesthe following table of acceptablesets

AiQfm (t):

Al!(t) AZ!(t) A3!(t)
t=0 {100 {110 {101
t=1{100000 110,103 | {110,010 100113 {101
t=2| {100,000 110,101 | {110,010,100 111 | {101,001 111 100
010001111} 000,011,101}

Note that at time t = 1 the three acceptablesets have no common member, asthey did in
the previous table (100). But at time t = 2, there are three common members; formally,
tgm = 2 and minimax '(Q,m) = {100 101, 113}.

4 Weighted Distances

The main objective of this paper is to shav how di! erert weightingsNwhic h take into
accourt, for example, similarities among ballotsNcan a! ect the determination of represen-
tative committees. The Prst obsenation is simple: If we write A; = Aijm, then (7) is
equivalent to N ‘

Aj(t)= p" C:wdd,p) %t , (8)
provided wj = m;. Thus, whether a particular subset belongsto the acceptable subset
certered at ¢f can be understood to depend on weighted distances.



It follows from (8) that increasing the weight of g tends to draw the winning subset
closerto g, in the sensethat at any particular time, t, fewer alternativ es are acceptable
to a voter who supported ¢ . One weighting of interest, the count weight, is basedon the
count vector; the weight of a voted-for subset, @, is w; = mj, the number of voters who
voted for g .

Another weighting, which we will argueis useful for both minimax and minisum proce-
dures, is proximity weight, in which the weight of g reRRectsthe extent to which a ¢ voter
is similar to, or di! erent from, other voters. Specibcally

m,
] . 1
=1 Mrd(d, 0)

sothat the weight of ¢ is proportional to mj, the number of voters who voted for g. The
denominator of the fraction in (9) is the sum of the Hamming distancesfrom ¢ to the
subsetsapproved by all voters. (Of course,d(¢,d) = 0, so the distanceto ¢ does not
cortribute to this sum.) Thus m;, the weight of g , is small when few voters approve exactly
g or any subsetsimilar to it. By giving them lessweight, proximity weighting tends to
make the outcome less sensitive to the views of OextremeQvotersNthat is, voters whose
ballots di! er substartially from those of most other voters.

(9)

wp = ¢

In general, consider compressedballot data (Q, m), and assumethat a positive weight,
w;, has beenassignedto ead d . (There is no requiremert other than that all weights be
positive; in particular, no normalization is assumedNthe weights neednot sumto 1.) We
debnethe weighted vote for candidateh = 1,...,k to be

/" _
nw(h) = W g, (10)
j=1

The natural threshold of weighted votesis S = 3 J-!:l w;, or half the total weight. Thus,
a weighted majority rule or M V,, committee is every committee that includesall candidates
whoseweighted vote is greater than S and no candidateswhoseweighted vote is lessthan
S.2 Below, we shaw that the M Vi, committees are precisely the minisum committeesin a
weighted-distance cortext.

We think of w; d(p,d) asthe weighted distance between a voted-for subsetd and a
possiblecommittee p" C. Then (8) debnesthe subsetsacceptableto a ¢ voter at time t.
Then the unanimity version of the fallback bargaining procedure can be implemented using

2We follow the same convertion as discussedin the previous footnote. In particular, a candidate whose
weighted vote is exactly S may or may not be included in an MV, committee.



(8) and

t' = min{t" [0, ):*' Aj(t) # &; (11)
j=1

FByw={p! C:p" Aj(t),j=1....0. (12)
The interpretation is as before: The time t* is the earliest momert that at least one subset

is acceptableto all voters, and F B, is the set of all subsetsthat are acceptableto all voters
at time t .

We next characterize the weighted versionsof the minisum and minimax proceduresNin
terms of the weighted distancesthey minimizeNto identify represernative committees. At
the sametime, we develop a simple procedure for computing all winning committees.

Theorem 1 A subsetp" C is an MV, committee iff it minimizes
/!
w;j d(p,d).
j=1

A subsetp" C is an FB,, committee iff it minimizes

max w;d(p.q).
j=1..1

Pro of: For any bxedh = 1,...,k and any bxedj = 1,...,4, debne

0
, 1w, ifd # Ph
)=, ' b
0 if Ciﬂl = Pn
from which it follows that
0 L}
/! Lt wid, if pp= 0
5h(p,q]) - 2 ! | : A
i=1 iaawW(1$q) ifph=1
Therefore, using (10),
1
’ . Nw(h) if p, = 0
o) =, * |
j=1 2S$ ny(h) ifpr=1
But o, wid(p.d) = [ ey n(Pd) = fo oy dn(p.d). It follows that p" C

minimizes j!=1 W d(p,d) i! (i) pn = 0 whenewer ny(h) < S and (i) p, = 1 whenewer
nw(h) > S. This provesthe brst statemert of the theorem3

3This part of the proof generalizesthe proof of Brams, Kilgour, and Sarver [2004, Proposition 4].
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The second statemert follows directly from the result of Brams and Kilgour [2000,
Theorem 4] that the FB,, procedure determinesthe set of all alternativesthat minimize
the maximum distance. W

We will referto M V,, and F B,, committeesasweighted minisum and weighted minimax
committees, respectively. Theorem 1 and its proof provide a simple procedure for bnding
all such committees.

Begin with compressedballot data (Q, m) and a weight, w;, for ead voted-for subset,
¢ . Compute a 2€( ¢ matrix in which the rows represen subsetsand the columns voted-for
subsets. The (p,j) entry is w; d(p,d). Then bnd the sum and the maximum of the ertries
in ead row. The rows with minimum sum correspond to the weighted minisum committees,
and the rows with the minimum maximum to the weighted minimax committees.

We illustrate brst with Example 2 using count weights. The columns of the table
correspond to the voted-for committees, which are listed acrossthe top. Below ead voted-
for committee is its weight. (Here, the weights are the componerts of the court vector.) The
rows of the table correspond to the possiblewinning committees, which in this illustration
are all subsetsof C = {1,2,3}. Each entry of the table is the weighted distance between
the column subsetand the row subset. The two right-most columns record the row sum
and row maximum.

Voted-for Committee | 100 110 101,
Weight | 1 1 2 max
000 1 2 4 |7 |4
1000 0 1 2|3 |2
010/ 2 1 6 |9 |6
oo 2 3 2|7 |3
110 1 0 4 |5 |4
00,1 2 0|3 |2
011 3 2 4 |9 |4
111} 2 1 2 |5 |2

The winning subsetsare indicated with asterisks. The weighted minisum committees are
100 and 101, and the weighted minimax committees are 100, 101, and 111. Theseresults
accord exactly with those given earlier.

Note also that the table simplibes an extended procedure we recommend elsewhere
[Brams, Kilgour, and Sarver, 2005]: Choose either minisum and minimax as the primary
criterion; usethe other as a secondarycriterion to break ties. Doing so leadsus to discard
111asa minimax committee, leaving 100and 101 asthe two committees selectedaccording
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to both procedures?

We next analyze the same example using proximity weights. As determined by (9),
these work out to bew; = %, wo = %, and ws = 4. (For instance, from g! = 100 the
Hamming distanceto ¢? = 110is 1 and to q® = 101is also 1; but o', ¢?, and ¢ are selected
by m1 = 1, mp = 1, and m3 = 2 voters respectively, SOW; = izt = 3.) To make the
table a little neater, we have cleared the denominators by multiplying the weights by 15,

producing 15( 1 = 5,15( £ = 3,and 15( % = 10shawn in the table.

Voted-for Committee | 100 110 101,

Weight | 5 3 10 max
000 5 6 20|31 |20
100 0 3 10|13 |10
010/ 10 3 30|43 |30
001 10 9 10|29 |10
110 5 0 20|25 |20
101 5 6 0 (11 |6
0111 15 6 20|41 |20
1111 10 3 10 23 |10

Now the unique winning committee is 101 by both the minisum and minimax criteria.

Of course,there may be restrictions on the size or composition of the committee to be
elected. Restrictions might be imposed,for example,to bx the exact sizeof the committee,
to establish bounds (upper, lower, or both) on its size, or to ensurethat the committee
contains represenativ es of certain subgroupsof the candidate set. One important feature
of our proceduresis that they can be adapted to satisfy restrictions of this sort.

In fact, changing the procedureto incorporate such restrictions is easy Simply delete
from the table all rows that correspond to subsetsthat fail to meet the restrictions. For
example, in the table above (Example 2, using proximity weights), a plausible restriction
might be that the committee to be electedis to have exactly one member. If so, only the
second, third, and fourth rows of the table correspond to eligible subsets;all other rows
must be removed. Clearly, the committee selectedwould be 100 by the minisum criterion,
and either 100 or 001 by the minimax criterion.®

4A more sophisticated approach would be to order the rows of the table using the leximin orderingNsee

Fishburn [1974] for details.
®Application of the two criteria in sequence,as discussedabove, would break the tie in favor of 100.
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5 Concl usions

We have analyzed how minisum and minimax criteria can be usedto elect a represernativ e
committee from approval ballots. As we suggested,approval balloting has a natural con-
nection to committee elections, becauseboth the ballot and the outcome are subsetsof the
candidates. The methodologiesdiscussedhere have seweral desirable propertiesNthey are
anonymous (treat all voters equally), neutral (treat all candidatesequally), and symmetric
(voting for or against a candidate inBuencesthe outcome equally).

Basedon the construction and analysisof the table, it is possibleto draw someinferences
about the complexity of the minisum and minimax criteria. From compressedballot data,
(Q, m), we know the number of voters, n, the number of candidates, k, and the number of
voted-for committees, ¢. If weights are given, and there are no restrictions on the winning
subset,the minisum winner(s) can be calculated from the weighted votes of the candidates,
making the complexity of the minisum procedureroughly ¢k.

For the minimax procedure, we note that the table has 2% ertries, eac of which is
a (weighted) distance determined by ¢k comparisons. Once the table is constructed, the
determination of eadh row maximum, and the comparison of the maxima, takesrelatively
few steps. We concludethat the complexity of the minimax procedureis roughly ¢2k2<.

Clearly, the minisum procedure has a lower order of complexity than the minimax
procedure. Nonetheless,even when £ = n (the worst case), the minimax procedure is
exponertial in the number of candidates, but it is polynomial in the number of voters 8

50f course, we have not included the calculation of weights. For example, proximity weights require the
determination of all !? distances between voted-for subsets.
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