Chapter 2. Semantics

Asin Part | we distinguish between informal semantics, which provides an explanation of

use, and formal semantics, which provides truth conditions. On the (nominalistic version of the)
informal semantics, the sentence letters of &() stand in for (declarative) sentences, the predicate
letters stand in for predicates; the variables are understood to range over adomain of objects; and
the quantifier expression Vx is understood in the same way as the quasi-English expression for

all x. Wetake theterm "object" in the broadest possible sense. Thus, ordinary physical things,
actions, sets, classes, properties, and any things of the kind one might predicate something of in
ordinary language count as objects.

The letters of the previous language & were interpreted by (declarative) sentences < ().
The letters of our present language () are interpreted by predicates. Let us make afew
remarks as to what they are. Predicates are parts of language whose behavior can be understood
either syntactically or semantically. In either case, the behavior of a predicate can be understood
in terms of application or completion. In the syntactic case the application isto singular terms
and in the semantic case to objects.

For the moment, let us suppose that we understood the notion of asingular term, i.e. of a
term for an object. Then a predicate applies to a certain number of singular termsto form a
sentence. So, for example, the predicate iswise appliesto the singular term Socr ates to form
the sentence Socr atesis wise, while the predicate |oves applies to the singular terms Anthony
and Cleopatra (in that order) to form the sentence Anthony loves Cleopatra; and, in general,
with each predicate will be associated a positive number n, its degree, and the predicate will
apply to n singular termsto form a sentence. As already indicated, we take sentences to be the
predicates of degree 0; and each sentence, as so construed, will apply to 0 terms and result in that
very sentence.

The result of applying a predicate to an appropriate number of termswill be called a
subject-predicate or predicational sentence and the terms to which the predicate applies will be
called the subjects of the sentence. One naturally takes a subject-predicate sentence to be saying
something of some object or objects, with the predicate picking out what is said and the termsto
which it is applied picking out the objects about which something is said.

Although the above examples seem very clear, there are general difficultiesin identifying
the predicates of ordinary language and in explaining how they apply to singular terms. Consider
the sentence Anthony loves Cleopatra. What are its predicates? L oves, loves Cleopatra, or
perhaps even Anthony loves? We shall not attempt to answer this question, which isadifficult
guestion in linguistics, except to point out that the mere fact that one might construe a part of
speech as a predicate does not mean that it is actually functioning as a predicate. For example,
although one might construe the phrase Anthony lovesin Anthony loves Cleopatra as picking
out something that is said of Cleopatra, it is highly implausible to suppose that the phraseis
functioning in this way.

Consider now the sentence L A isbetween SD and SF. It isnatural to suppose that thisis
the result of applying a degree 3 predicate of betweennessto LA, SD and SF. But what exactly
isthe predicate? We could just say that it was the word between. But then the application of the
predicate would require the insertion of the phrasesis and and, which are specia to thiscase. It
would be desirable to have a syntactically uniform definition of application. So somehow the
phrasesis and and must be included in the predicate. But they cannot be included as a




continuous part, asin is between and, since it is then not clear in general where the singular
terms to which the predicate applies are to be inserted.

We solve this problem by taking a predicate to be a gappy sentence. We use the dash - as
agap-holder. A predicate may then be taken to be the result of replacing certain singular termsin
a sentence with - (though not every gappy sentence will be a predicate. The degree of the
predicate P is the number of gaps that it contains; and the result of applying P to the termst,, .. ,
t, will be the result of substituting t; for thei-th gap, fori =1, ..., n.

Even this solution is not quite faithful to ordinary language. Thus we would like the
predicate - loves - to apply to | and Cleopatra, but this requires agrammatical change in the verb
from the third person loves to the first person love. Thus our proposal represents a somewhat
stylized version of ordinary language.

In natural language, the application of predicates to termsis not uniform. Thusin order
to form a sentence from the predicate is wise the term is prefixed, while in order to form aterm
from loves one term is prefixed and the other postfixed. It is convenient to have a uniform
procedure for applying predicates; and it is for this reason that we have adopted the convention
whereby a predicate is always prefixed to the terms to which it applies.

Let uscall apredicate P of degree n a prefixor if its application to any termst,, ..., t, (to
which it applies) is always the result Pt, ... t, of prefixing P to the terms (in the given order).
Then a consequence of our convention is that the predicate-letters can only properly be taken to
stand in for prefixor predicates. Since the predicates of natural language are not usually prefixors,
the application of our symbolism is therefore severely circumscribed.

However, thereis asimple way in which it might be extended. For with each predicate P
of degree n we may associate a prefixor predicate [P] whose prefixed application [P]t,...t, to the
termst,, ..., t, istaken to be equivalent to the customary application of P to x,, ..., X, (whatever
that might be). This means that the substitution of ordinary language predicates for our predicate
letters may not literally make sense. For example, if we substitute the predicate is wise for the
predicate letter P in the formula Pv we obtain the piece of nonsenseiswisev. In order to
overcome this difficulty, we may substitute, instead of the original predicate P, the result [P] of
enclosing it in square predicates, with the understanding that the prefixed application [P]t;...t,, of
[P] to thetermst,, ... , t, iSto be equivalent to the customary application of P to x,, ..., X,
(whatever that might be). Thus [loves|Antony Cleopatra isto be equivalent to Anthony loves
Cleopatra.

Ordinary language is not very flexible in allowing the formation of predicates. Thereis,
for example, no natural way of forming a binary predicate that is true of two objectsjust in case
London is between the first and the second. Moreover, it is often not clear what the predicate is.
hurts, for example, is ambiguous between being a predicate of degree 1 (the intransitive reading)
or of apredicate of degree 2 (the transitive reading). We shall later consider a more flexible and
accurate method for forming predicates from ordinary language.

A predicate applies to objects in the sense of being true or false of them. The exact way
the application goes depends upon the degree of the predicate. A predicate of degree 1, such asis
wise, istrue or false of asingle object; a predicate of degree 2, such asloves, istrue or false of a
pair of objects; and, in general, a predicate of degree nistrue or false of an n-tuple of objects. As
aready indicated, we take sentences to be predicates of degree O; they are true or false of no
objects, i.e. true or false simpliciter.



When we apply a predicate to a variable or to variables, we obtain, not a sentence, but
what we shall call an open sentence. Thisislike an ordinary sentence but contains variables
where the sentence contains terms. So, for example, when we apply the predicate [is wisg] to the
variable x we obtain the open sentence [is wiseg] x, which can be obtained from the sentence [is
wise] Socr ates by the substitution of x for Socrates. In general, whenever aformula contains
free variables, itsinterpretation will be given by an open rather than by a closed sentence.

But what in general is meant by an open sentence? It will not do to say that an open
sentence is one that contains an occurrence of avariable. For 'x' isavariable and Ix[iswisg] x
both contain avariable, yet neither is open as opposed to closed. There seemsto be adistinction
between those occurrences of variables that are free in the intuitive sense of its being appropriate
to assign them avalue and those that are not. An open sentence will then be one that contains, in
this sense, afree occurrence of avariable.

Very roughly, the occurrence of avariable in an open sentence will be free when the
evaluation of the sentence as true or false depends upon the value of the variable. In many cases,
the truth-value of the sentence will depend upon the value of the variable (so, for example, [is
wise]x will be true under the assignment of Socrates to x but false under the assignment of
Bottom); and thisis asure sign that the truth-evaluation also depends upon the value of the
variable. But the truth-evaluation may depend upon the value of the variable even when the
truth-value is stable. For example, the variable x is free in the open sentence [is self-identical]x
even though the sentence is true for all values of x. Open sentences are not true or false
simpliciter but true or false relative to an assignment of values to the free occurrences of their
variables. Supposethat Sis an expression of some language that permits the use of variables and
that x,, ... , X, are the occurrences of various variablesin S. Let & be the assignment of the
objects (or "vaues') o, ..., 0,t0 Xy, ..., X,. Then the expression Sissaid to be satisfied by those
assignments ¢ that would render it true (and to be contra-satisfied by those assignments that
would render it false). Thusthe clause x > 0 is satisfied by the assignment of 1 to x but contra-
satisfied by the assignment of O to x.

Whether an assignment satisfies an expression does not depend upon the designation of
the objects or the identity of the variables. So, given that the assignment of 9 to v satisfiesv > 0,
the assignment of the number of planets to w will satisfy w > 0. Note that the assignment of the
valuesisto the occurrences of variables, in contrast to the variables themselves, as under the
formal notion of satisfaction to be introduced later. The notion of satisfaction (or contra-
satisfaction) may not have application in certain cases. We list three types of failure:

(1) S may not be sentential in form or even meaningful. It makes no sense, for example,
to talk of the satisfaction of the expression S=x >.

(2) Even though Sis sentential in form, some of its variable occurrences may be "idle",
i.e. they require the assignment of avalue but no assignment has been made. So, for example, it
makes no sense to say that the assignment of 2 to v satisfiesv > w.

(3) Even though Sis sentential in form, some variables may have improperly been
assigned avalue. For example, where Sisthe expression 'v' hasv letters, we can meaningfully
assign a value to the second occurrence of v (with the assignment of 1 satisfying the expression),
but we cannot meaningfully assign a value to the first occurrence of v. Let us call an occurrence
of avariable in an expression referentia if it can meaningfully be assigned an object as a value.
It isamatter of debate which occurrences of variables are to considered referential. For example,
some philosophers have thought we may meaningfully talk of an object satisfying the expression




necessarily, v isthe number of planets, while others have disagreed. However, thisis adispute
on which we will not take sides.

We return now to the question of providing arendition. We suppose given alanguage &, such
as English, which is already interpreted. In order to provide arendition of the formulas of (),
we extend the language &, to a hybrid language &, by means of the following three devices:

(1) Addition of variables Suppose that S= S(t,, ..., t,,), for m > 0, isasentence of ¢,
containing the distinct constituent expressionst, ..., t,,. Let S=Su,, ... u,) betheresult of
replacingt,, ..., t,, respectively, with u,, ... u,. Then S’ isadmitted as what we call an open
sentence into the extension &, aslong as al of the resulting occurrences of uy, ... u,, are
referential. Inthe specia casein which S contains no referential occurrences of variables we say
that it is a closed sentence or smply a sentence. Suppose, for example, that Sis the sentence
Hesperusisidentical to Phosphorus, t; = Hesperus, and t, = Phosphorus. Then S =v;, is
identical to v, will be admitted as an open sentence since the occurrences of v, and v, are
referential. On the other hand, when S = Giorgioneis so-called because of hissize, then S =
v, is so-called because of his size will not be an open sentence since the occurrence of v, is not
referential.

(2) Formation of predicate terms.

Where Sis an open sentence, we allow the formation of the predicate term P = Av, ... v, S, where
v, ... v, aredistinct variablesand n > 0. P isinterpreted in the obvious way as a predicate.
Suppose, for example, that Sis the open sentence v, > v, and that P is the predicate Av,(v, > v,).
Then when v, is assigned a certain value, say 2, then P will be a predicate which istrue of an
object x just in caseit isanumber greater than 2.

It might be wondered why we do not confine our attention to ordinary predicate
expressions, such asloves or iswise. But the present proposal alows us much more versatility
in the construction of predicates. For example, we can construct the predicate Av,v,(Othellois
jealous of v,'slovefor v,), which has no natural ordinary language counterpart.

The predicate Av, ... v,Sissaid to be of degree n. Note that we alow the degree of a
predicate to be 0. Also note that the "body" S of a predicate Av, ... v,,S may not contain all of the
variablesv,, ..., v, and that it may contain variables that are not among v, ..., v,,. We may want
to "parameterize" certain predicates to atime, for example. The predicate of sitting would then
be represented by Av, (v, is sitting at time v.,) rather than by Av,(v, is sitting).

(3) Predicate Application. If Pisthe predicate term Av; ... v, S(vy, ... ,v,) and uy, ..., U,
are variables (not necessarily distinct), then the application Pu,...u, of Ptou,,..., u,isaso
admitted as an open sentence of the language < ;.

(4) Application of logical operations.

We close the open sentences of &, under the same formation rules as those of £ (7). Thuswe
alow the formation of negations, digunctions and universal quantifications, with each of these
understood in the manner that has been proposed.

By a(simple) rendition of L(1t) in &, is meant an assignment of predicate terms from &,
to the predicate letters of L(1), with the degree of the predicate |etter matching the degree of the
predicate term. A simple rendition of £ (1) in &, can then be extended to arbitrary expressions
E by smply replacing each predicate letter that occursin E by the corresponding predicate term.
Every formula of & (1) will then be rendered by an open sentence of & ,.

The task of paraphrasing (closed) sentences of the hybrid language &, in plain English, or




at least into something closer to English, isnot at all straightforward. The truth-functional
connectives can be dealt with in the same way as before; and a predication (such as[v,
philosophizes|x) can be reduced through substitution (to it is the case that x philosophizes, in
the given example). However, the variables resist a uniform treatment. In particular cases, they
can be made to disappear. Thusfor all x it isthe casethat x philosophizes can berendered it is
the casethat all things philosophize. But it isnot clear, in general, how (if at all) variables are
to be avoided.

The above interpretation rests upon certain important assumptions, which it will be
important to disentangle. Let us call the domain of objects which the variables of quantification
range over the domain of quantification. Then the first assumption, which we call Universality, is
that the domain of quantification isuniversal; it consists of al objects whatever, without
restriction. Let us call the domain of objects of which the predicates are true or false the domain
of predication. Then the second assumption, which we call Coincidence, is that the domains of
guantification and predication coincide, every object in the one domainisin the other. It is clear
that the domain of quantification should be included in the domain of predication. If, for
example, v can take a certain object asits value. Then the degree one predicate P must be true or
false of that object if a quantified statement such as VvPv isto make sense. However, thereisno
necessity that the domain of predication should be included in the domain of quantification.
Given that the sentence YvPv makes sense, the applicability of the predicate P to an object does
not require that the variable should range over that object.

For certain purposes we may want to relinquish Universality and restrict the domain of
discourse; we may, for example, wish to talk about numbers (and only numbers) or about people
or steam locomotives. This may be done by relativizing the above account. We suppose that we
are given a special degree-one predicate term D, which we take to indicate the domain of
discourse. Thusin thefirst of the examples above, D would be the predicate term Av(v isa
number).

It isusua to suppose that each assigned predicate will apply (either truly for falsely) to
any objects that conform to the domain predicate D (one might even require that they should
necessarily have such application). Thusif the predicate [v, sleeps] does not apply to numbers,
we cannot both assign this predicate to a predicate | etter and take the domain predicate to be [v,
isanumber]. Itisalso usual to suppose that the domain predicate is true of some object (i.e.,
the domain itself should be nonempty). We shall later consider some of the consequences of
dropping these two conditions.

The platonistic version of the informal semanticsis likewise more complicated. There
are at least two ways it can go - one Russellian and the other Fregean. We present the Russellian
way here. We should understand the sentence | etters as standing for propositions, as before. The
domain must now be specified by a property P. The predicate |etters of degree n should be
understood as standing for relations of degree n that apply to any objects from the domain and the
variables should be understood as standing for objects from the domain. Under an assignment of
objects from the domain to the free variables of the formula, each formula can be taken to signify
aproposition. Thus when Socrates is assigned to the variable x and the property of
philosophizing to the predicate letter F the formula Fx will signify the proposition that Socrates



philosophizes. Suppose that a proposition has been assigned to the formula A under an
assignment of objectsto the variables. We now suppose that upon selection of avariable x a
corresponding property F can be formed. Thisisintuitively the property that isformed from the
proposition by making a gap in the places occupied by the object assigned to x. We then take
VXA to signify the proposition that whatever has P has F. We do not consider the question of
how exactly the property F is to be obtained from the proposition.

We now provide aformal semanticsfor L(7). A model isapair (D,v), where:

(i) D isanon-empty set

(i) v relates each predicate letter of degree nto n objectsin the domain, i.e., v consists of
(n+1)-tuples (F,d,,...,d.) inwhich F is an n-place predicate letter and d,,...,d, are elements of D.
Wewrite VFd,,...,d, for <F,d,,...,d,> €v. L might be called a predicate valuation, in contrast to
the sentential valuations of earlier chapters.

If aformula contains free variables, the information in amodel does not determine
whether it istrue or false: Fx istrue for some values of x and false for others. Even the truth of a
formula without free variables may depend on whether subformulas that do have free variables
aretrue for various values of x: VxFx istrueonly if Fx istruefor all values of x. If M=(D,v) is
amodel then let us say that an M-assignment (or, if M is understood from context, an
assignment) is any function from variables to members of D. The truth value of aformula A
depends only on the values of the variables that occur in A so we do not require that assignments
have all variablesin their domain. Let ussay that A is covered by an assignment d, or that &
covers A, if every free variable of A isin the domain of §. (The assignment ¢ with the empty
domain covers only sentences with no free variables.) If d and 0 are assignments then 6(u) is
strictly identical to 8" (v) (d(u)=0"(v)) if either (u) and &’ (v) are both undefined or else both
are defined and d(u)=0"(v). (Strict identity differs from ordinary identity in that d(u)=0(v) is
undefined when either O(u) or &(v) is undefined, whereas O(u)~0(V) is always either true or
false) If A isaset of variablesthen assgnmentsé and & agreeon A if, for all variablesveA,
8 (V)=8(v). If & isan assignment then §(@ /y) is the assignment that agreeSW|th donall
variables other than x and that takesthe value d at x. An assignment like 6( /) that is defined
on x and that agreeswﬂh 0 on variables other than x is said to be an x-variant of 0. Note that if
x and y are distinct 5(@ /X)(e/ )=0(€/\) cgdlx) and more generaly, if x,,...,x, are distinct the
assignments described by appendl ng ( 1/X yeey ”/x ) to O in any order are al the same. We use
the notation §(Chu---Ghl/y ) torefer to thlsassgnment

If O isan M-assignment that covers A we write - v A[0] for theformula A, under assignment
d istruein model M. Asusual the subscript can be dropped if the model is clear from context.
A definition of truth and falsity can now be given.

Definition  a. Let M=(D,v) be amodel and & an M-assignment that covers A.
(i) If A=Px,..x. then =, A[8] if UP8(x,),...8(x.), and #,,A[8] if not UPS(x,),...,0(X.):
(ii) If A=(BVC) then =,,A[8] if =,,B[8] or =,,C[5], and #,,A[8] if both #,,B[5] and
#+MC[0];
(iiil) If A=-B then =,,A[8] if #,,B[8], and £, A[8] if =,,B[S];
(iv) If A=VxB then =,A[0] if =,,B[0"] for al 0" that are x-variants of 0, and #,,A[0] if
#,B[0] for some x-variant & of .



Asin Part |, the truth definition provides simultaneous inductive definitions of verifies
(=) and falsifies (#); and it may be shown, as before, that a model and an assignment covering A
jointly determine aunique truth-value for A. Clausei shows how the truth value of atomic
sentences under an interpretation is provided by the valuation. Clausesii and iii are familiar
from truth functional logic. Notice that the truth value under an assignment of adigunction or a
negation depends on the truth values of itsimmediate components under that assignment. The
truth value under an assignment of a universal formula, however, depends on the truth value of
its immediate component under other assignments. In particular, YuPuv istrue under 0 iff Puv
is true any assignment that is defined on u and that agrees with 6 on all other variables. This
implies that YuPuv is true under 6 only if, for al deD, vPd,0(v). Talking of truth under other
assignments provides away of talking of truth about all objects. The general result that our
formal semantics respects the informal semanticsin the sense that =, A iff the rendition of A that
naturally correspondsto M istrueis best postponed until some basic results about the formal
semantics have been proved.

Let uslook at a couple of examplesto see how the truth definition is applied.

Example 1

Let M=(D,v), where D isthe set of positive integers, VPm iff misan even integer, and
VRm,n iff m=2 and n=2. Let 0 be the function with domain {u,v} such that &(v)=2 and 6(u)=3.
Then =, Yv(=Rwv V Pu)[d] iff =,,(-Rvv V Pu)[] for all 0" suchthat 0" isdefined onv,
0’ (u)=3, and &" isundefined elsewhere. This holdsiff for every positive integer m either mis
not 2 or 3iseven. When mis 2 thisdigunction isfalse. Hence #,,¥v(-Rwv V Pu)[d].

Example 2
Let M=(D,v) where D isthe letters of the (Roman) aphabet and VR, 3 iff 3 comes after

o in alphabetical order. Let 0 be ¢, the assignment function that is everywhere undefined.

Then we have the following chain of equivalences. =,,YuVv(Ruv>-Rvu)[0] iff for all lettersd
bMVv(Ruva—-Rvu)[é(d/u)] iff for al lettersdand e '=M(Ruv:>—|Rvu)[6(d/u)(e/V)] iff for all
lettersd and e %MRuv[é(d/u)(e/V)] or '=M—-Rvu[6(d/u)(e/\,)] iff for dl letters d and e either e does
not come after d in aphabetical order or d does not come after e in aphabetical order. Since the
last condition istrue, =,,YuVv(Ruv>-Rvu)[d].

The truth definition yields the appropriate truth conditions for the existential quantifier.

Theorem b. With respect to any model M and any M-assignment O covering 3xA,
=y IXA[8] iff =, A[8(/y)] for some d in the domain of M.

The proof is straightforward and is left as an exercise.

The notion of truth under an assignment is naturally extended to sets: =, I"[8] iff =, A[0]
for al Ael'. I'issaid to be satisfiable if it is true under some assignment in some model. A
sentence of () istrueif it istrue under the empty assignment.

The notation =,,A[0] suggests that assignments can be thought of as combining with
formulas to form some entities to which amodel assignstruth values. Let ustakethisidea



seriously and say that aformula A (or set I") and an M-assignment O that covers it together
comprise areified formula A[0] (or areified set I'0]). We may identify the reified formula
A[0] with the ordered pair <A, d>. A reified formulaisakind of hybrid, containing both
linguistic elements and elements of the model. It specifies both aformula and the objects of
which this formulais said to hold. Remember that A[0], unlike A(x) or A[x], is not just another
way of writing A, but a new entity of adifferent kind. Reified formulas are essentially the same
as David Kaplan's "valuated formulas' (Kaplan, '‘Opacity’, in L. Hahn and P Schilpp eds., The
Philosophy of W.V.Quine La Salle, 1l., Open Court, 230-293, 19847). A vauated formulais
"an open formula under an assignment of valuesto its free variables." It is, according to Kaplan,
alinguistic analogue of Russell's "singular proposition™--a construction containing objects and
properties as constituents.

Alternatively, assignments can be thought of as combining with models to provide a
means of assigning truth valuesto formulas. Let ustake thisidea seriously and say that if 6 isan
assignment covering A (covering every formulainI') then 1=(M,0) isan inter pretation for A
(I'). The notation =,A or =I" indicatesthat A or I' istrue under interpretation .

We would like to define notions of validity and consequence in & () that correspond to
the informal notions of logical truth and logically valid argument-pair. For sentences the
appropriate definitions clearly follow the pattern of truth-functional logic: A isvaid ( =A) if Ais
truein all models; A isaconsequenceof I' (I'=A) if, for every M, =, I" implies =,,A. Since
formulas containing free variables do not correspond to English sentences, it is not obvious how
to extend these definitions to arbitrary formulas. The following definition provides a natural
generadization of the above concepts that preserves the form of the previous definitions.

Definition C.
(i) =A if = A for dl interpretations | for A.
(i) I'=A if =I"implies =A for al interpretations | for 'U{ A}.

Let usillustrate these notions with some examples.

1. =YuPuv>3uPuv. For suppose thereis (M,0) such that =,,YuPuv[0]. Choose any deD and
let 5" =5(d/). By clause (iv) of the truth definition =,,Puv[8']. By theorem 2.2 ~,,JuPuv[d],
which establishes the desired result.

2. JuvvPuv = Yw3uPuv. For =, JuvvPuv[d] implies =, VvPuv[8(d/)] for somed in the
domain of M, which impliesthat for somed n=MPuv[6(d/u)(e/V)] for all einthe domain of M. In
particular, if f isan arbitrary member of the domain of M, then for some d =,,Puv[&8(9/,)(f/\)].
Thisimplies =, 3uPuv[8(f/\)] and, since f is arbitrary, that =, YvIuPuv[d].

3. Pu #YuPu. For suppose M=(D,v) where D={d,,d,} and vPd, but not vPd,. Let 6 ={(u,d,)}.
Then =,,Pu[8] but #,,Pu[&(d/,,)] and consequently #,,YuPu[8].

<(m) isafirst order language. But it is also atruth-functional language in the sense of
Part 1. For the atomic formulas and universal formulas may be regarded as the truth-functional
constituents from which al of the other formulas of < (1) can be obtained by means of truth-
functional composition. From this perspectiveit is asif the formulas of the form VYxA were



themselves sentence-letters, without any significant internal structure. As aconsequence, al of
the definitions and results of Part | will apply to the language & () under an appropriate
realignment of the set of constituents. \We may say, in particular, that ¢ is avaluation for £(m),
that A istrue under the valuation ¢, that A is atruth-functional consequence of I" or that A is
truth-functionally valid. The symbol =, of course, cannot be used to express these ideasin < (),
since it has been appropriated to express concepts which are somewhat different in this context.
Let ustherefore use a=,A, =,A and I'=,A toindicate that A istrue under the valuation , that
A istruth-functionally valid and that A is atruth-functional consequence of I'. Wheniitis
necessary to distinguish valuations for () (viewed as a truth-functional language) from
valuations for &, we call the former extended (sentential) valuations and the latter simple
(sentential) valuations. When it is necessary to distinguish the truth-functionally valid formulas
that belong to the language & from other truth-functionally valid formulas, we shall call the
former tautologies; and when it is necessary to convey that formulas and sets of formulas of &
are related by truth-functional consequence, we shall use the term tautological consequence.

Any truth-functionally valid formulaisvalid. For if it were not, there would be a model
M and an assignment 6 under which it was false. But the set of all constituents that are true with
respect to M and 0 forms a valuation that makes exactly the same formulas true as M does. So
there would then be a valuation under which the formulaisfalse, and it would not be truth-
functionally valid after all. The converse of this observation, however, isfase. Thevalid
formulas of & () are not all truth-functionally valid. For example the formula VuPuv>3uPuv
of example Llisvalid. But it is not truth functionally valid. By letting VuPuv and Yu-Puv both
be true (letting oc={ YuPuv,Yu-Puv}, say) the formula comes out false. For quantifier-free
formulas, however, validity and truth-functional consequence do coincide. For if A isnot truth-
functionaly valid then a A for some assignment «. It is not difficult to find amodel M=(D,v)
and M-assignment O that assigns the same truth valueto A as o does. One such interpretation
can be constructed by taking as objects the variables of A themselves. Let D be a non-empty set
that includes every variable that occursin A, let 0(x)=x for every variablein A, and let UFx,,...,.X,
iff Fx,..x, € o.. Thisensuresthat o and (M,0) assign the same truth val ues to the constituents of
A and, since A is quantifier-free, to A itself. Hence A isnot valid, and we have proved the
following result.

Theorem d. If A isquantifier-free then =;A iff =A.

It was noted above that bound variables serve primarily to indicate linkage and
independence among predicate places and quantifiers. Free variables serve an additional
function. They indicate the sequence of objects that areified formulais about. The identity of
the bound variables that indicate a particular pattern of linksin A isunimportant. Similarly, the
identity of the free variables that indicate a particular sequence of objectsto which A applies
under & is unimportant. Accordingly, let us say that A[8] is content-identical to B[] if the
bound variable occurrencesin A and B exhibit the same pattern of linkage and corresponding
free variable occurrencesin A[] and B[y] are assigned the same object. More precisely,
suppose B is obtained by simultaneously replacing each occurrence of x,,...,X,, in A by y;,....y,
where x,,...,X, isalist, in order and including repetitions, of al the variables occurringin A.
Then A[0] is content-identical to B[y] iff for al i, 1<i<n, either x, isbound and, for 1<j<n, x; is
linked to x; iff y; islinked toy; or x;isfree and O(x.)=Y(y,). It follows from this definition that




content identity is an equivalence relation on reified formulas. We call the equivalence class of
A[d] under this relation the reified statement expressed by A[8], and writeit as[A,8]. If we
imagine replacing the free variablesin A[X,,...,X,][0] by the objects 6(x,),...,0(X,,), then content-
identical reified formulas would express the same "statements”.

We now prove a basic result stating that content-identical reified formulas have the same
truth value, so that truth and falsity can be meaningfully applied to reified statements. The truth-
value of aformulaunder an assignment is a function of the elements assigned to that formula's
free variable occurrences. It does not depend on either the identity of the free variables that occur
in the formula or the objects, if any, that are assigned to other variables.

Theorem e If A[0] is content-identical to B['y] then, for any model M for which 0
and y are defined, =, A[J] iff =,B[Y].

The proof is by induction on A. We prove the quantifier case, leaving the remaining
cases to the reader. Suppose (VXC)[X;...x,][0] and (VyD)[y,...y,][Y] are content-identical.
= (VXC)[X..x. ][] iff, for al d in the domain of M, =,,C[z,...z,][§(d 15)], where (z,..., rn) is
obtained by inserting occurrences of x in appropriate placesin (x,,...,X,,). Now let (z',,...,z",,) be
the list obtained by inserti ng occurrences of y in the correspondlng pI aces of (yy,...,y,). Then, for
anydinM, C[z,...z m][6( /y)] is content-identical to D[Z",...z m][y( /y)] By induction
hypothesis, =,,C[z,...z m][6( I5)] iff =, D[Z"...2" ][y ( /y)] for any such d and hence
= (VXC) Xy X, ] [O] iff =y (VXD)[y,.. yn][5]

In view of theorem 2.5, we can write =,,0, where « is areified statement to mean =,,A[d]
for A[O] in c.. Note that the conditions of the truth definition continue to apply, in the sense that,
for example, =,[AVB,d] iff =,,[A,d] or =,,[B,8]. Three special cases of the theorem are of
independent interest. Thefirst isthe caseinwhich A and B are identical and the second two are
casesin which d and y areidentical.

Corollary 1 (irrelevance of assignments to extraneous variables) If & and 'y agree on the
variables that occur freein A, then =,,A[9] iff =,A[Y].

Corollary 2 (irrelevance of bound variable identity) If A=B then =,,A[0] iff =,,B[J].

Corollary 3 (irrelevance of free variable identity) If 0(x,)=0(y:) for 1<i<nthen =,A[X,....X,][0]
iff =yA[Yyy,....yal[8].

Corollary 1 implies, for example, that a sentence of £(m) istrueiff it istrue under all
assignments. More generaly, it allows us to omit irrelevant information in our notation for
assignments. If all the variables that occur freein A are among X,....,x,, we write =,,A (A0
/ Xppee X, ) toindicatethat A istruein M under some (and therefore any) assgnment that takes
the values d,,...,d, for arguments x,,...,X,,, respectively. We can, in effect, regard A(dy-.dy
/ X,,...,x,) @ being formed by replacing A's variables by the very objects that A[0] concerns.
Note that from this perspective content-identical reified formulas are just al phabetically variant
formulas. We do not define content identity in this way because of problems of ambiguity that



arise when the expressions of the language are among the objects of the model.

Corollary 2 allows us to refer unambiguously to the truth value under an assignment of a
statement as well as that of aformula.

Aswill be seen in the exercises, these three corollaries jointly imply the theorem, and can
therefore be seen as providing an analysis of it.

One more special case of theorem 2.5 will be used in the completeness proof. A simple
way of obtaining a content-identical copy of areified formulaisto uniformly reletter its
variables. By arelettering of variables we mean any one-one function from one set of variables
to another. If risarelettering that is defined on all the variables (both free and bound) in A, then
we writer (A) to indicate the formulathat results from replacing each variable x in A by r(x) and,
if r isdefined on al the variablesin the formulas of I we writer (I') to indicate {r (A):AeI'}. If
r is arelettering then two occurrences of x are linked in A iff the corresponding occurrences of
r(x) arelinked inr(A). Hence, if & and 'y are assignments satisfying the condition d(x)=y(r(x))
then A[0] and r (A)['y] are content-identical. Thus theorem 2.5 implies the following result.

Corollary 3 Supposer is arelettering of variables defined on the variables occurring in A and 0
and y are M-assignments satisfying the condition &(r(x))="y(x) for all variables x. Then
=wA[O] iff =yr (A)Y].

We close the chapter by showing that the formal semantics for PL respects the informal.
Consider arendition p that assigns the predicate term Tt; to the predicate letter F; for al i€l (and
is undefined on other predicate letters). A model M=(D,v) is said to be the intended model with
respect to p if D isp'sdomain and, for al iel and d,,...,d, in D, m,d,...d, iff vFd,...d,. Wewant
to show that if M=(D,v) is the intended model with respect to p then, for all formulas A on
which p is defined, =,,A[8] iff the open sentence that p assigns to A istrue relative to the
objectsthat 6 assigns to its variables. The argument is a straightforward formulainduction. The
basis case established by the chain: =,,Fx,...x,[0] iff UF,,0(X,),...,0(x,) iff T,0(X,)...0(x,) iff
TX,...X, istrue relative to 6(x,),...,0(x,). The formal and informal interpretations of the truth
functional connectives remain the same they were in Part |, so there is nothing new to provein
these cases. The remaining case is established by the chain: =,,VxB[0] iff =,,B[&(%/,)] for all
deD iff, for all deD, the open sentence that p assignsto B istrue relative to 6(%,) iff the open
sentence that p assigns to VxB istrue relative to 6. This argument, it should be noted, only
shows that a rendition agrees with the model that is intended with respect to it, if there is such a
model. In one sense, the formal semantics falls short of theinformal. For if the domain predicate
associated with arendition does not have a set as its extension, there is no intended model for the
rendition.

Drills, Exercises and Problems
0[€].Find formulas of < (1) that represent forms of the following English sentences under the
given key given below:

Key:



D is Ax(x is an object)
P, isassigned AX(x is a person)
P, isassigned Ax(x isrice)
P, isassigned Ax(x isin China)
P, is assigned AXy(x ownsy)
P isassigned Ax(x is Meat)
P, isassigned Ax(x is Vegetables)
P, is assigned Axy(x eatsy)
P, isassigned Axy(x isafool of y)
P, is assigned Axy(x shavesy)
a. Nobody owns all thericein China
b. Some eat only meat, while some eat meat and vegetables.
c. Everybody's somebody's fool.
d. Nobody shaves all and only those who do not shave themselves.

1[p].Suppose we regard the reified formula A[8], not as the ordered pair <A, &>, but as the result
A(dli""dn/xl,_",xn) of substituting the objects d, = 0(x,), ... , d, = 8(x,) for the variables x,, ... X,
that occur freein A. Let d, be Mont Blanc, d, be the expression v,, d, the expression v,v,, d, the
expression v,V,, and d; the expression v.

a. How might one make sense of the idea of substituting an object for an expression?

b. What are Pv,(Guly, ), Pivy(%hly, ), PAv,vy(Gadily, ), and Pv,v,(0sOsly, )2

c. Show how these examples giverise to difficulties for the proposed account of reified
formulas.

*2. By an x-formula A is meant aformulawhose only variableis x. By ageneralized link map
for A ismeant apair <F,=>, where F isthe set of occurrences of variablesin A and = isan
equivalence on F which is subject only to the requirement that if an occurrence x, of x isrelated
by = to an occurrence x, of x that immediately follows a quantifier occurrence then x, must occur
in the formulathat begins with that quantifier occurrence. Note that the linkage map, as so
defined, need not respect the links between variable occurrences as normally conceived. Thusin
the formula VxVxFxx, = might relate only the first and third occurrences of x and the second
and fourth.

A linked formulais an ordered pair <A,f> consisting of an x-formula A and a generalized
link map for A. We might think of linked formulas as providing away of making precise the
idea that the links between variable occurrences should be indicated by lines going from the
position of the one occurrence to the position of the other. Thus the type of the variable
occurrenceisirrelevant to itsrole; all that mattersisits position. Redo the results of this section
using linked formulasin place of ordinary formulas.

3. a(indiscernability) Let M=(D,v) and N=(E, ) be two models. An indiscernability relation on
M and N isarelation R between elements of D and elements of E such that, for any n, and any
degree-n predicate F, if dRe for 1<i<n then vFd,...d, iff pFe,...e,. Wemay say that M and N
are qualitatively identical if every element in each model's domain isindiscernible from onein
the other's, i.e., if there is some indiscernability relation R that satisfies VdeD de€E such that
dRe and VeeE JdeD such that dRe.




a. Show that qualitatively identical models verify exactly the same formulas. [Hint: Extend the
indiscernability relation to assignments by saying that OR” if 6(x)RO () for all variables x.
Then prove by induction on A that =,,A[d] iff = A[0].

b. (Upward Skolem-Loewenheim). Use ato provethat if I' is satisfiable by amodel of cardinality
A then for any A">A, it is satisfiable by amodel of cardinality A". [Hint: Let M=(D,v) be the
model that satisfies I". Take any object deD and any set S disjoint from D of cardinality A". Add
the members of S to the domain of M as"duplicates” of d by stipulating that LFe,...e, iff

UFd,...d, whered=¢ if eeD and d=d if e€S. Show that the resulting model is qualitatively
identical to M.]



