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How to set a surprise exam

Ned Hall

1. Introduction

The story: At the end of class one Friday afternoon, the professor announces to her students
that she will give them an exam during one of next week’s classes. (Class meets every day during
the week.) She adds that the exam will be a surprise, in that the students won’t expect, on the
morning of exam day, that the exam will be that day. One of her cleverer students pipes up, saying
that she cannot possibly fulfill her intention to give such an exam. “For it cannot be held on Friday:
if it were, we would expect it on Friday morning (having noted that no exam had yet been given). So
Friday isruled out; the exam must take place on one of Monday through Thursday. But then, for
exactly the same reason, it cannot be held on Thursday, else we would know that fact ahead of time
(having noted that no exam had yet been given, and having ruled out Friday). And so on: It'sreally
just a simple use of mathematical induction to show that your statement is inconsistent.” The
professor beams at her bright young student, and says nothing.

Arriving in class next Tuesday, the students discover that they are to take an exam that day.
None of them, of course, expect it. The exam consists of one question: “What was wrong with the

clever student’ s reasoning?’

What follows is an answer to the exam question. The question is worth answering, not just
because solving puzzlesis fun, and not just because it has not yet (in my opinion) received an
adequate answer, but also because the solution, in this case, carries several interesting lessons for

epistemology. First, anumber of remarks about the story and how | will interpret it.
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2. Preliminaries
0. So that we can ignore distracting and irrelevant questions about what the clever student isin a
position to believe about the other students’ beliefs, etc., | will pretend that he is the only student,

even though he speaks of “we”.

1. The story yields different puzzles, depending on how we understand “ surprise” (equally,
“expect”). | will construe the claim that the student is surprised that p istrue to mean that he is not,
antecedently, justified in believing p. (Adding the stipulation that he believes a proposition iff heis
justified in believing it, | will use “justifiably believe” and “justified in believing”
interchangeably.) That's hardly obligatory: | could have taken surprise to consist in lack of
knowledge, or lack of (warranted) degree of belief above a certain threshold. Perhaps there are other

readings, aswell; the latter reading, at any rate, will come in for more discussion later.

2. Notation: Let “E;” express the proposition that an exam takes placeon day i, and let “J(p)”
express the proposition that the student justifiably believes, on the morning of day i, that p. (Day 1
isMonday, etc.) Then, for the general case of an n-day week, the professor’ s announcement can be
rendered as follows:

SEq: (E1 & ~h(E1)) V(Ez & =I(E2)) V ... V (En & =Jn(En)).

To avoid tortured English, | will sometimesuse“E;” as a name for the proposition that E;, ec.;

context will make my meaning clear.

3. Diagnosing the flaw in the student’ s reasoning requires identifying the premise or premises
which the student is not justified in believing.! Finding false premises is not enough, as the

student’ s argument seems mistaken in away that he himself ought to recognize—whereas one can

IClearly, he needs auxiliary premises: for SE,, the premise for reductio, is not a contradiction (after all, it's
true, in the story).
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hardly be criticized, in this sense, merely for reasoning from false premises. So the exam question
carries the hasty presupposition that there is something wrong with the student’ s reasoning. Since
the exam surprises him, his argument must be unsound; but for all that it may be cogent, in the
sense that he justifiably believes each of the premises, and they validly yield the conclusion that the
announcement is false. We are often, after all, in the unfortunate position of having good reason to

believe falsehoods. Needless to say, it will emerge shortly that the argument cannot be cogent.

4. 1 will ignore interpretations of the story according to which the professor’ s announcement is
(tacitly) sef-referential .2 On such interpretations, the professor is saying not merely that for somei,
an exam will take place on day i, but the student won't justifiably believe this beforehand; rather,
sheis saying that an exam will take place on some day i, and the student won't justifiably believe
this beforehand, on the basis of her very announcement .3

How we proceed from here depends on how we understand the expression “on the basis of”.
Montague and Kaplan (who read the story in terms on knowledge, not justified belief) produce a
rendering which makes the professor’ s announcement not only self-referential, but paradoxically
S0, inaLiar-like way.4 But the paradox has nothing to do with knowledge per se; replace “know”
by any other modal operator with the right minimal set of formal features, and you'll get the same

paradox.5> At any rate, self-referential interpretations of the story strike me as quite strained, given

2See for example Montague and Kaplan, “A Paradox Regained”, Notre Dame Journal of Formal Logic 3 (1960).

3Together, it must be added, with the fact that no exam has yet taken place.

41t's easy to get a paradoxical sentence, in the 1-day case. Here' s one:

(*) E1 & =K 1((*) istrue). (“K,p” expresses the proposition that the student knows, on the morning of day 1,
that p.)

We can now quickly “prove’ that =K1 (Ep). For suppose that (*) is true. Then the second conjunct is true. On
the other hand, if (*) isfalse, then obviously =K1 ((*) istrue). So we have proved that =K 1((*) istrue). Next, we can
assume that what is provable is known by the student; hence we have K1 (=K1 ((*) is true)). Finally, we assume that
knowledge agglomerates, so that if K1(E1), then K1(E1 & =K 1((*) istrue))—i.e., K1((*) istrue), a contradiction.
Therefore, it must be that =K1 (E;p). That's paradoxical, al right: the student may be ignorant, but it is not a priori
that he isignorant.

SNotice that in the last footnote’s “proof” that -K1(Ep), the only features of knowledge used were that
knowledge requires truth, that what is provable is known, and that knowledge agglomerates.
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that the professor's announcement is perfectly—and therefore, it would seem,

unparadoxically—true:

5. 1 will, at times, consider versions of the story according to which the “week” is one day long,
or two days long, or even 100 days long. Why? Surely the flaw in the student’ s reasoning must
show up at the very first step. For if he really succeedsin ruling out Friday, then it seemsthat his
grounds for doing so will thereforeallow him to rule out Thursday, and hence Wednesday, etc. If
S0, it doesn’t matter how many days the week contains...so why bother with variations? (Better:
why not focus exclusively on the 1-day case, so as not to be distracted by the irrelevant details of
the multi-day cases?) For now, suffice it to say that these assumptions are unfounded. The analysis
which follows will reveal systematic differences between al such variations of the story, and the 1-

day casein particular will prove radically unlike the multi-day cases.

6. The story lacks detail, and many expansions of it render the task of diagnosing the student’s
reasoning trivial. For example, suppose he is inattentive and forgetful—so forgetful that he has no
good reason to believe that he’ll even remember the professor’ s announcement, by Friday. Then
the argument falters immediately, since the student cannot conclude that if Friday rolls around
without an exam yet having taken place, then he will bein aposition to infer that he is about to take
the exam. Again, if the student is woefully bad at reasoning—so bad that a ssimple modus ponensis
a struggle—then he might remember the announcement, but fail to put two and two together.

Best to forestall such misunderstandings by making explicit certain assumptions about the

student’ s cognitive abilities:”

80f course, he might nevertheless be justified in believing that an exam will take place: whether he is depends
on the extent to which justification is hostage to cognitive ability. It is surely somewhat hostage. For example,
were | very much smarter than | am | might be justified in believing Goldbach’ s conjecture (namely, if it’s true and
follows from the axioms of number theory); but I am not now justified in believing it.

TAswell as other matters. As my wife, Barbara Popolow, observed, one way the professor could make good on
her announcement is by devising an exam so subtle that the student was unaware that he was taking it—for which
his cognitive abilities, presumably, would not be to blame. (The Memory condition, below, takes care of this clever
wrinkle.)
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Let S; be the set of propositions p such that Jip. Then we will assume that he is logically
omniscient, so that the following principles hold (for al i):

Consistency: § is consistent.

Closure: Every consegquence of S isan element of S.8

Since we do not want the argument to fail because the student is forgetful, or fails to notice
whether he has taken an exam, we will aso endorse the following principle:

Memory: for dl i,k withk >i, Ej E J(E), and -E; E J(-E)).

Next, we will include a principle that signals that the concept of justification we are using is an
internalist one, in the sense that one can, in principle, aways introspect one’ s grounds for a belief,
or one's lack thereof®:

Introspection: If Jp then J(Jip), and if ~Jp, then J(=J;p).

One more assumption is crucial. Recall that the student’ s argument breaks down immediately if
he is not justified in believing that his memory and reasoning skills will remain in good working
order; for then he cannot rule out Friday. The foregoing principles secure the truth of the needed
belief, but not its status as justified. So we should add that the student justifiably believes every
consequence of the four principles. But that’s not enough, for consider the second step in the
student’ s argument, where he purports to rule out Thursday. Suppose that the student’s justified
beliefs leave open the following possibility: Come Thursday morning, he will till be in good
cognitive health—but he will no longer justifiably believe that this state will persist through Friday,
and so will be unable to cogently argue that the exam cannot be on Friday. If so, he cannot now rule

out Thursday, since by hisown lightsit is possible that, come Thursday, he will justifiably believe

8« Consequence” is defined in terms of “consistent” in the usual way: p is aconsequence of S, iff the set S, E

{-p} isnot consistent. The notion of consistency should be understood to encompass analytic truths, so that, for
example, the set S; counts as inconsistent if it includes both the proposition that Fred is a bachelor and the

proposition that Fred is married.

9There are concepts of justification which lack this character. For example, you might hold that for awide range
of empirical propositions p, oneisjustified in believing p iff some suitably reliable process (a perceptual process,
perhaps) generated this belief. The principle of Introspection need not follow; for one thing, Jp might not even
belong to the given range of propositions. Of course, an externalist conception of justification could endorse
Introspection; there' s nothing about externalism per sethat prevents this. At any rate, | won’t haggle over which
concept of justification isthe “right” one; | only claim that it is natural and fruitful to read the story in terms of an
internalist conception.
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nothing stronger than that the exam will be either Thursday or Friday. In other words, his argument
for ruling out Thursday presupposes that, come Thursday, the argument by which he now rules out
Friday will still be available to him. (This shows, by the way, that the argument is no simple
induction, and that it would be quite hasty to try to ssimplify the analysis by examining only the 1-
day case.) So it seems that he must not only be justified (on day 1) in believing that he will remain
in good cognitive health, but also justified in believing that, for any later day i, he will bejustified on
day i in believing that he will remain in good cognitive hedlth.

It's apparent that the need for further iterations doesn’'t stop here (consider the step that
purports to rule out Wednesday, etc.). Best to take care of them in one fell swoop, by stipulating
that the student’s confidence in the persistence of his cognitive health is so unshakable that, for
purposes of evaluating his beliefs, the four foregoing principles can be treated as analytic to the
concept of justified belief. I'll call thisthe Analyticity thesis. Oncein place, it allows us to assume
that any conclusion that we can draw by means of the four principles can also be drawn within the
scope of the J-operators, no matter how deeply nested.

I will, finally, take it for granted as an Iron Law of the Schoal that there can be at most one

exam in any given week, and that the student is so certain of thisIron Law that it can also be treated
as analytic, for him. Thiswill streamline various derivations, by allowing meto freely treat the
propositions E as pairwise incompatible—a move not licensed by their content.

Hereafter, | will creatively refer to the principles just articulated as “the Principles’.

End preliminaries, back to the exam question: What iswrong with the student’ s reasoning? The
answer will come in five stages: First (83), | lay some groundwork by considering what the student
justifiably believes about the exam, on the assumption that he is not judtified in believing the

professor’ s announcement. This discussion leads directly to the second stage (84), which examines
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asimple proposal of Quine's, according to which the student’ s argument commits an elementary
falacy at thefirst step.10

Quine s diagnosis assumes that the student is not justified in believing the announcement, even
in the multi-day case. The third stage (885-6) challenges this claim, and considers a quite different
diagnosis due to Wright and Sudbury 11

The fourth stage (87) argues against the Wright-Sudbury proposal, pointing out that they have
hastily dismissed a plausible additional constraint on the notion of justified belief, asit applies to
the student. If this constraint—which | call_Confidence—isin place, then it quickly follows that the
student isnot justified in believing the announcement, regardless of the number of days in the week.
So it seems that Quine s diagnosisis vindicated.

In fact, we merely face adilemma. For it is crazy to claim that when, say, the “week” is 100
days long, the student nevertheless cannot justifiably believe the announcement; surely he should be
able to see that, with so many days at her disposal, the professor is quite capable of fulfilling her
intention to give a surprise exam. Y et Confidence yields just the opposite result. The fifth stage
(888-11) argues for aresolution of this dilemmawhich yields a novel understanding of the story,
and of the student’ s reasoning. The considerations advanced in support of Confidence in fact
support a slightly weaker principle, one whose statement requires us to replace the crude category
of justified belief with the more fine-grained category of justified degrees of belief. Representing
these degrees of belief as probabilities, and taking “justified belief” to mean “justified degree of
belief above a certain threshold”, | show that we can uphold a weaker, probabilistic analog to the
Confidence principle, and maintain that, provided the “week” is long enough, the student can
justifiably believe the announcement. The resulting probabilistic analysis of the story leads to a new

diagnosis of the logical flaw in the student’ s reasoning, and suggests, finally, that even those early

10see his “ On a so-called paradox”, Mind 1953, pp. 65-7; reprinted as “ On a Supposed Antinomy” in The Ways
of Paradox, (Cambridge: Harvard University Press 1976), pp. 19-21 (page references are to this latter printing).

11See their “ The Paradox of the Unexpected Examination”, Australasian Journal of Philosophy, 1977, pp. 41-
58; reprinted in Boyer, Grim, and Sanders, eds., The Philosopher’s Annual, Vol. |, (Totowa, NJ: Rowman &
Littlefield 1978), pp. 186-208. Page references are to this latter printing.



How to set a surprise exam 8

stages of it which are logically impeccable exhibit another kind of flaw: circularity. | close the fifth
stage by arguing for this claim.

§12 sums up, and highlights severa open questions of interest.

3. The student’s evidence

Let us agree that aside from the professor’ s announcement, the student has no independent
evidence which bears on the question of when or whether an exam will take place. (Let us also agree
that heisjustifiably certain that the only such evidence he will receive is the record, for each passing
day, of whether the exam has taken place on that day; this assumption will only come into play
much later.) It follows, | claim, that if the student is not justified in believing the announcement, then
the announcement isirrelevant to him, and so he must remain agnostic about the exam. Let me
explain.

Let T be the closure of the set of propositions { E;} under the truth-functional operations and
the operators J. Among the elements of T will be propositions that the student is justified in
believing, prior to the professor’ s announcement. These will include not just tautologies, but also
propositions whose justification derives from the Principles: for example, the student isjustified in
believing the non-tautologous proposition that E» E J3(Ja(-E3)).22 Depending on what other
principles are appropriate to the concept of justified belief, there might be other elements of T that
heisjustified in believing.13 But without trying to draw them sharply, we know there will be limits:
for example, the student does not start out, prior to the announcement, justifiably believing that
E;—or even that an exam will take place. That iswhat is meant by the claim that he is agnostic, and
that is part of what follows from the claim that the student lacks any independent evidence about the

exam. The other part is captured in the following principle:

12proof: Memory and Analyticity yield both (i) J(E, E J3(E,)) and (i) J(E, E J4(E,)). Closure and the Iron
Law yield (iii) J4(E;) E J4(=Ej3). (i) and Closure yield L(E;,) E J3(J4(E,)), while (iii), Analyticity, and Closure yield
J(J4(Ey)) E J3(34(=E3)); putting these together yields L (E,) E J3(L(-Es)). With Analyticity, Closure and (i), this
yields J,(E; E J3(4(-E3))), the desired result.

B3For example, if the Confidence principle to be introduced later were correct, he would also justifiably believe

that Jy(E4) E J(Es).
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The other part is captured in the following principle:

Irrelevance: If the student is not justified in believing the professor’ s announcement, then heis
justified in believing exactly the same elements of T, before and after the announcement.

We should pause to consider the grounds for Irrelevance, sinceit is only in virtue of rather
subtle features of the story that it holds. That might seem surprising; it might seem that Irrelevance
is obvious. For surely the professor’s announcement can affect the student’s justification for
believing elements of T only by giving him information about the existence and timing of an
exam—and if heisnot justified in believing it, how can hetreat it as a source of such information?

Quite easily, if the circumstances of the announcement differ slightly. Consider the following
variant: The professor announces—not to the students, but to a colleague—that she will set a
surprise exam in the following week; unbeknownst to her, the student overhears her. What should
the student believe? Clearly, that there will be an exam on one of the five days next week. But he
cannot rule out that it is on Friday; after all, he knows full well that the professor (mistakenly)
thinks she can fulfill her intention by setting the exam on Friday. Accordingly, he cannot rule out
the possibility that he won't be surprised—and so is not justified in believing the professor’s
assertion. But she asserts the very same proposition asin the original story. It follows that (i) the
student is not justified in believing her announcement; but (ii) heisjustified in believing additional
elements of T, upon hearing the announcement (e.g., that E; v ... v Es). Since Irrelevance is
straightforwardly falsein this scenario, more needs to be said about why it istrue in the original
story.

| won't pursue the matter in detail in this paper, but will rest content with a sketch of what |
think is the correct account.

Observe afeature of ordinary conversational contexts, and the reliability of testimony therein. If
you and | are conversing (in an ordinary context), and | do something that congtitutes a clear
violation of one or more of the norms governing such conversations, then—depending on the
norms violated—my action may undermine whatever reason you have to believe that | am intending

to speak truly. For short: If | openly break a conversational rule, then you cannot consider me



How to set a surprise exam 10

sincere, and so cannot consider me a credible source of testimony. Suppose now that the student is
not justified in believing the announcement. Then giventhat the professor is addressing the student,
it isto be understood that if thisis so, the professor knows that it is so, and the student knows that
she knows. But in that case, she has done something which renders her no longer a credible source
of testimony, and so, with respect to propositionsin T, her announcement |eaves the student just
where he started.

What has she done? Roughly, she has said something which she knows that her audience—the
student—cannot, in the context, justifiably believe. This action—which, observe, distinguishes the
story from the variant—congtitutes a violation of conversational norms; the student’ s recognition of
this violation removes the presumption that the professor is credible.

More needs to be said about the relevant notions of credibility and sincerity, and the nature of
the violated norms. Saying it properly isasurprisingly delicate operation, and so best postponed for
another occasion. The important point for present purposesis that the thesis of Irrelevance allows
us to neatly factor out these tricky questions from our main topic, the diagnosis of the student’s
argument. The next section introduces a natural but ultimately unsatisfactory diagnosis due to

Quine.

4. Quine sdiagnosis

First, some unfinished business: With Irrelevance in hand, we can quickly see that the student
cannot have produced a cogent argument, since he is not justified in believing that the
announcement isfalse. For suppose heis. Then he certainly isnot justified in believing it to be true;
so by Irrelevance, the elements of T that heisjustified in believing must remain the same, before

and after the announcement. But the proposition in question—-SE,,—is hot one of them:

1. K(=SE,) hypothesis
2. J(E1 E L(Ey) 1, Closure

3. = (Ey) E J1(-Ii(ED)) I ntrospection
4. N(E1) v h(-Ey) 2,3, Closure
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4 isunacceptable, sinceit contradicts the student’ s agnosticism about the exam. So the student must
be pulling afast one, relying on a premise to which heis not entitled.
Totry tofind it, let us reconstruct the first step of the argument as a piece of natural deduction,

flagging those premises that are suspicious, and making free use of the Principles:

1. SEs hypothesisfor reductio

2 Es hypothesis

3 J5(-E1 & -E» & -E3 & —Ey) 2, Principles
4. J5(E1 VEy vE3VEsVEs) 7

5 J5(Es) 3,4, Principles
6 -J5(Es) 1,2, Principles
7. -Es 5,6

Step 4 is the obvious suspect. It makes explicit an assumption the student relies on when he
says that the exam “ cannot be held on Friday: if it were, we would expect it on Friday morning
(having noted that no exam had yet been given).” Clearly the student needs to assume that, come
Friday, he will be justified in believing that an exam is scheduled for the week—else he won't be
ableto infer, from the fact that no exam has yet been given, that it must be scheduled for Friday. But
itisnot at all obvious that the student is entitled to 4. It certainly doesn’t follow from SEs, or from
the conjunction of SEs with Es; to think otherwise is to confuse the claim that a proposition is true
with the claim that the student isjustified in believing it to be true.

Enter Quine, who finds the crucial flaw in the argument at just this point.14 The student is not
entitled to 4. Why not? Because he could only be so entitled if he were justified in believing the

professor’ s announcement, and he is not.15

14Quine discusses the “knowledge” version of the puzzle, but the points he makes transfer seamlessly to the
version under investigation here.

15At least, this seems to be Quine’s ultimate verdict, although he’ s none too clear on this point. At any rate,
his apparent willingness to treat the 1-day and many-day cases on a par (cf. his discussion on p. 21) suggests that he
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Isit true that step 4 of the student’ s argument is legitimate only if heisjustified in believing the
announcement? Well, suppose it is legitimate. Then J1(SEs E (Es E J5(E1 V ... Vv Es))). This
proposition, together with the Principles, readily entails that J;(SEs E —Es) (just embed the
reasoning of steps 1-7 inside the scope of the J; operator), which in turn yields J;(Es E Js(Es)).
But the student is not justified in believing, prior to the announcement, that Es E Js(Es)—for al he
knows, the professor might give an exam on Friday with no forewarning. Given Irrelevance, he can
cometo bejustified in believing that Es E J5(Es) after the announcement only if heisjustified in
believing the announcement. So this part of Quine sdiagnosisis exactly right: if the student learns
nothing relevant from the announcement, then he can’t assume that if the exam is given on Friday
then he will have good reason to believe so beforehand.

An advocate of this diagnosis can say a bit more to explain why the student’ s argument is so
seductive: (i) If one has produced a cogent argument for p, then of course one is entitled to
introduce the further claim that one isjustified in believing p—provided, that is, that the argument
was not carried out within the scope of an hypothesis. It might be all too easy to overlook this
distinction between different contexts of argumentation.16 (ii) It might be all too easy to blur the
distinction between what the student isjustified in believing about the hypothetical situations he
considers and what heisjustified in believing within them. (iii) It might be all too easy to assume
that the student is justified in believing the announcement.

Further discussion of (iii) isnow in order. To begin, we have of course been assuming that until
her announcement, the professor was considered by the student to be perfectly reliable. How might
the professor undermine this trust? Well, she might say something that the student antecedently has
good reason to believe to be false—good reason that is not undermined (or at any rate not

sufficiently undermined) by her testimony to the contrary. (Such a statement could be, but need not

endorses the diagnosis | have attributed to him, since in the 1-day case it is patent that the student cannot justifiably
believe the announcement (see below).

160verlooking it corresponds to conflating the Introspection principle—which says, in part, that if Jp then
JJp—with an absurdly strong variant, which asserts that if J(p E q) then J(p E Jq). To see how absurdly strong this
is, replace‘q’ by ‘p’: thisyields, for all p, the claim that J(p E Jp). But then by Introspection and Closure we get,
for al p, Jp v J(-p). One'sjustified beliefs need not manifest such a high degree of opinionation.
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be, an outright contradiction.) Or, she might say something the truth of which the student has good
reason to believe she’ s not in aposition to judge. But in making her announcement, the professor
commits neither of thesesins.2” Still, if we look to the 1-day case as a model, we should conclude
that her statement renders her unreliable for a quite different and rather unusual reason: she says
something that the student, and the student alone, cannot possibly justifiably believe (cf. the

discussion in 83, above). For the 1-day case admits of a snappy reductio:

1. J(E & =%(Ey) hypothesis for reductio
2. Ji(E) 1, Closure

3. Jh(J(Ep) 2, Introspection

4. J(=d1(ED) 1, Closure

But 3 and 4 violate the Consistency requirement. (Of course, it is a curious feature of the
announcement that its content does not prevent anyone elsefrom justifiably believing it.)

No surprise, then, that the student’s reasoning is so tempting. For the professor is clearly an
authority on the matters about which she’'s speaking, so if she hasn't contradicted herself,
shouldn’t the student be justified in believing that come the last day, he will (still) justifiably believe
her claim that an exam is scheduled for the week? But he won't justifiably believe it then, if he never
justifiably believed it in the first place. And he won't justifiably believe it in thefirst place, if itis
embedded in an announcement that he can’t justifiably believe.

It's an attractive package: We have, on the one hand, afairly sharp diagnosis of the flaw in the
student’ s reasoning, and on the other, a set of handy excuses for having been taken in by it. Still,

you shouldn’t buy it.

1"There might be some question about whether she’s in agood position to judge the truth of claims about what
the student justifiably believes; this can be settled, | think, by assuming that the stock of information that the
student can draw on is in fact common knowledge between him and the professor, so that it is also common
knowledge what her announcement justifies him in believing.
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5. Quine sdiagnosisrejected

We should pause, briefly, to dispense with a bad—though oft-cited—reason for rejecting
Quine' s diagnosis.18 Begin with the perfectly sound observation that the story can betold in such a
way that the student isjustified in believing that, come Friday, he will justifiably believe that an

exam is scheduled for the week. Just add a second Iron Law of the School: that there must be at

least one exam each week. (Take thisto fall under the scope of the Analyticity thesis.) Then thefirst
step of the student’s argument goes through just fine. So Quine's diagnosis is, evidently,
ingpplicable.

Perhaps—but in letter only, not in spirit. Observe that with the second Iron Law in place, the last
digunct of the professor’ s announcement—that E; & —Js(Es)—is, from the student’ s perspective,
acontradiction. So, from his perspective, the content of her announcement is given not by SEs but
by SE;: (B & —J3i(Ep) Vv ... vV (Ex & —J4(E4)). And now Quine's diagnosis applies
sraightforwardly: He should simply insist that the student is not justified in believing the
announcement, and so, come Thursday morning, not justified in believing that crucial part of it
which asserts that if the exam ison Friday then it will come as a surpriss—which, from the
student’ s perspective, is tantamount to asserting that the exam won’t be on Friday, whichin turnis
tantamount to asserting that the exam is scheduled for one of Monday through Thursday. That is,
Quine should insist that the crucial premisethat J,(E; v E; v E5 v Ey) is false—which is exactly the
diagnosis he gives to an ordinary 4-day surprise exam scenario. Oddly, it ssemsto have gone
entirely unnoticed by those who press this variant of the story against Quine that its only real effect
isto convert an n-day scenario into an n-1-day scenario.

However, legitimate doubts about Quine's diagnosis emerge as soon as we scrutinize the claim

that the student is not justified in beieving the announcement.l® No doubt this clam gains

18 See for example Ayer, “ On a Supposed Antinomy”, Mind, 1973, pp. 125-6; and Janoway, “Knowing About
Surprises: A Supposed Antinomy Revisited” Mind 1989, pp. 391-410.

9pon't say: “Well, if heis justified in believing it, then he has no business trying to produce a reductio of it!”
Of course he doesn’t—whether or not heisjustified in believing it. We established that quickly, clearly, and without
need of Quine s diagnosis, at the beginning of the last section. What we are concerned with now is a different
guestion: namely, what is the flaw in the student’ s argument?
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plausibility from the tempting thought that the 1-day and multi-day cases are, in all relevant respects,
really just the same.20 But that’ s quite mistaken; striking differences separate these cases. I'll focus
on alogical differencefirst.

Consider the two-day case, where the professor announces that (E; & -Ji(E1)) v (B2 &
=Jo(E»)). Can we construct an argument, analogous to the one presented at the end of the last
section, that the student cannot justifiably believe this proposition? That is, can we show—making
use only of the Principles—that the claim that J;[(E1 & —=J1(E1)) v (Ex & —Jx(Ep))] isinconsistent?

We could, if we were licensed to infer from this claim that J,(J>(E; v E»)). For then we could

argue asfollows:

1 (B & ~q(Er) V(Ez & =J(Ep))] hypothesis

2. W(B(ELVE)) 1,772

3. J(E> E B(-Ey)) Principles

4. Q(EE }(E)) 2,3, Principles
5. J(E E -Jy(Ey)) 1, Principles
6. Ji(-Ep) 4,5, Principles
7. J(Ep & =% (Ey)) 1,6, Principles

Aswe have aready seen, 7 isinconsistent.

But the Principles do not license the move from 1 to 2; they do not permit any inferences from
the student’ s present justified beliefs to his present justified beliefs about his future justified
beliefs. To be sure, there ought to be some principle governing how justification persists over time.
Perhaps we can find one that will alow usto fill in the above reductio; at any rate, we will shortly

investigate the matter more closely. My point here is only that if the student cannot justifiably

20A s Quine seemsto think: seein particular p. 21 of “On a Supposed Antinomy”.
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believe the announcement in the multi-day case, then that is for reasons quite different from those
that operatein the 1-day case.

A more intuitive difference between the 1- and many-day cases becomes apparent if we focus
on, say, a100-day case. Here, there is a strong temptation to think that of course the student can
justifiably believe the professor’ s announcement: With so many days at her disposal, shouldn’t it
be obvious to him that she will make good on her stated intention to give a surprise exam? More
generally, isn't it intuitively obviousthat, if there are sufficiently many days, the student isjustified
in believing the announcement?

Yes, itis. Still, the intuition bears scrutiny, asit is easy to go astray when seeking arguments
with which to back it up. For example, one might observe that we—considering the case “from the
outside”’—do not hesitate at all to conclude that the professor can make good on her announcement
(that, after al, isone of the lessons of the story). Why, then, should the student hesitate? Answer:
He shouldn’t, but that is quite irrelevant to the point at issue. For notice that our observation holds
just as much of the 1-day case: here, too, both we and the student should judge that the professor
can make good on her announcement. So what? That fact is not at issue; what is at issue is whether
the professor has said something the student can justifiably believe. If she has not, then while he
must recognize that she can make good on her announcement, he—and we—should not conclude
that she will—after all, she has violated a crucial conversation norm, andin so doing rendered
herself no longer credible, etc.

Again, one might insist, with Wright and Sudbury, that an adequate treatment of the surprise
exam “should make it possible for the pupilsto be informed by the announcement”?1. Their
subsequent discussion makes it clear that they think that one has been “informed” only if one’s

justified beliefs have changed??; if so, then it follows that in those multi-day cases in which the

2lop. cit., p. 187; italicsin the original.

22¢f. p. 196: “Let us entertain as an interpretation of ‘D;( p’ [the epistemic operator Wright and Sudbury

introduce]: x has good reason to believe pat t, where thisis taken to involve that x’s total state of information at t
justifies his belief in p and assertion that p.... It is (at least) good reason to believe the announcement, in this
weaker-than-knowledge sense, that we want the headmaster to be able to communicate to the pupils.”
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professor’ s announcement is “informative”, the student isjustified in believing it (for if heis not,
then by Irrelevance his (relevant) justified beliefs will remain unchanged). But of course one can be
informed in other ways;, for example, one’'s degrees of belief can change. Indeed, the professor’s
announcement isinformative, in this sense, even in the 1-day case: for surely the student isjustified
in considering it more likely that there will be an exam, after hearing the announcement. (This point
will comein for more discussion in §89 and 10.)

WEell, maybe the initial intuition is untrustworthy, and some subtle argument will show that even
in the most multi-day cases, the student is not justified in believing the announcement. Aswe'll see,
there are such arguments. But they should be resisted. For we all, routinely, believe propositions
exactly analogous to the professor’ s announcement—and find, on reflection, that their curious
logical structure erodes our justification for believing them not one hit.

Example: As| writethis, it ismid-March, and rather cool in the Boston area. Y et | know—or at
any rate, am quite justified in believing—that before the year is out we will have at |east one day
where temperatures exceed 80°. But the weather is fickle, none too easy to predict: so | also
know—or at any rate, am quite justified in believing—that come midnight before the first 80°-day, |
won't be justified in believing that temperatures will exceed 80° in the coming day. No doubt | will
consider thisto be possible, perhaps even likely—but | am quite sure that my evidence will not
warrant a degree of confidence so high asto be called “belief”. So | justifiably believe that there
will be afirst 80°-day this year, and that it will come as a surprise.

Example: My infant son possesses a sweet and cheerful disposition, and smiles at us quite
readily. But aswith al new babies, it took awhile for that to happen—and we knew full well that it
would, while also knowing that it would certainly take no longer than six months. We also knew
that, come midnight before the day in which he first smiled at us, we would not be justified in
believing that we would see him smile that day; the first ones come far too tentatively for that. So we
knew—or at any rate, justifiably believed—that hisfirst smile would come as a surprise. And we

wereright.
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Your turn: Find afair coin. Prepareto flip it 100 times, or until it lands heads, whichever comes
first. Ready? Now consider your epistemic state. You are justified in believing that there will be a
first toss in which it lands heads. Y ou are also justified in believing that this first “heads” will
come as asurprise, in the sense that, immediately before that toss, you won't be justified in
believing that the coin is about to land heads (for immediately before that toss, you will consider it

equally likely that the coin will land heads as tails). If you doubt me, just calculate the probabilities:
1
the chance is 5755 —Iess than 0.000000000000000000000000000001—that there won't be a

“surprise heads” (that is, of course, just the probability that the coin won’t land heads). If that’s
not low enough for you, you are free to prepare to toss the coin 1,000 times, or 10,000 times, or
whatever it takes. (Don't say that justified belief requires certainty, so that it will take an infinite
number of flips—unless you’'re also willing to say that we have almost no non-trivial justified
beliefs.)

Absent compelling reason to the contrary, then, we should agree that if there are sufficiently
many days, then the student can justifiably believe the professor’ s announcement, and so—at |east
for such cases—we must reject Quine s diagnosis. Two caveats, though: First, we have yet to see
how many daysis “sufficiently many”. Second, that the content of the announcement does not
prevent the student from justifiably believing it does not mean that the circumstances don't;
perhaps, even in the multi-day case, there is something funny about the professor’ s making that sort
of announcement, something which removes the presumption that she is credible. We will return to
both of these issues |ater. For now, let us assume that the student not only can but does justifiably

believe the announcement, and consider anew where his argument goes wrong.

6. The Wright-Sudbury diagnosis
Recall that in order to complete the first stage of his reductio, the student must introduce, under
the assumptions that SE5 and that Es, the premisethat J5(E1 v ... v Es). We saw that the student is

entitled to this premise only if he is justified in believing the announcement; but we haven't
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established the converse. In order to do so, we need to introduce some principle describing how
justification persists over time. Wright and Sudbury suggest, in effect, the following principle:23
Persistence: For al i,k withk > i, J(p) E J(p).
By itsdf, Persistence dlows us to conclude that if the student justifiably believes the

announcement—and the announcement is true—then the exam cannot be on the last day:

1. SEs hypothesis

2. J(SEs) hypothesis

3. Es hypothesis for reductio
4. J(EsvE,VE3VE4VES) 2, Principles

5. B(E1VE,VE3VE4VES) 4, Persistence

6. Js5(-E; & -Ep & -E3 & -Ey) 3, Principles

7. Js5(Es) 5,6, Principles

8. -J5(Es) 13

But the student can employ aversion of thisargument only if heisjustified in making the step from
4to5—i.e, only if heisjustified in believing Persistence. It is not enough, for his purposes, merely
that Persistence be true (even though that guarantees that the exam cannot be on Friday). So,
following Wright and Sudbury, let us take Persistence to fall under the scope of the Analyticity
thesis, so that the student is, at the outset, justified in believing it.24

Then we can quickly derive another principle, which will be the focus of much of our attention
inwhat follows. Suppose that Ji(p). By Introspection, Ji(J1(p)). Since the student justifiably
believes Persistence, it follows by Closure that J,(J;(p)), for any i > 1. In short, we have established

Confidence: For dl i > 1, if Ji(p), then J(Ji(p)).

230p. cit., pp. 189-90. The qualification is necessary only because they introduce the principles governing
justification as rules of inference.

24That’ s not quite what they say: they achieve the same effect by introducing their analog of Persistence as a
rule of inference (see the last footnote).
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With Confidence in place, and with the additional assumption that the student isjustified in
believing the announcement, it now looks as if at least the first stage of his argument will go
through—so that even though he cannot, of course, refute the announcement, he can at least

establish that the exam cannot take place on Friday. For consider this stage again:

1. SEs givenasjudtifiably believed

2 Es hypothesis

3 J5(-E1 & -E» & -E3 & —Ey) 2, Principles
4, J5(E1 VEy vE3VEsVEs) Confidence

5 J5(Es) 3,4, Principles
6 ~J5(Es) 12

7. -Es 5,6

Theintroduction of 4 is now legitimate: Since the student is justified in believing the announcement,
heisjustified in believing that an exam will take place, hence justified in believing that he will be
justified in believing this claim, come Friday.

But look again: In fact, what we now have are tools for constructing a new reductio of the claim

that the student isjustified in believing the announcement, no matter how many days there are

1. J(SEn) hypothesis

2. JW(Erv...vEpy) 1, Principles
3. J((Erv...vEy) 2, Confidence
4. N(ELE W(-E1 & ... & -Ep.1)) Principles

5 Ji(E, E J(E) 3,4, Principles
6. Ji(En E -Jn(En)) 1, Principles
7. J(-Ep) 5,6, Principles
8. Ji(SEn-1) 1,7, Principles
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It follows, by repeated applications of this argument, that if J;(SE,), then J;(SE1)—hence, that
~J1(SEp)-

We should consider a bit more closely the role Confidence playsin this reductio. Here is one
way to bring out that role: Let S be the set of propositions p such that J;(p) follows from J;(SE;)
together with the Principles. Given S, let S;+1 be the set of propositions p such that J;(p) follows
from S together with at most one application of Confidence. Thus, Sp will contain (Ey v ... v Ep)
but not, e.g., JW(Ey v ... vV E,); S1 will contain this proposition but not, e.g., J»-1(Jn(E1 V ... vV Ep));
etc. Fori £ n- 2, Sjisconsistent, and indeed contains al of =Ep.j+1, “En-i+2, ... 7"En. But Si.1is
not consistent, for it contains al of =E,, =E.i+2, ... =E,, and so also E;, and so also SE;. In short,
were we to “hamstring” Confidence by allowing at most (n-2)-fold iterated applications of it, no
contradiction would follow from the assumption that the student justifiably believes the
announcement. This observation will become important in the sections which follow, where |
develop my preferred diagnosis of our puzzle.

But first we must return to Wright and Sudbury, for whom the lesson of the puzzleis different:
Therule of inference that is their analog of Persistence (more accurately: of Persistence when taken
under the scope of the Analyticity thesis) isfalse. After all, justification manifestly does not always
persist over time: “Good reason to believe p may lapse as more information becomes available; or
stronger reason to believe the contrary may emerge.” (p. 201) This verdict, they think, safeguards
the intuition that the student can justifiably believe the announcement, while exposing the flaw in his
argument as occurring at the very first stage, where he introduces the premise that Js(Ey v ... v
Es).2> Asthey put it, “What the pupils ought to realize from the start is that oneway for the

headmaster to carry out the announcement will be to let a situation develop in which their reasons

25Actually, their picture is slightly more complicated, since they also consider several variants in which the
student has independent evidence about the professor’ s intentions. For example, the student might possess evidence
that an exam will take place so firm that heis justified in believing that it won't be undermined by the passage of
four examless days. In that case, they say, the flaw appears at the second stage, where the student assumes that come
Thursday, he will still be justified in believing that the exam will come asa surprise Of course, keeping in mind
the remarks at the beginning of the last section, we can see that such variants don't introduce anything fundamentally
new.
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for believing [that an exam will take place] and [that if it does, it will come as a surprise] are
mutualy discredited; or in which, if those reasons are of differing strengths, the wesker are
discredited.” (p. 204)

Clearly, this diagnosis improves on Quine’' s considerably. But it’s still not good enough.

7. The Wright-Sudbury diagnosisr g ected

It is certainly true that justification does not always persist through time, even for those in the
best of cognitive health—indeed, even for the student: For granting that heisjustified in believing
the announcement at the outset, suppose the professor postpones the exam until Friday. Then, come
Friday morning, the student will no longer be justified in believing the announcement (since, given
the other information at his disposal, to do so would be tantamount to believing it in the 1-day case).

But these points are not relevant. What matters is whether Confidence holds; if it does, then we
get the unhappy conclusion that the student cannot justifiably believe the announcement. And in the
context of the Principles, Confidenceis logically weaker than Persistence, since Persistence (taken
under the scope of Analyticity) states not only that the student isjustified in believing that his
justification will persist, but that thisjustified belief istrue.

Wright and Sudbury raise the right question: “Might there not be some other way of
representing [the students'] reasoning, involving no use of d(iv) [their analog of Persistence], by
means of which theinitial assumptions would be vaidly shown to be inconsistent even when the D-
operators were interpreted in terms of reasonable belief?’ (p. 207) And they recognize that the
answer is“yes’'—in fact, that arule of inference proposed by Binkley, and exactly analogous to
Confidence, will, together with their other inference rules, entail that the student cannot justifiably
believe the announcement.26 But, curioudly, they seem not to recognize that, in the presence of their

other inference rules (which they do not seriously question), this rule is derivable from

26“The Surprise Examination in Modal Logic”, Journal of Philosophy 65 (1968).
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d(iv)—though not vice versa—and should therefore have been the focus of their attention all

along.2” What little they do say suggests that they think that Confidence can be easily dismissed:

Binkley arguesthat d(vii) [their analog of Confidence] isvalid for an ‘ideal knower’, ideal in respects
which he details. But his argument for the principle takes account only of the special case, for which it
certainly isvalid, where x’s experience at t will constitute a decision of the truth-value of p. The case
relevant to present concernsisrather wherer and t both occur too soon for us to be sure whether p is true or
false, and where reasonabl e belief, not knowledge, is required. We are asking, then, whether if one has good
reason to believe p at r, one thereby has good reason to believe that one will always be similarly placed at
any subsequent t which is still too early for a verification or falsification of p. If we waive irrelevant
complications to do with mortality etc., there seems to be nothing to be said for such a principle. Certain
sorts of reasons to believe may be inherently lasting, but the natural view is that the principle is counter-
exemplified precisely by thiskind of case: for, to repeat, the pupils ought to recognize that one way for the
headmaster to do what he has announced that he will do is to leave matters so | ate that their reasons to
believe the announcement lapse; they have no reason to suppose that this will not be his strategy. (pp. 207-
8, last italics mine)

Wright and Sudbury err, asthereis much to be said for Confidence. Even though | will
ultimately recommend that Confidence be regected, it is important to regect it for the right
reasons—which Wright and Sudbury certainly do not provide. | will therefore spend some time
speaking initsfavor.

Begin by observing something odd about their claim that the students “have no reason to
suppose’ that the exam won't take place on the last day. If thisisreally the case—if the students
should recognize that one strategy that the professor might well employ isto wait until the last day
to give the exam—then one wonders why, come the morning of the last day (and with no exam
having yet taken place), it is suddenly rational for them to overlookthis, and judge instead that they

no longer have reason to believe that an exam will take place.

2'Here is the derivation, with their rules expressed in our notation: First, their rule (ii) states that if p entails g,
and if r entails J(p), then r entails J(q); thisis equivalent to our Closure condition. Second, their rule d\v) states that
if r entails J(q), then r entails J(J(q)); this follows from our Introspection condition. Third, their rule d(iv) states that
if r entails J(q), thenr entails J (0), where i <k; thisis equivalent to our Persistence condition. Finally, the “other
way of representing [the students'] reasoning” that they consider islabeled dvii), and states that if r entails J(q), then
r entails J(J.(Q)); thisis equivalent to Confidence. (All of our conditions, here, are taken to fall under the scope of
Analyticity.)

J(q) entails J(q), so by div) J(q) entails J(q). Then, by d(ii), if r entails J(J(q)), then r entails J(J.(q)). Suppose
now that r entails J(q). By dv), r entails J(J(q)), and so r entails J(J.(q)). This shows that dvii) follows from dii),
div), and dv). Notice, however, that d(iv) doesnot follow from d(vii), together with the other rules; for thereis no
way to show, even if the students are justified in believing that their justification will persist, that thisjustified
belief is true.
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The problem is brought into sharper relief by considering the 2-day case. Apparently, we
should consider it unproblematic that the student (i) justifiably believes that there will be an exam
on either day 1 or day 2; (ii) judgesit equally likely that the exam will be on day 1 as on day 2 (for
if he “has no reason to suppose” that it won’t be on day 2, then thisis surely an appropriate way
for him to set his odds); and (iii) recognizesthat if the exam does not take place on day 1, then the
rationally appropriate response will be to withdraw the belief that an exam will take place at all. But
an attitude like this bespeaks so little respect for the epistemic authority of one' s future self that it’'s
doubtful that we are really talking about justified belief.

Consider amore extreme example: the student starts out justifiably believing that an exam will
take place on day 1 or day 2—and also justifiably believing that come the next morning, he will no
longer be justified in believing this. That’s possible, but only if the student has good reason to
believe that something strange will happen to him before the morning of day 2 (say, that he will
suffer amnesia, and so have forgotten that an exam was scheduled). If, on the other hand, heis
justified in believing that his day-2 epistemic state will simply be the result of incorporating—in a
way that he now deems rational—evidence that accrues between now and then, then in general he
has no right to believe aproposition p now if heisjustified in believing that his upcoming evidence
will warrant withdrawing this belief.

An important lesson emerges. Your justified beliefs leave open various possibilities for the
evolution of your epistemic state up until some future timet. In some of these, perhaps, something
goes awry, such that the t-state has not evolved in the right way from your present state. (Maybe
you die, or suffer some less serious cognitive defect.) But suppose none of them are like this. Then
you are justified in believing that the opinions of your future t-self are like those of an expert whom
you consider wholly trustworthy, since by your lights the beliefs of that future self will not only be
justified, but will have an evidential basis at least as good as your present one. So, if the t-states
you consider possible exhibit a consensus—if, say, they are all states in which you judtifiably

believe p—then you arejustified in believing p now: It's asif your expert told you that p was true,
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while only withholding, perhaps, the exact details of the evidence upon which he bases this
judgment.

The same appliesif you justifiably believe that, at t, you will not justifiably believe p. If so, then
you must now have good reason to believe that the evidence you will have accrued by t will warrant
agnosticism (at least) about p; to continue with the “expert” metaphor, you must now have good
reason to believe that your expert possesses evidence which warrants such agnosticism. In that case,
you cannot now justifiably believe p.

These lessons do not yet apply to the 2-day version of our story, as Wright and Sudbury would
tell it. For in that scenario, the student does not justifiably believe that come day 2, he will no longer
justifiably believe that an exam is scheduled; it'sjust that he (justifiably) considers it not too
unlikely that thiswill happen. But the qualification only makes the inconsistency less blatant.
Consider aparallel case: | believe that it will rain tomorrow, but | also believe that there is a good
chance—say, at or close to 50%—that a certain meteorologist will shortly tell me that thisbelief is
not justified. That | nevertheless maintain it can only show that | do not take the meteorologist’s
opinion too serioudly. For if | considered him an expert, whose opinion was to be wholly trusted,
then | should not hold with such confidence an opinion which | believe his testimony may well
undermine. Similarly, if the student isjustified in believing that he will suffer from no cognitive
defects before the morning of day 2, then he should view his day-2 self as an expert, and not hold
with such confidence an opinion which he believes the ‘testimony’, asit were, of this expert may
well undermine,

These considerations do not establish that the student’s justified beliefs should obey
Confidence, for that principleis rather more conservative: contraposed, it states that if the student
merely considersit possible (i.e., does not justifiably believe to be false) that at some later point, he
will not be justified in believing p, then heis not now (i.e., on the morning of day 1) justified in
believing p. That's astronger claim than is necessary to rule out the Wright/Sudbury description of
the 2-day case, since for that purpose we can make do with avariant on Confidence in which

“possible” is replaced by “not too unlikely”. Stll, our discussion shows that Wright and
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Sudbury’ s pronouncement that there is “nothing to be said” in favor of their analog of Confidence
isfar too glib—and their insinuation that the students can have justified beliefs about the exam
without this placing any constraints on their justified beliefs about their futurejustified beliefsis
simply off the wall. If the term “justified” is apt, then there must be some connection between
one' s present judgments concerning the facts and one’ s assessment of how these judgments will
rationaly evolve.

There is no dearth of arguments that Confidence provides the needed connection, at least for the
student; indeed, in devel oping these arguments and considering objections to them, we'll see that
they support the view that adightly qualified version of Confidence appliesto any agent.

Thefirst argument isimplicit in the foregoing discussion: Suppose there is someone you
consider an expert, at least with respect to the evaluation of a certain proposition, p. In particular, if
this expert informs you that p is not credible, then that will give you rationally compelling reason to
be agnostic with respect to p. Suppose you have some reason to believe that your expert will so
inform you—enough that you can’t justifiably believe that she won’'t. Then it seems that you
thereby have some reason to be at least somewhat skeptical of p—skeptical enough that you cannot
be said to be justified in believing it. But the student must treat his future self as such an expert,
since he justifiably believes that the opinions of this future self will simply result from correctly
incorporating more evidence than he now possesses.

A different argument for Confidence derives from a simple model of belief revision. Suppose
that when you learn some evidence-proposition E—and E is compatible with what you were
antecedently justified in believing—then your new justified beliefs simply result from conjoining
your old ones with E; and suppose that you are well aware that thisis the way you incorporate new
evidence. (It won’t matter what you do, when your evidence is incompatible with what you were
antecedently justified in believing.) Suppose further that you are justified in believing that between
now and timet, you will not be misled into treating as evidence anything that isfalse. It follows that
if you are presently justified in believing p, then you are also justified in believing that, at t, you will

bejustified in believing p. For let w be aworld compatible with what you justifiably believe. Let E
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be the proposition which, according to w, constitutes your total evidence between now and t. By
assumption, E istrue in w; hence, since w is compatible with what you justifiably believe, soisE.
But you justifiably believe that, in any world in which your evidence is compatible with what you
(antecedently) justifiably believe, that evidence gets incorporated via the simple updating rule. It
follows that, in w, your justified beliefs at t are the result of conjoining E with your presently
justified beliefs. Hence, in w at t, you justifiably believe p. Since this holds for any w compatible
with what you justifiably believe, it follows that you justifiably believe now that, at t, you will
justifiably believe p.

Finally, we can argue for Confidence by observing that if we are looking for a principle that can
be expressed using no other epistemic notion besides that of justified belief, then there really isn’t
any other option. For the only other non-trivial candidates are these:

(1) Fori <k, 3(p) E J(=J(-p))
(2) Fori <k, 3(p) E —Ji(~J(p))
(3) Fori <k, 3(p) E ~Ji(J(-p))

Confidence (together with the Principles) entails each of these, though not conversely; (1) and
(2) arelogically independent (even given the Principles); (1) and (2) (with the Principles) entail (3),
though not conversely.28

Intuitively, these principles say that if you justifiably believe p, then (1) you justifiably believe
that you will continue to consider p to at least be possible; (2) you consider it at |east possible that
you will continue to justifiably believe p; (3) you consider it at |east possible that you will continue
to consider p to at least be possible. While these are all substantive claims about how justified belief

constrains the rational assessment of one’s future epistemic state, each istoo weak to serve as an

28 To see that (1) follows from Confidence, observe that J (p) entails ~J (-p); to see that (2) follows, observe
that J(q) entails =J(—q), and substitute J,(p) for g. To see that (2) does not follow from (1), observe that the set
{d(P), I(=I.(=p)), J(=J(p))} isconsistent with (1) but not (2) (intuitively, this describes a situation in which, at i,
the student justifiably believes p, but also justifiably believes that, at k, he will consider both p and —p to be
possible). To see that (1) does not follow from (2), observe that the set { 3(p), =J(=J(p)), =I(=J.(-p))} is consistent
with (2) but not (1) (intuitively, this describes a situation in which, at i, the student justifiably believes p, but also
considers both J (p) and J(—p) to be possible). To see that (3) follows from (1), observe that J(—-q) entails -J(q), and
substitute J (=p) for g. To see that (3) follows from (2), observe that J(J.(-p)) entails J(=J.(p)), and contrapose.
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adequate substitute for Confidence. To see why, consider an alternative scenario to the story: The
student knows that exams take place only on Fridays; he further knows that while the professor
sometimes announces earlier in the week that there will be an exam, she does not invariably do so,
preferring to let some of her exams come as a surprise. Finaly, he knows that she likes to keep her
students on their toes, and so never lets them know beforehand if there won’t be an exam.

The professor announces on Monday that an exam will be held this week. Clearly, the student’s
epistemic state changes. beforehand, he was not justified in believing that an exam would take place
on Friday, whereas afterwards he is. Assuming that Confidence does not hold, but that the three
weaker principles do, must hisjustified beliefs about his futurejustified beliefs concerning the
exam have changed?

No. Let the “future” in question be, say, Thursday. Then on Monday morning, before hearing
the announcement, the relevant aspect of the student’ s epistemic state can be captured as follows:

(i) J1(Es)

(i) =31 (J4(Es))

(i) 3, (=J4(-Es))

(iv) ~d1(=J4(Es))

(V) =1 (J4(=Es))

(i) holds because the student has not yet heard the announcement; (ii) holds because he cannot
be sure there will be an exam—or that even if thereis, the professor will announce this beforehand;
(ii1) holds because he knows that he won’t be informed if there is to be no exam; (iv) holds because
he considers it possible that the professor will announce an exam; and (v) is overdetermined by
these | ast two reasons.

After hearing the announcement, by contrast, we have

(i") J1(Es)
But since (we are supposing) Confidence does not hold, it is consistent to add
(ii") ~J1(J4(Es)),

while the three weaker principles merely give us
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(iii") J1(=J4(=Es5))

(iv') =31(=4(Es))

(V') =31 (J4(=Es))

—i.e., what we had to begin with.

The upshot isthat asfar as the weaker substitutes are concerned, the announcement need make
no difference to the student’s rationa assessment of his future justified beliefs. That is
unacceptable, and consequently something stronger than these substitutesis required. If we confine
ourselvesto the language of justified belief, Confidence itself appears to be the only option.

I’ll close this section by responding to a number of objections to Confidence.

To begin, you might think that | have failed to appreciate the force of Wright and Sudbury’s
objection. Aren’t they just pointing out that the student should recognize that the professor is quite
capable of giving him misleading evidence (namely, by postponing the exam until the last day, and
thereby making it seem possible that there will be no exam at all)? But if he has some reason to
think that he will receive mideading evidence, in light of which he will withdraw his belief in p, then
even though heisjustified in believing p, he need not be justified in believing that this state will
persist.

The suggestion cannot be that he has some reason to believe that he will take as evidence a
proposition which is false; for the only evidence-propositions in question are those that record, for
each day, whether an exam takes place on that day. If the suggestion is that he will improperly
respond to this evidence (should he recave it), then of course we should agree that he can
judtifiably believe p while justifiably doubting that he will continue to believe p. But Confidenceis
perfectly compatible with this claim, since it concerns what he will be justified in believing, not
merely what he will believe—and opinions that derive from an improper response to evidence are
not obviously justified. At any rate, such a suggestion cannot apply here, since by assumption he
will never suffer from such cognitive shortcomings, and knows this ahead of time. But if, finaly, the

suggestion is that he recognizes that he might receive evidence to which the proper response will be
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to withdraw his belief in p, then, to repeat, this recognition should lead him to view p with at least
some skepticism beforehand; that, after all, was the lesson of the arguments just canvassed.

Still, isn’t it intuitively clear that we can have every reason to believe that down the line, our
opinions will be quite different from what they are now—~but no less justified, for al that? But the
force of the intuition diminishes considerably, once we clear away certain misconceptions. For
example, | may recognize that | will come to be justified in believing propositions which | do not
now justifiably believe (without, presumably, being able to single out which ones). But that kind of
foreseeable change in my opinion is quite obviously compatible with Confidence. Again, | may
reasonably suspect that |1 will suffer from some cognitive defect which, though it breaks the
connection between present and future justification, does not at all prevent me from continuing to
havejustified beliefs. For instance, if | know that | will suffer amnesiatonight, then | know that my
epistemic state tomorrow will be evidentiadly impoverished compared to my current epistemic
state—and so there will be many propositions, perhaps even ones| can identify, which | justifiably
believe now but know | will not justifiably believe then.

While this kind of example does nothing to show that Confidence failsto apply to the student, it
shows that Confidence needs to be qualified, if it is understood as a constraint on the justified

beliefs of any agent. But it’s also fairly obvious how to amend it. The ideais that Confidence

should hold for an agent at t; (and with respect to t, > t;) provided sheisjustified in believing at t;
that she will suffer no “cognitive mishaps’ between t; and t,. But instead of imposing a general
“no mishaps” condition (which would be so hopelessly optimistic as to render the amended
principle vacuous), we should relativize the condition to individual propositions; and instead of
trying to present an exhaustive list of possible “mishaps’, we should specify them in terms of what

they have in common. Thus:

Confidence, revised (and generdized): If an agent is, at t;, justified in believing p, then for any t,

>1,, sheisjustified in believing at t; that any veridical evidence she receives beforet, will, together

with the evidence she now possesses, rationally warrant maintaining her belief in p.
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Suppose that the agent is, like the student, judtified in believing that she will receive only
veridical evidence betweent; and t,, and that her state of opinion at t, will be the result of rationally

incorporating this evidence (she won't suffer from any lapses of reasoning, attention, or memory).
Then, by the revised version of Confidence, she justifiably believes, at t1, that the evidence she will
receive will rationally warrant maintaining her belief in p, and hence that she will justifiably believe
p, a t,. Since this holds for any proposition p that she justifiably believes, her justified beliefs at t;
obey Confidence, as originally presented.

Clearly, the qualificationsin the revised version of Confidence are unnecessary in the case of
the student. But they are necessary for the rest of us. And once in place, Confidence seems not very
intuitively suspect at all. In fact, for reasons that will emerge in the next section, | very much doubt
whether any clear-cut counterexample exists.

Still, there are two other objections to consider that deny the need to exhibit a counterexample.
The first stresses how plausible it isto suppose that at least one of your justified beliefs will 1apse
in the face of future evidence. Surely it is sheer hubris to hold that the evidence | accrue over, say,
the next 10 years will warrant maintaining every one of the justified beliefs | currently have? At the
very least, it seems clear that | am not now justified in believing that | will be justified in believing
every one of them—even on the assumption that | will suffer no cognitive defects, etc.

Indeed. But to see this argument as directed against Confidenceis hasty, since it is nothing
more than a variant of the so-called “paradox of the preface”. Pick a large enough set of
propositions, each justifiably believed, and you can easily pump the intuition that it is reasonable to
suspect that at least one of them isfalse—i.e., that their conjunction is not justifiably believed. The
set of propositions of the form Jp—wherei refersto atime, say, ten years from now, and pisa
proposition | am currently justified in believing—is certainly large enough; we should agree, |
suppose, that | am not justified in believing their conjunction, even if | am justifiably certain that |
will suffer no cognitive mishaps between now and then. But since we must deal with many other
versions of the paradox of the preface for which Confidence is obviously not a suspect, it would be

foolish to pin the blame on that principle, in the present case.
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A second objection tries to leverage the failure of Persistence into an argument against
Confidence. Persistence isfalse, since there are plenty of actual situations (let alone possible ones)
in which justification does not persist—indeed, in which an agent justifiably believes a proposition
at one time, even though she subsequently receives veridical evidence which warrants withdrawing
this belief. Suppose an agent knows this. Then perhaps, in light of her knowledge, she should
harbor at least some doubt about the longevity of any of her judtified beliefs—enough that
Confidence cannot be true of her.

Then again, perhaps not. Never mind that agents will almost always possess plenty of extra
information relevant to ng whether their justification will persist, information that will render
the bare fact that Persistence sometimes failsirrelevant. (In general, it doesn’t follow from the fact
that | know that some A’s are not B’ sthat | am not justified in believing that this A isa B.)
Suppose that somehow, the only information our agent possesses that bears on whether she will
receive veridical evidence that will undermine her justified belief inp is that this sort of thing
sometimes happens. Even so, shouldn’t the frequency with which it happens make a difference? If
she justifiably believes that this frequency is extremely low, then why doubt that sheisjustified in
believing that her justified belief in p will persist? After all, ailmost every proposition that we are
justified in believing has some low-but-non-zero probability of coming out false.

On the other hand, if the frequency is higher, it’s not clear that sheisjustified in believing p, in
the first place. Here we should distinguish two cases. First, the agent might be aware that it happens
with non-negligible frequency that justified beliefs are wrongly undermined by subsequent
evidence—that is, undermined (and rationally so) even though the propositionsin question are true.
WEéll, if thisisthe sort of epistemic environment she justifiably believes herself to inhabit, then she
should be prepared to greet with extra skepticismany evidence she encounters against her justified
belief in p. But in that case, she isnot recognizing as a possibility (i.e., something not ruled out by
her justified beliefs) that she will receive veridical evidence that will undermine her justification for
believing p; sheisonly recognizing as a possibility that she will receive veridical evidence that, were

she unaware of the sort of epistemic environment she inhabits, would undermine her justification
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for believing p. On the other hand, if sheisjustified in believing that it happens with non-negligible
frequency that justified beliefs are rightly undermined by subsequent evidence, then her standards
for what counts as sufficient evidence to justify belief in p should adjust accordingly—in which
case sheisnot, after all, justified in believing p (or if sheis, then she has very good reason to believe
p—good enough, she should judge, to withstand any countervailing evidence that might come
along).

While not exhaustive, these two possibilities show that the failure of Persistence—even if it is
widespread enough to be significant—cannot automatically be taken as evidence (indeed, even
defeasible evidence) against the claim that a particular justified belief will remain so. For absent
further argument, we have at least as much right to insist that the rational response to recognizing
that Persistence failsis to endorse more stringent epistemic standards—either for what counts as
evidence enough to justify belief in p, or for what counts as evidence enough to undermine such

justification.

8. Cluestowards a new diagnosis

Confidence iseminently defensible. All the sameit isfalse, and clearly so. For if Confidenceis
true then | do not justifiably believe that | will be surprised by the first 80° day this year, you do not
justifiably believe that you will be surprised by thefirst coin toss to land heads, the student does not
justifiably believe the announcement, no matter how many daysin the “week”, etc.—all of whichis
absurd. At the same time, | insist that there can be no clear-cut counterexamples to Confidence.
What is going on?

An important clue emerges from the revised Confidence principle, restated. First some
terminology: say that a proposition is, for an agent, evidence that p might be true (false) just in case,
given that proposition as evidence, the agent is not justified in believing p to be false (true). Soif |
have evidence that p might be false, then | am not justified in believing p. Confidence says that
evidence that one might receive evidence that p might be falseisitself evidence that p might be false.

Perhaps so. But surely such “evidence once removed” is weaker—and the problem is that

Confidence makes no provision for variation in evidentia strength. More exactly, suppose | have as
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evidence the proposition E' that | might receive evidence E, which itself is evidence that p might be
false. Granting that E' isitself evidence that p might be false, it is surely not as strong evidence
against p asis E. And surely the proposition E" that | might receive as evidence the proposition E' is
even weaker evidence against p. So too for E™, E™, etc. Yet Confidence impliesthat al of the
propositions in this series have something in common: they all count as evidence that p might be
false—evidence strong enough, that is, to remove justification for believing p.

That’swrong. As one proceeds along the seriesE, E', E", ..., the strength of the evidence one
finds against p clearly approaches a limit (after all, these strengths decrease and are, asit were,
bounded from below). But it’s quite implausible that this limit is anything but zero, or complete
irrelevance. At any rate, it is surely not above the threshold at which evidence against p becomes so
weak that oneisjustified in believing p, even in the face of it.

Sound familiar? Remove a grain of sand from a heap, and what remainsis still a heap. But
something must be wrong with this Heap Principle, else we get the absurd conclusion that one grain
of sand—for that matter, no grains—constitutes a heap. Confidence, it appears, shares exactly the
same problem.

| do not know how to solve this problem; certainly, the large and disparate literature on
vagueness suggests that doing so is no easy matter. But at the very least, amore cautious statement
of Confidenceis called for. The next section will introduce greater precision; until then, let us make
do with an understanding of Confidence as saying that if oneisjustified in believing p, then oneis
also justified in having a high degree of conviction—although not quiteas high—that one will not
receive veridical evidence that warrants withdrawing belief in p. This understanding helps clarify
why (if | am right) there cannot be a clear-cut counterexample to the less cautious statement of
Confidence: just asthe erosion in a heap that results when we remove asingle grain is dight, so too
the erosion in justified conviction that results when we shift focus from p to the claim that belief in
p will continue to be justified is slight. In each case, the change is too slight to take us from a

determinate instance of one category to a determinate instance of its opposite.
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This assmilation of the surprise exam puzzle to the sorites paradox has further payoffs.
Significantly, we can use it to arrive at a much better diagnosis of the student’ s reasoning than
either Quine or Wright and Sudbury provide. Recall that in order to complete the first step of his
argument, the student needed the premise that, come Friday morning, he will still be justified in
believing that an exam is scheduled. Granted that he is justified in maintaining a high degree of
belief in this claim about his Friday state, it may not be high enough to count as belief, smpliciter.
Andevenif itis, sothat he isjustified in ruling out Friday, there must come some point in his
argument at which an application of Confidence yields a proposition the grounds for which are too
weak to qualify asjustification for belief—for as we saw earlier, successive stepsin the argument
require successively iterated applications of Confidence. It would be a serious mistake to suppose
that, somehow, all of the applications of Confidence needed in the argument might succeed—for
that would be to suppose that the student justifiably believes the announcement, but at the sametime
is able to produce a cogent argument that it isfalse. No; if the student judtifiably believes the
announcement, then his reductiomust fail at some stage. But it need not fail at the first stage.

Still, too many questions remain open at this point. For example, exactly how close is the
analogy between Confidence and the Heap Principle? Not incredibly close, it would seem: for while
it surely requires many applications of the Heap Principle to move from a clear case of aheap to a
clear case of anon-heap, it requires at most a four-fold application of Confidence to move from a
clear case of aproposition justifiably believed to a clear case of onethat is not (this, on the plausible
assumption that the student justifiably believes the announcement). Again, is the student justified in
believing that the exam won'’t take place on Friday? On Thursday? The Confidence principle, even
when carefully stated, provides only vague advice on how to answer such questions.

What' s needed is a statement of Confidence careful enough to be true, while precise enough to

be useful.

9. The diagnosis completed: Confidence probabilified
The key isto represent, explicitly, the fact that opinion comesin degrees. | will, to begin, do this

in the usual way, taking the student’ s state of opinion at any time to be represented by a probability
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distribution over the propositions he can entertain, where a probability of 1 represents utter certainty
in the truth of the given proposition, a probability of O utter certainty in its falsehood, and
intermediate values correspondingly more moderate degrees of conviction. His conditional degrees
of belief—opinions he would express by such locutions as, “On the supposition that A istrue, it
seems so-and-so likely to me that B is true”—I will take to be represented by the corresponding
conditional probabilities Pr(B | A), understood to equal the ratio Pr(A & B)/Pr(A), at least when
both terms are defined, and Pr(A) * 0. | will assume that the student’ s opinions change over time
by conditionalizing on the accrued evidence: wheret' > t, and E is the evidence the student acquires
betweent and t', Prp.(A) = Pry(A | E), for al propositions A. | will assume that the student is certain
that his opinionswill changein thisway. Finally, | will assume that the student’ s degrees of belief
aredl justified, and will take the category of justified beli€f, in his case, to correspond to degree of
belief above a certain “belief threshold” b < 1.

(Having chosen to interpret “justified belief” in this way, we must pause to reevauate the
Principles, and their use in the earlier sections. Do they follow from suitable probabilistic analogs?
Alas, no: since a set of propositions al of which receive probability greater than b need not be
consistent, both Consistency and Closure fail. But the other Principles can be preserved, and the
failure of Consistency and Closure turns out not to matter: suitable replacements can be found
which legitimate the use of the Principlesin all of the arguments we have examined so far, save only
the argument that from J,(SE,,) and Confidence, J1(SE-1) follows. But even in this case, a slight
maodification makes the argument amenabl e to probabilistic treatment. The details are sequestered in
Appendix A.)

It would be silly to pretend that this model of opinion isn’t massively idealized. But it would be
almost as silly to fuss over this point, insisting that the model cannot be explanatory because, e.g.,
real agentsrarely have perfectly sharp degrees of belief, or never become certain of their evidence,
etc. (Compare: It would be foolish to argue that the ideal gas model does nothing to explain the
behavior of real gases, because real gas particles exert forces on each other, never engage in

perfectly elastic collisions, etc.) What is important is simply not to be taken in by features of the
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model that are, asit were, mere artifacts of the idealization. In the present case, we will eventually
relax the assumptions that the student’s “ subjective probabilities” are perfectly sharp, and that
thereis a perfectly sharp belief threshold; the other assumptions built into the model are harmless.
First, however, we need to consider whether we can find an analog of Confidence within this
probabilistic framework.

Aswe can, by again exploiting an analogy with expert opinion. Begin with a simple case:
Suppose | take someone to be an expert, at least with respect to the evauation of a certain
proposition p. Suppose, further, that | am certain—my subjective probability is 1—that her
subjective probability for p is x. Then it seemsthat my own subjective probability for p should be
X.29

What about the general case, where | am not sure of my expert’s opinion, but entertain various
hypotheses about it, assigning each a probability? Here, the natural quantity to focusonis my
conditional degree of belief in p, on the supposition that one of these hypotheses—say, that the
expert’ s subjective probability for p isx—istrue; and the natural value to assign to this conditional
degree of belief is, of course, x. (This choice receives some confirmation from a useful heuristic,
which states that an agent’s conditional probability P(B | A) isequal to the probability she would
assign to B, were she to become certain of A.30) If, for example, | have a subjective probability of
0.4 that her subjective probability for p is 0.9, and a subjective probability of 0.6 that it is 0.5, then
my own subjective probability for p isfixed at (0.9)(0.4) + (0.5)(0.6) = 0.66. Uncertainty about my

29That’s close, but not quite right. For surely | can treat this person as an expert, without having such complete
confidence in her opinion; put another way, my subjective probability that she is perfectly reliable can be very high
but still less than 1. If so, my subjective probability for p need not be exactly x. (It will be quite close. Specificaly,
if my subjective probability that she is perfectly reliableis 1-e, then my subjective probability for p must be in the
interval [x-xe, x-xe+e].) But for now let us simplify, and add the assumption that | am utterly certain of her
reliability. Shortly, we will see that for our present purposes, at least, this assumption loses us no generality.

30 The heuristic can’t be taken too seriously, though. For one thing, the counterfactual supposition should
really be that the agent becomes certain of A, and of nothing stronger; good luck finding, for typical choices of A,
realistic counterfactual scenariosin which that will hold. For another thing, there appear to be sraightforward
counterexamples. For example, let A be the proposition that there is life on Mars, and let B be the proposition that,
come tomorrow morning, | will assign a high probahility to A. Clearly, were | to become certain of A, | would aso
become certain, or nearly so, of B. But, even on the supposition that there is life on Mars, | still consider it highly
unlikely that | will think so, come tomorrow morning. So my conditional degree of belief P(B | A) is quite low.
(Still, thismay just be the first problem in disguise: for in becoming certain of A, | will also—barring cluelessness
about my own cognitive states—become certain that | am certain of A.)
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expert’ s opinion, then, does not prevent my judgments about her opinion from constraining my
own.3t

Consider, now, some future timet. Clearly, one sort of expert opinion | should recognize is my
own opinion, asit is at time t—at least, on the assumption that that opinion has evolved in the right
way from my current opinion, in response to veridical evidence | accrue between now and t. Putting
this observation together with the foregoing discussion, we arrive at the following close cousin of

Confidence;

Probabilistic Confidence: For any agent S, timest; and t, (t, > t;), and propositionp, S's

conditional probability for p at t;, on the supposition that she will accrue, between t; and t,, veridical
evidence which (given her t;-epistemic state) will rationally warrant assigning a probability of x to p,
should be x.32

To bring out the close relationship between our original statement of Confidence and this new,
probabilistic version, let us apply the latter to the case of the student, where we can make certain
simplifying assumptions. Specifically, we can take the student to be (justifiably) certain, on the

morning of day 1, that any evidence he accrues during the week will be veridical, and that his future

31 Further complications arise when we consider that | might possess evidence that is relevant to the evaluation
of p, but which | believe my expert doesn't possess. One reaction is that, in that case, sheis no longer an expert for
me; after all, | cannot think that she is epistemically better placed than | am, with respect to the evaluation of p. But
| think that’s hasty. For my expert may have that status not because | consider her better informed, but because |
consider her better able to assess the impact of evidence on the likelihood of p. (Compare: Sherlock Holmesis an
expert detective not because he possesses every clueto every crime, but because heis particularly adept at evaluating
such clues.) Supposing then that | possess evidence E relevant to p, what isimportant is not my assessment of her
unconditional degree of belief for p, but rather her conditional degree of belief for p, given E. Still further wrinkles
then arise if, for example, the hypothesis that she is areliable expert isitself relevant to p. (For related discussion,
see my “ Correcting the Guide to Objective Chance”, Mind 103, Oct. 1994, pp. 505-517.)

Fortunately, we can safely ignore these complications in the present case. For the “experts’ in question will be
future (that is, post-day-1) selves of the student, and we can safely assume that the student is certain that he
possesses no evidence that his future selveswon’t also possess.

32 This principleis, in essence, an appropriately qualified version of van Fraassen's “reflection” principle (see
his “Belief and the Will”, Journal of Philosophy 81 (1984), pp. 235-56, and also Gaifman’s “A Theory of Higher
Order Probabilities’, in Skyrms and Harper eds., Causation, Chance, and Credence (Dordrecht: Kluwer Academic
Publishers 1988), pp. 191-219), which states that if Sisto be rational, then her conditional probability for p, on the
supposition that her future probability for p will be x, must be x. This overly bold statement is subject to decisive
counterexamples (see for example Christensen’s “ Clever Bookies and Coherent Beliefs’, Philosophical Review 1991,
pp. 229-47), van Fraassen’ s recent defenses notwithstanding (see his “Belief and the Problem of Ulysses and the
Sirens’, Philosophical Sudies 77 (1995), pp. 7-37). Hence the qualifications that appear in the principle as |’ve
stated it are indispensable.
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states of opinion will be just those that are rationally warranted by such evidence (given his day-1

state of opinion). Then, letting the functions Pr;(-) represent his degrees of belief for each day i, it
follows from Probabilistic Confidence that for each i > 1 and proposition p, Pry(p | Pr;(p) = X) =
X.33

Suppose now that the student justifiably believes p—that is, Pry(p) =a >b.Letd=1- band e
=1- a;soe<d Thenforanyi>1, Ji(J(p)) iff Prey(Pri(p) > b) > b. Given Probabilistic
Confidence, an easy calculation showsthat Pri(Pri(p) > b) 3 1 - €/d, hencethat J,(Ji(p)) if e< d2.
(See Appendix B for the derivation.) By a second application (with ed in for e, and k <i), it follows
that Pry(Prg(Pri(p) >b) >b) 3 1- &d2. And so on: In general, Confidence “iterates’ n times—that
is, h(J1(Ji2(..-din(p))-..) holds, where1 < il<i2<... <in—if e<d"1. Confidence may iterate even
if this condition is not met; but thisis the weakest condition that guaranteesthe iteration. On the
reasonable assumption that typical cases of belief correspond to probabilities high enough above
the belief threshold for Confidence to correctly apply, it istherefore no surprise that that principle
should seem so appealing. (Shortly, we'll modify our model of belief in ways that will make its
appeal even less surprising.)

What of the arguments for Confidence | advanced earlier? Since | consider that principle
mistaken—and Probabilistic Confidence the appropriate, weaker replacement—I| need to rebut
them. Asfollows:

* Thefirst argument drew lessons from an analogy with expert advice. | reply that the correct
lesson is that Probabilistic Confidence is true, and not the stronger non-probabilistic Confidence
principle.

* The second argument relied on amodel of belief revision whose key feature was that when

your evidence E is compatible with what you were antecedently justified in believing, your new

33 Note that what is substituted for ‘x’ here must rigidly designate a number, else absurd conclusions too
quickly follow (the same goes for Probabilistic Confidence). For example, substituting ‘ Pr;(p)’ yields (because

“Pri(p) = Prj(p)’ isatautology) Prq(p) = Pri(p)—i.e., it isaconstraint on rationality that if you are certain that you

will receive only veridical evidence and that you will incorporate it in the right way, then your opinions cannot
change. Which, of course, issilly.
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justified beliefs are ssmply the result of conjoining your old ones with E. | reply that the model is
ingppropriate, once we recognize that belief comes in degrees. If, for example, evidence gets
incorporated by conditionalizing, then counterexamples are easy to come by, as there are plenty of
compatible propositions p and E such that Pr(p) > b and Pr(E) > b, but Pr(p | E) £ b.34

* The third argument noted that no principle weaker than Confidence will do, if we restrict
ourselves to the notion of justified belief. | reply that the argument weighs much more heavily
against the restriction than it doesin favor of Confidence.

Return now to the student. With Probabilistic Confidence in hand, it follows that he cannot be
certain of the professor’s announcement. For if heis, then—since e = 0—Confidence iterates
indefinitely, which as we saw earlier it cannot. This observation helps explain why the professor’s
announcement sounds a bit odd: while she hasn't asserted something the student cannot justifiably
believe (except in the 1-day case), she has asserted something his confidence in which can only be
so high. In fact, for an n-day week we know that, consistent with the student justifiably believing the
announcement, Confidence can iterate at most n - 2 times; it follows that we must havee? dn. Isthe
maximum such level of confidence (a = 1 - d") attainable? Yes: if the student assignsPr1(E;) = b
(just below the belief threshold), and in general Pry(E;) = b(1 - b)i-1, then Pr1(SE,) = 1 - d". What
this shows isthat asthe “week” getslonger, the maximum confidence the student can attach to the
announcement (on day 1) rapidly approaches 1 (assuming, plausibly, that dissmall). And thisin
turn helps explain why the announcement sounds less odd, the longer the week.

Asan illustration, suppose that the belief threshold b = 0.99. Then on one extreme we have the
probabilities that maximize the student’ s degree of belief that the announcement is true. We can
display these most perspicuously by listing, for each day, two numbers: the student’ s probability,
on the morning of day 1, that the exam will take place that day (call thisthe “initial probability”);
and his probability on the morning of the day itself, on the supposition that the exam has not yet

taken place (call thisthe “ surprise probability”):

341t s worth noting, however, that a close analog of this argument can be used to argue for Probabilistic
Confidence; see my “On deriving Reflection from orthodox Bayesianism* (ms.) for details.
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Distribution 1

day initial probability surprise probability
Monday 0.99 0.99

Tuesday 0.0099 0.99

Wednesday  0.000099 0.99

Thursday 0.00000099 0.99

Friday 0.0000000099 0.99

no exam 0.0000000001

This leaves a probability that there will be no exam quite low enough that the student qualifies
asjustifiably believing that a surprise exam will take place. Note that if these are his degrees of
belief—and they are warranted—then he also justifiably believes that the exam will take place either
Monday or Tuesday.

The table helps explain, informally, why this distribution maximizes the student’ s probability
that what the professor saysistrue. Consider an arbitrary disjunct of her announcement, (E; &
=Ji(E)). The student’s day-1 probability for this digunct is given by Pri(E & -J(E)) =
Pri(=Ji(E) | E)Pr.(E). But Pry(=J;(E) | Ej) = 1 if the surprise probability for day i is at or below
b, and = 0 otherwise.3> Correspondingly, Pri(E & -Ji(E)) = Pr1(E) if the surprise probability for
day i isat or below b, and = 0 otherwise. But if, in the table, the initial probability for any of the
daysisincreased, its surprise probability will be bumped over the belief threshold—and so that
initial probability will not contribute to the student’'s degree of belief in the professor’'s
announcement. These initial probabilities are, therefore, al aslarge as they can be, consistent with

them all contributing. Put another way, given the probabilitiesin thetable, it is possible for the exam

35To see this, recall that the student is certain that, for each i, his probability distribution on the morning of day
i will be the result of conditionalizing his day-1 distribution on the accrued evidence, and that the only relevant
evidence isthe record of whether the exam has yet taken place.
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to take place on any day, consistent with the truth of the announcement; no distribution which
increases any of theinitial probabilities has this feature.
Contrast this distribution with one which would have been appropriate, had the professor merely

announced that an exam was scheduled for the week, without claiming that it would come as a

surprise:

Distribution 2

day initial probability surprise probability
Monday 0.2 0.2

Tuesday 0.2 0.25

Wednesday 0.2 0.33

Thursday 0.2 0.5

Friday 0.2 1.0

no exam 0.0

Given distribution 2, the student is certain, on day 1, that there will be an exam—but considersit
only 80% likely that there will be a surprise exam (for only the first four days contribute to his
degree of belief in this claim). That iswell below any reasonable choice of belief threshold; so if we
grant that the student is justified in believing the announcement, this distribution cannot be
appropriate.

This obvious point is, for all that, quite important. Consider, for example, that it uncovers a
serious deficiency in Wright and Sudbury’ s discussion. Recall that they are at painsto insist that
an adequate account of the surprise exam paradox must show how the professor’ s announcement
can beinformative. But their own account does nothing whatsoever to explain what is distinctively
informative about her claim that the exam will come as a surprise. Surely, there should be a
significant difference between the student’ s opinions after hearing merely that there will be an

exam, and his opinions in the present case, after hearing that there will be a surprise exam; and
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surely this difference should be reflected in the student’ s assignment of probabilities. But Wright
and Sudbury’ s blithe pronouncement that the students have no reason to suppose that the exam
won't be on the last day suggests that they would consider distribution 2 to be perfectly
appropriate, even when it isa surprise exam that has been announced.

That is clearly an untenable position. Indeed, it might seem that comparison of distributions 1
and 2 yields the following lessons. By announcing that the exam will be a surprise, the professor
gives the student rational warrant (i) to assign some small but non-zero probability to the
hypothesis that there will be no exam at all; and (ii) to heavily skew his probabilities towards the
beginning of the week.

In fact, though, thisis hasty. Asto (i), it is quite possible for the student to be certainthat there
will be an exam, while still assigning a very high probability to the professor’ s announcement (one
well above the belief threshold): for example, modify distribution 1 by changing the probability of a
Friday exam from 0.0000000099 to 0.00000001; this merely lowers the probability of the
announcement from 1 - 10-10to 1 - 10-8. And at any rate, utter certainty that there will be an exam
isnot called for, even when the professor doesn’'t claim that it will be asurprise. (After al, thereis
some small probability that the world will come to an end before Friday, etc.) Asto (ii), it would be
madness to think that the student’ s probabilities should be skewed as much as those of distribution
1. It'snot just that that distribution depicts massive overconfidence that the exam will be on the first
day; it's that no matter how many days pass without an exam, this overconfidence remains
undiminished, in the sense that each morning, the student remains all but certain that the exam will
take place that day. Surely the announcement that the exam will come as a surprise does not warrant
skewing the probabilities this much. In fact, the student can assign a high probability to the
announcement, while distributing probability evenly over the five available days, as distribution 3

shows:

Distribution 3

day initial probability surprise probability




How to set a surprise exam 44

9

Monday 296 0.1996
Tuesday 1o 0.2494
Wednesday 7o 0.3322
Thursday 7o 0.4975
Friday o 0.99
no exam o

Distribution 3 leaves aresidual probability of just over 0.002 that no exam will take place, and
so a probability of just under 0.998 that the announcement is true—still high enough that the
student counts as believing it. There is, however, no way to increase this probability without
skewing the distribution toward the beginning of the week. So a more cautious statement of the
lesson is called for: Any probability for the announcement high enough to qualify as belief must
result from adistribution which either skews the probabilities towards the beginning of the week, or
assigns some (small) probability to the hypothesis that no exam will take place; the probability for
the announcement will be higher, to the extent that both of these features are present.

It is an unwelcome artifact of the model that it assigns a perfectly sharp belief threshold; in
reality (and even when we relativize to a context) things are surely fuzzier. Better to relax this aspect
of the idealization, and say that thereis a range of probabilities (no doubt varying with context),
bounded by an upper belief threshold above which one finds determinate cases of belief, and a
lower belief threshold below which one finds determinate cases of non-belief; in between one finds
cases that are indeterminate as between belief and non-belief. (Of course, it’'salso an artifact of this
amended model that the range of indeterminacy itself has perfectly sharp boundaries. But we won'’t
gain any further explanatory power by trying to relax this assumption.) Observe that if the upper
threshold b* and the lower threshold b- are such that (1 - b*) £ (1- b-)2, then, given Probabilistic
Confidence, no single application of the original Confidence principle can take us from a

determinate case of belief to a determinate case of non-belief—a vindication of my earlier claim that
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that principle has no clear-cut counterexample, and hence a further explanation of why Confidence
seems (like the Heap Principle) so appealing.

Furthermore, we no longer need to say—implausibly—that once the probability the student
assigns to the announcement isfixed, it is perfectly determinate on which of the days heisjustified
in believing the exam will take place. For example, suppose that the upper belief threshold bt =
0.99, and the lower belief threshold b- = 0.9. And suppose the student assigns his probabilities as

follows:

Distribution 4

day initial probability surprise probability
Monday 0.31 0.31

Tuesday 0.31 0.449

Wednesday 0.31 0.816

Thursday 0.062 0.886

Friday 0.007 0.875

no exam 0.001

According to distribution 4, it is determinately true that the student believes a surprise exam will
take place during the week, since the probability that it will is0.999. It is also determinately true that
believesit will take place before Friday, since the probability that it will is0.992. And, finally, itis
determinately true that he doesn’t believe it will take place before Wednesday, for the probability
that it will is only 0.62. But it is indeterminate whether he believes it will take place before
Thursday, as the probability of 0.93 isin the ‘penumbral’ region.

Consider, now, versions of the story in which the week is shorter. Understanding “-J(p)” to
mean that it is determinate that the student does not justifiably believe that p on the morning of day
i, it quite obviously follows, in the 1-day case, that it is determinate that the student does not

justifiably believe the announcement, since the probability he can give it must be lessthan b-. The 2-
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day case is abit more interesting, at least given the assumption that the range of indeterminacy is
such that (1-b*) £ (1 - b-)2. For in this case the student must give the announcement a probability
lessthan 1 - (1 - b-)2; while this can easily be high enough not to count as a determinate case of
non-belief, it will be too low to count as a determinate case of belief. In other words, it is at best
indeterminate whether the student isjustified in believing the announcement. Intuitively, this seems
right: when asked to judge the matter, we feel uncertain what to say about the 2-day case.

Not so the 3-day case, where | think it is clearer that the student can justifiably believe the

announcement. Given our choice of upper and lower belief threshold, distribution 5 vindicates this

judgment:

Distribution 5

day initial probability surprise probability
Monday 0.55 0.55

Tuesday 0.40 0.89

Wednesday 0.044 0.88

no exam 0.006

The importance of these remarks will become clear when we focus, in the next section, on a
guestion discussion of which must surely seem long overdue: Exactly how should the student
distribute his probabilities, in response to the professor’ s announcement? We have seen various
possible ways that he can distribute them, but no argument for why any of these distributionsis
rationaly appropriate—and so no argument for why the student is justified in believing the
announcement. For it surely won't do for him to say, “Well, | should distribute my probabilitiesin
away which maximizes the probability that the announcement is true, without skewing things too
much towards the beginning of the week.” It’s not that this claim isfalse; in fact, | think that is
(roughly) how he should distribute his probabilities. It’s that it smply overlooks the need to

providereasons for thisimperative. After all, it’s not that the student is, e.g., justified in assigning
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some small-but-non-zero probability to there being no exam merely because doing so is necessary,
if heisto assign a high enough probability to the announcement without excessive “skewing”; for
why is he obligated to assign his probabilities in thisway? No, the professor’ s behavior must give
him some more direct reasons for this assignment, and for his other assignments. L et us consider

what such reasons might be.

10. Justifying the probabilities

Infact, it is not difficult to argue that distribution 4 describes a rationally appropriate response
the student can have to the announcement—at least, on the assumption that the professor has
heretofore given the student no reason to consider her untruthful, deceptive, or devious. (The force
of this assumption will become clear as we proceed.) I’ll begin with a quick sketch, and then trace
through the argument more carefully.

The student needs to consider two hypotheses. The far more plausible one—given, aswe are
assuming, that he has always known the professor to be honest, straightforward, etc.—isthat sheis
not only intending to speak truthfully in making the announcement, but also intends that the student
shall never have reason seriously to doubt her sincerity, in the ensuing days. The student should
therefore reason that if thisis the case, then she will set the exam early enough that it will, on every
morning, remain determinately true that he isjustified in believing her announcement. | will argue
below that this rules out both Friday and Thursday. But it would be a serious mistake to conclude
that the student should, on Monday morning, consider it certainthat the exam will take place before
Thursday. No, even though this is extremely likely, he must reserve some probability for the
alternative hypothesis that the professor is not, in thisinstance, being honest, straightforward, etc.
This hypothesis admits of subcases: (i) she might be lying, and not planning to give an exam at all;
(i) she might be telling the truth, but also be planning to play atrick on the student by waiting until
Friday, and so making it the case that, determinately, he can no longer justifiably believe her; (iii)
she might be planning to be just alittle bit deceptive, by waiting until Thursday, and so making it

that case that the student can no longer determinately justifiably believe her. Of these, (i) redounds
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most to her discredit, and (iii) least; accordingly, the student should consider (iii) likelier than (ii),
and (ii) likelier than (i).

Now let’s run through it again, more slowly.

To begin, the student should recognize that if there is an exam, then it will—with
certainty—come as a surprise. For if not, then there must be some i such that Pr1(J;(E)) > 0. How,
by the student’ s lights, could J(E;) come out true? Not if the exam takes place beforeday i, since
the student is certain that if this happens, he will remember it, and so J (-E;) will be true. But if it
doesn’t, then—since J (E;) entails J(-SEs)36—it must somehow be the case that even though an
exam has not yet taken place, and even though the student justifiably believes that the professor’s
announcement was false, heis il justified in believing that an exam is scheduled. This could easily
be the case if he receives extra information about the exam—say, by sneaking a look at the
professor’ s notes, and discovering that she has set it for day i. But not otherwise. And since one of
our assumptions is that the student is certain, at the outset, that he will receive no such extra
information, it follows that he is certain, at the outset, that the exam will come as a surprise, on the
supposition that it isindeed scheduled. In other words (or rather symbols), Pr1(SEs | E1 v ... v Es)
=1

It doesn’t yet follow that the student isjustified in believing that SEs. Ishe? Yes. For in the first
place, heiscertain that it is entirely within the professor’ s power to make it the case that SEs comes
out true; and in the second place, nothing she has done casts sufficient doubt on her credibility to
undermine his presumption that she has made the announcement sincerely, and so will exercise this
power.

Contrast the 1-day case: There, she makes an assertion which, the student knows, she knows he
cannot possibly justifiably believe; in so doing she violates a central conversational norm, and so
renders herself—at least with respect to her announcement—no longer credible. That iswhy, in the

1-day case, the student isrationally required to suspend belief about whether there will be an exam.

36For by Introspection, J(E) entails J,(3(E))), hence by Closure J(E & J/(E)), hence J(=SEs).
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This does not mean that he shouldn’t consider an exam likdly; for plausibly, even in the 1-day case,
he should consider it much more likely that the professor is being truthful but mischievous than that
sheislying. And, of course, if his background knowledge were sufficiently different—if, for
example, he knew that she loved to play tricks on her students, whenever possible—he might be
justified in believing that an exam would take place, and so justified in believing that she had spoken
falsely. But if his background knowledge is that she has aways been truthful, non-deceptive, etc.,
then that knowledge must leave him in a state of doubt about her intentions.

Not so in the 5-day case. Perhaps she has violated a conversational norm, even in this case: for
even though she has not said something the student cannot possibly justifiably believe, she has said
something to which he cannot possibly assign a probability greater than 1 - (1 - b-)°. And this
infraction (if such it be) might give him some reason to doubt her credibility. But not enough to
prevent him from (determinately) justifiably believing that she will give an exam. So Pry(E1 v ... v
Es) >Db*. Therefore, since Pry(SEs) = Pri(SEs |[E1 v ... VE5)Pri(E1 v ... v Es), Pri(SEs) > b*. In
other words, the student is justified in believing the announcement.

All the same, he must assign some non-zero probability to the hypothesis that the exam will not
take place. For we have already seen that Pr1(SEs | E1 v ... v Es) = 1. It follows at once that if
Pri(Ey v ... v Es) = 1, then Pry(SEs) = 1, which is impossible. So even though the student
justifiably believes the announcement, he must reserve some probability e < 1 - b* for the
hypothesis that the exam won't take place.

Consider next the probability d that the student should attach to the hypothesis that the exam is
on Friday. Now, if the professor waits until Friday to give the exam, then she will have acted in such
away that the student can no longer justifiably believe that she has spoken truly. Worse: Her
announcement will come true precisely because she has waited so long that the student can no
longer trust it, and so cannot take it as providing him with reason enough to believe that there will be
an exam. That’ s utterly sneaky—in contrast with, say, a Wednesday exam, which would warrant no
such accusation. Furthermore, the professor is perfectly aware that a Friday exam will have this

effect; so unless she wishes to be quite mischievously deceptive, she will not wait that long. The
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student knows all this—and has, moreover, no reason aside from the announcement to consider the
professor deceptive in thisway. So d should also be smal—smal enough, plausibly, that the
student is (determinately) justified in believing not only that an exam will take place, but that it will
take place before Friday.

What about theratio of d to €? To reckon this, the student needs to consider how probable he
will take an exam to be, should Friday morning arrive with no exam having yet taken place.
Plausibly, the student should, in such a situation, consider it much more likely that the professor is
being mischievously deceptive than downright untruthful; the valuesfor d and ein distribution 4
reflect this judgment.

The student also has some reason—though not nearly so decisive—to think that the professor
will not wait until Thursday to give the exam. For if she does, then even though it will not (as with
Friday) be determinately true that the student can no longer justifiably believe the announcement, it
will also not be determinately true that he can. So, while letting such a situation develop is not as
deceptive as waiting until Friday, it is still not what one would expect from afully cooperative
conversational partner; the student should therefore consider a Thursday exam much more likely
than a Friday exam, but somewhat less likely than a Monday, Tuesday, or Wednesday exam. Again,
distribution 4 captures these constraints nicely.

To complete the argument, we need merely note that since the student can, on Wednesday,
continue to (determinately) justifiably believe the announcement, even if it has not yet taken place,
he has no reasons of the sort that tell against Thursday and Friday to doubt that the exam will be on
Wednesday, or on an earlier day. Since he clearly has no other reasons which should lead him to
judge one of the first three days alikelier choice than any of the others, his probabilities should—as
in distribution 4—be flat over these options.

Still, it would be ridiculous to pretend that the argument just given shows that the exact numbers
that appear in distribution 4 are uniquely justified. Rather, there is a large family of such
permissible distributions, each with roughly the same “shape”. As for the student, we could say

that he can, permissibly, adopt any of these distributions as his opinion; or better, we could say that
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his opinion isvague, and is represented by the family as awhole, in the sense that the probabilistic
judgments he determinately endorses are exactly those made true by every member of the family.37
These details are not important, so long asit is recognized (i) that it is determinate that the student
justifiably believes the announcement, justifiably believes that the exam will take place before
Friday, and does not justifiably believe that it will take place before Wednesday; and (ii) that it is
indeterminate whether the student justifiably believes that the exam will take place before Thursday.

It's worth emphasizing, once again, that the student’s justification for these opinions depends
crucialy on his background knowledge of the professor’s character. Of course, this knowledge
need not be as we are supposing. If, for example, he knows her to have awicked sense of humor, he
might reasonably judge a Friday exam to be more likely than an exam on any of the earlier days.
Still, al that matters for our purposesisthat it be possible that the student’ s background knowledge
justify him in reasoning in the way just outlined, and so justify him in assigning his probabilities
after the manner of distribution 4. It’s not that I’ ve chosen to focus on distribution 4 because of its
great intrinsic interest; it’s that the reasoning which supportsit neatly illustrates two important
points.

Thefirst isthat the professor’s addition that the exam will come as a surprise makes a great
deal of difference (to be exact, it makes the difference between distributions 2 and 4), but for aquite
unusual reason. Ordinarily, the informational value of an assertion is a simple function of its
content: e.g., the professor announces merely that there will be an exam, and the student, taking her
to be wholly trustworthy, simply incorporates this news; having no reason to favor one day over
another, he adopts distribution 2 accordingly. But the additional claim that the exam will come asa

surprise changes things dramatically, both by raising some small doubt as to whether there will

3’Notice that if (justified) subjective probabilities are typically vague, then there is reason to think that there
will be no clear-cut counterexamples to the non-probabilistic Confidence principle, even on the assumption that the
belief threshold is perfectly sharp. For suppose that there is a sharp belief threshold b, and that an agent is,
determinately, justified in believing p. Then her vague probability for p will span someinterval (a1,a5,), with both
aq,a, > b. Then unless the upper bound a, is so low that (1 - a,) £ (1 - b)?, the agent’ s vague probability for J(p)
will span an interval which, at worst, will properly contain b--and so, at worst, it will be indeterminate whether the
agent justifiably believes that J(p).
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indeed be an exam, and—more interestingly—by making it the case that a Friday exam (and to
some extent a Thursday exam) will constitute a blatant violation of the trust that the student has
heretofore placed in the professor. So the way in which the student extracts information from the
announcement is unusually subtle, involving explicit consideration of hypotheses about the
professor’ sintentions (i.e., whether sheislying, or being mischievous, or neither) that is ordinarily
guite unnecessary. At any rate, it patently does not involve the straightforward incorporation of the
“news’ that he will be surprised.

The second and perhaps more surprising point is that the reasoning which leads to distribution
4 illustrates that even if the student isjustified in ruling out Friday (or earlier days), his argument

for this conclusion is circular. Explaining why merits a section of its own.

11. Thecircularity in the student’s argument

First, afew words about the notion of circularity arein order.

Asfar as| can see, this notion presupposes two other, more basic epistemological notions. The
first isadistinction between directions of justification. | don’t know how to define this distinction,
but it is so utterly commonplace that it is readily fixed by examples. Thus, | might justifiably believe
both that the ambient air temperature is 80° and that my very accurate thermometer registers 80°; but
thereisacrucial difference between these beliefs, in that the latter serves as my reason for the
former, and not vice versa. Justification is asymmetric: if it flowsin one direction, it does not flow in
the other.

Of course, the asymmetry in this particular example could have been reversed: | might have
consulted a second thermometer to figure out the temperature, and from this determined what the
first thermometer’ s reading must have been. That shows that what justifies what is a context-
sensitive matter, and so too whether an argument is circular: In the first example, to argue against
someone who doubts the accuracy of my thermometer by appeal to the fact that the ambient air
temperature is 80° is blatantly circular, whereasin the second exampleit isnot circular at all.

The second example aso illustrates the second important notion: For while my belief about the

one thermometer justifies my belief about the other, it does not do so “directly”, asit were, but
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only by way of my belief about the ambient air temperature. Justification of one claim by another is
often, in other words, mediated

Equipped with these two notions, we can give afairly straightforward definition of “circular
argument”. Observe first that all circular arguments have the feature that one or more premises do
not, in the context, serve to justify the conclusion. But thisis not a defining feature, since it is shared
in common by arguments whose premises and conclusion are wholly irrelevant to each other. Nor
should we say that what distinguishes circular arguments is that the conclusion serves, in the
context, to justify one or more of the premises; that’s often so, but misses the ssmplest case of “p,
therefore p”. The intuitive idea, rather, isthat one or more of the premises are such that any
judtification that is available for them will already justify the conclusion. The sense of “aready” is
obviously not temporal; it is rather that this justification of the conclusion failsto proceed by way of
the premises. Bearing in mind that we do not wish to count an argument as circular smply because
some premise is brute—in the sense that there is nothing, in the context, that could serve to justify
it—we arrive at the following definition: An argument is circular just in case at least one of its
premises (i) has some justification available to it (in the context); and (ii) is such that any available
justification of it aso justifies the conclusion—nbut not by way of the given premise.38

It remains to show that the student’ s argument is circular.

Begin with amuch simpler case than our story. Suppose that the professor explains that she
will choose the exam day as follows: Before the first class, she will (in secret) draw a card at
random from a well-shuffled deck. If it is a spade, she will return it, shuffle, and draw again. She
will continue in this way until she draws a non-spade, or until she has drawn five times, whichever
comesfirst. If she draws five spadesin arow, there will be no exam; otherwise, its day will be given
by the number of draws it took her to get a non-spade.

The student is adept at calculating the relevant probabilities, and so adopts

38There are annoying cases which this definition doesn’t quite fit. For example, it might be that no single
premise has these features, but some collection of them does. Or it might be that the argument is “partly” circular,
in the sense that some of the premises have the given features, while others straightforwardly justify the conclusion.
I’m going to ignore these complications, since the definition is, as stated, good enough to go on with.
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Distribution 6

day initial probability surprise probability
Monday 0.75 0.75

Tuesday 0.1875 0.75

Wednesday 0.0469 0.75

Thursday 0.0117 0.75

Friday 0.0029 0.75

no exam 0.00098

Given our earlier choices of upper and lower belief thresholds, it is, as before, determinate that

the student justifiably believesthat SEs. It is also determinate that he justifiably believes that J5(E; v

...V Es), since the probability that he assigns to this proposition is greater than 0.996. And that

means that the first stage of the student’ s argument islogically impeccable:

1
2
3
4,
5
6
7

SEg

-E5

Es

J5(-E1 & -E» & -E3 & —Ey)

J5(E1 VE, VE3 VEL Vv Es)

J5(Es)
-J5(Es)

hypothesis
2, Principles

3,4, Principles
1,2, Principles
5,6

Since the student isjustified in believing that J5(E1 v E; v Es v E4 v Es), heis certainly entitled

to introduce it as a premise at step 4. Furthermore, heis aso entitled to the conclusion—that since

(ashejustifiably believes) SEs is true, the exam will not take place on Friday—for his (justified)

probability that it will not is greater than 0.997.
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All the same, his argument for this conclusion substantially misrepresents his reasonsfor it, in
the way that circular arguments typically do: it presents as a reason for its conclusion something
which, in the context, receivesits very justification from that conclusion.

For consider why the student isjustified in believing that, come Friday, he will justifiably believe
that an exam is scheduled: his reason for thisis simply that he justifiably believes that, come Friday,
the examwill already have taken place (and that he will remember this, etc.). After all, on the
assumption that the exam doesn’t take place before Friday, he is certain that he won't, then,
justifiably believe that one is scheduled, since he will assign this hypothesis a probability of only
0.75. And he justifiably believes that the exam will take place before Friday simply because he
justifiably believes that the professor will decide the exam day in the way she has described. It is
not that he reasons, “Well, come Friday | will justifiably believe that an exam is scheduled; but
since that requires that the exam not take place on Friday, | can conclude that the probability that it
will is extremely small.” That's quite backwards. The student starts out knowing what the
probabilities are, and concludes that since a Friday exam is so unlikely, he will almost certainly
retain through Friday hisjustified belief that an exam is scheduled. In short, the only justification
available for the “premise” that J5(E1 v E2 v E3 v E4 Vv Es) traces to the student’ s knowledge of
how the exam day will be determined; while this does indeed justify the “conclusion” that —Es, it
manifestly does not do so by way of the “premise”.

Exactly the same points hold of our story; the only difference is that the student’s basis for
distributing his probabilitiesis not so crystal clear. Instead of relying on his knowledge of an
explicit probabilistic mechanism, he must rely on his knowledge of the professor’ s character, and
judge the likelihood that she islying, or being mischievous. Perhaps these hypotheses should, in
light of his background knowledge, receive such alow probability that he counts as justifiably
believing that the exam will take place before Friday. If so, he can conclude that come Friday, he
will still justifiably believe that an exam is scheduled, because it will already have happened. Note

well the direction of judtification: His knowledge of the professor’'s character justifies his
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distribution of probabilities, which in turn justifies hisbelief that Js(E; v Ex v E3 v E4 Vv Es). Once

again, the argument is circular: the justification for the premise already justifies the conclusion.

12. Recapitulation and open questions

Even if it is correct in every particular, the discussion to this point leaves several questions
unsettled, and raises others. I'll highlight those | consider most important:

* It remains unclear how the story isto be understood if “surprise” is defined as prior lack of
knowledge, instead of prior lack of justified belief. If we could take knowledge to be justified true
belief, the analysis presented here would transfer over pretty much intact. But we can’t—at least, not
in general, and | don’t see any decisive reason why our story is an exception.

* It remains unclear whether, in making her announcement, the professor has violated any
conversational norms—and if so, which ones. It’s quite clear, | think, that she has committed an
infraction in the 1-day case. But even here, one might dispute my claim asto its nature: namely, that
she has said something she knows her audience cannot justifiably beieve. (After dl, as my
colleague Michael Glanzberg has pointed out, situations can easily arise in which oneis obliged to
make assertions one knows can only be treated with incredulity.) So more work needs to be done
on these “pragmatic” aspects of the surprise exam.

* It remainsless clear than | have, perhaps, made it appear what the relation is between belief and
degrees of belief. The model | presented is beguilingly smple: “Belief” is a vague term;
determinate cases of belief are degrees of belief above a contextually determined upper threshold,;
determinate cases of non-belief are degrees of belief below a contextualy determined lower
threshold; degrees of belief in between these thresholds are opinions whose status as belief is
indeterminate. While | am convinced that this model provides the right framework for devel oping an
adequate diagnosis of the surprise exam, | am also fully aware that it stands in need of more

justification and elaboration than | have been ableto giveit.
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Still, my analysis (if correct) goes along way towards dissipating the air of paradox that has
surrounded the surprise exam—and in the process, reveals several interesting facets to the concept
of justified belief. Let’sreview:

Superficially, the surprise exam appears to present us with a genuine paradox: for the student
has produced an apparently sound argument for a transparently false conclusion. But that
appearanceis easily dispelled, once we see that the first steps of the reductio require that the student
justifiably believe the very statement that isitstarget. Still, amore substantial problem lurks beneath
the surface, since it appears that we can construct a sound argument that the student cannot
justifiably believe the announcement, no matter the number of days—and thisis surely false. But
the argument’ s crucial premise—Confidence—is, even though extremely plausible, false. What
explainsits plausibility? Answer: the truth of its slightly weaker cousin, Probabilistic Confidence.
This principle entails not only that typical instances of Confidence will be determinately true, but
also, plausibly, that no instance of Confidence will be determinately false (at least when that
principle is applied to a proposition determinately justifiably believed).

Endorsing Probabilistic Confidence allows us to safeguard the student’ s justified belief in the
exam in anatural and well-motivated fashion. Perhaps more importantly, the refinement that comes
from describing the student’ s opinions within a probabilistic framework enables usto draw aclear
picture of the way in which announcing asurprise exam gives the student extrainformation. For by
adding the “surprise” clause to her announcement, the professor has rendered salient hypotheses
that ordinarily wouldn’'t matter to the student: namely, that she is lying—or, more interestingly,
telling the truth, but also mischievoudy planning to act in such a way that the student will,
eventudly, no longer be able to believe her. It's not that the student should consider these
hypotheses at all likely; given his background knowledge of the professor’'s character, he
shouldn’t. But because he shouldn’t, he should consider it very likely that the exam will take place
before Friday, and should even consider it fairly likely that it will take place before Thursday.

Notice that the probabilistic character of these judgments blocks our reductio of the claim that

the student justifiably believes the announcement. For while he is, indeed, determinately justified in
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believing that the exam will take place before Friday, hence justified in believing that a surprise
exam will take place in thefirst four days, his warranted degree of belief in this claim must be lower
than his degree of belief in the claim that a surprise exam will take place in the first five days.
Moreover, the most that can be expected at the next step is that the student is not determinately not
justified in believing that a surprise exam will take place in the first three days. And he
is—determinately—not justified in believing that a surprise exam will take place in the first two
days.

Finally, we can see that even though at least the first step of the student’ s argument manifests
no logica flaw—in that it isvalid, and heisjustified in believing its premises—its force as a reason
for ruling out Friday isvitiated by its circularity. For in order to argue from the premise that he will,
come Friday, justifiably believe that an exam is scheduled, he must already be justified in believing
that the exam will take place before then.

It is not that one can never use the fact that one will have some justified belief as a basis for
drawing further conclusions. In fact, one reason the circularity in the student’s argument is so
easily missed is that the first steps closely mimic an argument that—had the announcement been
dightly different—would have been perfectly acceptable. For suppose the professor merely
announces that an exam will take place during the week. Then, as in our story, the student is
justified in believing that, come Friday, he will justifiably believe that an exam is scheduled.
But—unlike our story—heisaso justified in concluding from this, without a trace of circularity,
that if the exam takes place on Friday then it will not be a surprise. To be sure, heisjustified in
believing this conditional in our story, as well: but only because heisjustified in believing its
antecedent to be false—and this for reasons that his stated argument entirely misrepresents.

Looked at another way, the student’s argument involves some deft doublethink: He first
pretends that the professor has merely announced an exam, and from this premise correctly
concludes that if it takes place on Friday, it won't be a surprise. He then lifts the pretense, and

appeal s to the (incompatible) premise that she has announced a surprise exam; maintaining the
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illicitly drawn conclusion that if the exam takes place on Friday, it won’t be a surprise, he concludes
that if she has spoken truly then the exam cannot take place on Friday.
Asthe extengive literature on the surprise exam attests, a cleverer piece of misdirection would be

hard to find.
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Appendix A: Probabilistic versions of the Principles
Begin with those of the Principles that have ready probabilistic analogs:
For Memory we can substitute the following:
P-Memory: for al i,k withk > i, E; E Pri(E) = 1, and =E; E Pry(-E) = 1.
For Introspection we can substitute the following:
P-1ntrospection: if Pri(p) = X, then Pri(Pri(p) = x) = 1.

For Analyticity we substitute P-Analyticity: the claim that, as far as the opinions of the student
are concerned, the probabilistic version of the Principles count as anaytic to the concept of
warranted degree of belief. (Hence the student is certain of every consequence of them.)

For the Iron L aw we make no substitution (but observe that in the presence of Analyticity, the
student is certain that there can be at most one exam).

Consistency and Closure are the sticking points. First we should reconceive them, thus:

Consistency*: If Jip, then p is nhot a contradiction.

Closure;: If Jp, and q is aconsequence of p, then Jq.

Closurey: If for all p1 S, dp, and qisthe conjunction of the members of S, then Jq.

Observe that nothing has been lost, in that the conjunction of Consistency and Closure is
equivalent to the conjunction of Consistency*, Closure;, and Closure,. For Consistency* follows
from Consistency, and likewise Closure;, and Closure, each follow from Closure. To see the
converse, let g be the conjunction of those proposition p such that Jp. Any consequence of these
propositions is a consequence of g. By Closurey, Jq holds; hence by Closure;, Closure holds, and
by Consistency*, qis not acontradiction, and so Consistency holds.

Our representation of justified belief as justified degree of belief at or above the threshold b
automatically yields Consistency* and Closure;; soit is Closure, that is the sticking point. It quite
clearly cannot be recovered. But happily, we do not need it, as al of the argumentsin the text—save

one—can be reconstructed relying only upon the following corollary:

Closures: If Pri(pg) = Pri(p2) = ... =Pri(pn) =1and Jg,then J(p1 & ... & pn & Q).
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Since Pri(p1) = Pri(p2) = ... =Pri(pn) =1and Pri(q) 3 b impliesthat Pri(py & ... & pn & Q)
3 b, Closures also follows from our account of justified belief.

I’ll now rehearse two representative arguments from the text. The trick will be to make explicit
those points at which Closures is used, and then check to seethat its use isindeed legitimate.

| argued, for example, that if Persistence holds, the announcement is true, and the student

justifiably believeit, then the exam cannot be on Friday:

1. SEs hypothesis

2. JN(SEs) hypothesis

3. Es hypothesis for reductio
4. J(EsvE;VE3VE4VES) 2, Principles

5. JB(E1VE,VE3VE4VES) 4, Persistence

6. Js(-E1 & —~Ey & -~E3 & -Ey) 3, Principles

7. Js(Es) 5,6, Principles

8. -J5(Es) 13

For which the appropriate reconstruction isthis:

1. SEs hypothesis

2. JN(SEs) hypothesis

3. Es hypothesis for reductio
4. JW(EsvE;VE3VE4VES) 2, Closure;

5. JB(E1VE,VE3VE4VES) 4, Persistence

5.1 -E; & -Ep & —-E3 & -E4 3, Iron Law

5.2 J5(-E1) & ... & J5(-Eq) 5.1, Memory

6. Js(-E1 & —~Ey & -~E3 & -Ey) 5.2, Closures

6.1 J5((-E1 & ... & -E4) & (E1V ... VESg)) 5,6, Closures
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7. Js(Es) 6.1, Closure;
8. -J5(Es) 1,3, IronLaw
Step 6 islegitimate, since what Memory givesusin 5.2 isin fact Prs(-E;) = ... = Prg(-E4) = 1; it

followsthat in 6 wein fact have Prs(-E; & -E» & —E3 & -E4) =1, hence 6.1 islegitimate as well.
Let us next examine the student’ s argument that the exam cannot take place on Friday. It will be
easiest if we do not express this as a piece of natural deduction, but make explicit those places

where conditionals are introduced. Thus;

Es E J5(-E1 & —E» & —-E3 & —E4)

J5(E1 VE, VE3 VEs Vv Es)

Es E J5(Es) 1,2
Es E —J5(Es)

o » w DR

= 34

We are assuming that the student is justified in believing the announcement, and so (thanks to
the Iron Law, Closure;, and an application of Closure; whose legitimacy is easily checked) justified
in believing 4. We are taking for granted that Confidence yields hisjustified belief in 2. Itis, finaly,
easily verified that he isjustified in believing 1, and in fact justified in believing the stronger
conditional Es E Prs5(-E; & -E» & —E3 & —~Ey4) = 1. It follows that the tacit use of Closures to
derive 3islegitimate, and hence that the argument is valid.

But even though it isvalid, and the student isjustified in believing the premises 1, 2, and 4, it
does not follow that heisjustified in believing the conclusion 5. Thiswill follow, provided he is not
only justified in believing but (justifiably) certain of at least two of these three premises. It iseasily
checked that our principles entail that he isjustifiably certain of 1. But they do not entail that heis
justifiably certain of 2, or that he isjustifiably certain of 4.
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Happily, this does not matter, since our principles do entail that if heis not justifiably certain of
4, then heisjustifiably certain of 2. Asfollows: Suppose heis not justifiably certain of 4. It follows
that Pry(=Js(Es) | =E1 & ... & =E4) t 1, hencethat Pri(Js5(Es) | =E1 & ... & —E4) * 0. But the
student is certain about what his Friday state of opinion will be, on the supposition that the exam
has not taken place by then. So if Pr{(Js(Es) | "E1 & ... & —-E4) * O, then it must be that
Pri(Js(Es) | =E1 & ... & =E4) = 1. It followsthat Pri(J5(Ey V ... VEs) | 7E1 & ... & —E4) = 1;
since our principles entail that Pri(Js(E1 v ... VEs) | E1 v ... v E4) = 1, it likewise follows that
Pri(Js(Ey v ... VEs)) = 1.

So even when we recognize that the picture of belief that underlies the original Principlesistoo
crude, and that the probabilistic replacement entails that there will be valid arguments whose
premises are justifiably believed, but whose conclusion is not, we can aso see that the student’s
argument is not one of these. (Of course that is small comfort, given itscircularity.)

Findly, we must examine the argument that from Confidence and the Principles we can

conclude that J; (SE;,) entails J(SEn.1):

1. J(SE)) hypothesis

2. JW(Erv...vEpy) 1, Principles
3. J((Erv...VE) 2, Confidence
4. J(EnE n(-E1 & ... & =En.1)) Principles

5 Ji(E, E J(E) 3,4, Principles
6. Ji(E,E -J\(En) 1, Principles
7. J(-Ep) 5,6, Principles
8. Ji(SEn-1) 1,7, Principles

This argument cannot be successfully reconstructed as it stands. It is fine up through step 7. But
the tacit appeal to Closures that yields 8 is not legitimate, as the following model demonstrates. For

suppose thereis asharp belief threshold b = 0.9, and consider the following probabilities:
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Distribution 7

day initial probability surprise probability
Monday 0.3 0.3

Tuesday 0.3 0.43

Wednesday 0.3 0.75

Thursday 0.098 0.98

Friday 0.001 0.5

no exam 0.001

Since the student is certain that the exam will not be a surprise, on the assumption that it takes place
on Thursday, only the other four days contribute to Prq(SEs). Still, since Pr1(SEs) = 0.901 > b,
J1(SEs) holds. And, since the student is certain that }(E; v ... v Es) will hold, on the supposition
that the exam takes place before Friday (for he is certain that if so, he will remember it, etc.),
Pri(Js(Ey v ... v Es)) = 0.998; hence Ji(Js(Ey v ... v Es)).

This legitimates premise 1 in the argument, as well as the use of Confidence to yield 3. And,
since Pri(—Es) = 0.999, the conclusion at 7 is correct. But since Thursday does not contribute,
Pr1(SE4) = 0.9—too low to count as belief.

But for our purposes, all that isimportant is that from J;(SE,) and a single application of
Confidence, J(SEn.1) follows. The trick isto target that application not at a consequence derived
from Jy(SE,) (viz., W(E1 Vv ... VEy)), but at J(SE,) itself. That is, we argue that from J;(SE,,) and
J1(In(SEn)), h(SEn-1) follows. Thiswill work, provided we add a further memory condition:

Memory*: for al i,k withk > i, 3(p) E J(Ji(p)),
for which the following is the probabilistic anaog:

P-Memory*: for all x1 [0,1] and i,k withk >1i, Pri(p) = x E Pr(Pri(p) = x) = 1.

In other words, we take the student to be infallible with respect to his past probabilities. Observe

that P-Memory* validates Memory*.
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An argument can nhow be constructed using the J-Principles—and in particular, only legitimate
applications of Closures—that shows that J;(SE,) and J1(J,(SEn)) entail J1(SEn-1). Asit’s a bit
tedious, and leaves the central ideas obscure, I'll leave it as an exercise, and present the reasoning
more informally, and directly in terms of probabilities.

Suppose, then, that J;(SE,)) and J1(Jn(SE))—i.e., that Pr1(SE,) > b and that Pry(Prn(SE,) > b)
>b. Firgt, the student is certain that if a surprise exam takes placein thefirst n - 1 days, then the he
will, come the morning of day n, remember that thisis so; since SE,,.1 entails SE,,, it follows that
Pri(Pra(SEn) = 1| SEn.1) =1, and so of coursethat Pri(Prn(SEn) >b | SEn-1) = 1. Next, consider
what the student should believe about his day-n probabilities, on the supposition that SE;,.; is false.
This could come about in either of two ways. On the one hand, it might be that no exam takes place
inthefirst n - 1 days; the student is certain that if so, he will remember, and so Pr,(SE,,) will equal
Pra(En & —Jn(En)) = Pra(En & Pry(En) £ b) = at most b. On the other hand, it might be that an
exam takes place but does not come as a surprise, rendering not only SE,.1 but SE,, false; the
student is likewise certain that if so, he will remember (here is where P-Memory gets used), and so
Prn(SE) will equd 0. Either way, heis certain that Pr(SE) £ b; it follows that Pry(Prn(SE,) > b |
-SEp.1) = 0.

But

Pr1(Prn(SEn) >b) = Pri(Pra(SEn) > b | SEn-1)Pr1(SEn-1) + Pri(Pra(SEn) >b | 7SEn.1)Pri(—=SEn.1)
= 1-Pry(SEn-1) + 0-Pry(=SEn-1)
= Pry(SEn-1).

Since Pr1(Prn(SE,) >b) > b, it follows at once that Pr1(SE,.1) >b—i.e, that J,(SEq.1).

Appendix B: Probabilistic Confidence used to analyze Confidence
Choose b, a1 [0,1], with a > b. Suppose that Pr{(p) = a, and that Probabilistic Confidence

holds, together with the assumption that all future evidence will be veridica, and properly
incorporated. Then for all g and timest > 1, Pr1(q | Pry(q) = X) = X. We will now investigate the
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following question: What is the maximum value of x such that it must be the case that Pr1(Pr¢(p) >
b) > x? Or, interpreting b as the belief threshold, what minimum degree of belief must the agent
have in the proposition that, come timet, he will believe g?

Suppose then that Pry(Pri(p) >b) = Xx; our question then becomes, For what values of x isthis
condition inconsistent with our assumptions that Pr1(p) = a, and that Probabilistic Confidence

holds? To find out, wefirst write

Pri(p) =Pri(p | Pr(p) >b)Pry(Pre(p) >b) + Pry(p | Pr(p) £ b)Pry(Pri(p) £ b)
= Pra(p | Pri(p) > b)-x + Pra(p | Pry(p) £ b)-(1 - x).

Observe that Prq(p) takes its maximum value when Pry(p | Pr¢(p) >b) =Pri(p | Pri(p) = 1) = 1 and
Pri(p | Pri(p) £ b) = Pri(p | Pr¢(p) = b) = b; thismaximum valueisx + b - bx. Similarly, since we
must have Pr1(p | Pri(p) >b) > b, the possible values of Pri(p) have a greatest lower bound of bx.
So we conclude that from Pry(Pri(p) > b) = x it follows that Pr1(p) T (bx, x + b - bx].3° Finally,
since Pr1(p | Pri(p) > b) can take on any value in (b, 1] and Pry(p | Pr«(p) £ b) can take on any
valuein [0, b], it follows that Prq(p) can take on any value in (bx, x + b - bx]. So consistency
requiresonly that a T (bx, x + b - bx]. Sinceit is guaranteed that a > bx, the requirement
becomes: a £ x + b - bx.

The right-hand side is monotonically increasing in x. We get an inconsistency, therefore,
exactly if x <a, whereaisthesolutiontoa =a+ b - ba. Writinga =1-eandb =1- d, wehavea

=1-¢ed. Soitfollowsfrom Pri(p) =1 - ethat Pry(Pri(p) >1-d)3 1-e/d.

39Note that for x,b T [0,1], it is guaranteed that x + b - bx 3 bx. For this requires only that x(1 - 2b) 3 -b,
whichisimmediateif b £ 1/2. If b > 1/2, we need to show that x £ b/(2b - 1); but since1 3 b, b3 2b- 1, and so
b/(2b-1) 3 1.



