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Abstract

We ask what redistributions of income and assets are feasible in a
democracy, given the initial assets and their distribution. The ques-
tion is motivated by the possibility that if redistribution is insufficient
for the poor or excessive for the rich, they may turn against democracy.
In turn, if no redistribution simultaneously satisfies the poor and the
wealthy, democracy cannot be sustained. Hence, the corollary question
concerns the conditions under which democracy is sustainable. We find
that democracies survive in wealthy societies. Conditional on the initial
income distribution and the capacity of the poor and the wealthy to over-
throw democracy, each country has a threshold of capital stock above
which democracy survives. This threshold is lower when the distribution
of initial endowments is more equal and when the revolutionary prowess of
these groups is lower. Yet in poor unequal countries there exist no redistri-
bution scheme which would be accepted both by the poor and the wealthy.
Hence, democracy cannot survive. As endowments increase, redistribution
schemes that satisfy both the poor and the wealthy emerge. Moreover, as
capital stock grows the wealthy tolerate more and the poor less redistrib-
ution, so that the set of feasible redistributions becomes larger. Since the
median voter prefers one such scheme to the dictatorship of either group,
democracy survives.

*We would like to thank, Daron Acemoglu, Marco Basetto, Alberto Bisin, V.V. Chari, Pat
Kehoe, Onur Ozgur for very useful comments.



1 Introduction

We ask what redistributions of income and assets are feasible in a democracy,
given the initial assets, their distribution, and some features of the political
environment. The question is motivated by the possibility that if the redistri-
bution is insufficient for the poor or excessive for the wealthy, they may turn
against democracy. Moreover, if no redistribution simultaneously satisfies the
poor and the wealthy and if either group has any chance to establish its dicta-
torship, democracy cannot be sustained. Hence, the corollary question concerns
the conditions under which democracy is sustainable.

In a simple model of production and accumulation, where agents are het-
erogeneous in their initial wealth, the median voter chooses a sequence of redis-
tributive tax rates. Decisions to save are endogenous, which means that they
depend on future tax rates and thus future growth rates. We assume that de-
cisions about redistribution are made in elections and show that no majority
coalition of poor and wealthy leaves both better off than the decision of the
median voter (see Theorem 2). Moreover, given a linear redistribution scheme,
the identity of the median voter does not change over time (For a model where
it may, see Besley and Coate, 1998). Hence, the same median voter is deci-
sive at each time with regard to the entire path of future redistribution. To be
accepted, however, the decision of the median voter must leave the poor and
the wealthy at least as well off as they expect to be if they sought to establish
their respective dictatorships, where they would choose their best redistribu-
tion scheme unilaterally. Hence, if democracy is to survive, any redistribution
must satisfy the constraints originating from the possibility of rebellion. While
we do not solve for the optimal redistribution scheme of the median voter, we
investigate these constraints.!

We find that democracies survive in wealthy countries. Conditional on the
initial income distribution and the capacity of the poor and the wealthy to
overthrow democracy, each country has a threshold of capital stock above which
democracy survives. This threshold is lower when the distribution of initial
endowments is more equal and when the revolutionary prowess of these groups
is lower. In the extreme, democracy survives at any income if its distribution is
sufficiently egalitarian or if neither group can establish dictatorship. Yet in poor
unequal countries there exist no redistribution scheme which would be accepted
both by the poor and the wealthy. Hence, democracy cannot survive. As
endowments increase, redistribution schemes that satisfy both the poor and the
wealthy emerge. Moreover, as capital stock grows the wealthy tolerate more and
the poor less redistribution, so that the set of feasible redistributions becomes
larger. Since the median voter prefers one such scheme to the dictatorship of
either group, the outcome of electoral competition is obeyed by everyone and
democracy survives.

These results are driven by an assumption about preferences. The cost of

1See however Benhabib and Przeworski (2003) for a the solution of the unique optimal
redistribution scheme under logarathmic utilities.



dictatorship is the loss of freedom. We follow the argument of Sen (1991) that
people suffer disutility when they are not free to live the lives of their choosing.
Specifically, even if we allow that the losers in the conflict over dictatorship suffer
more, we also allow that everyone may dislike dictatorship to some extent. This
preference against dictatorship (or for democracy) is independent of income: as
Dasgupta (1993: 47) put it, the view that the poor do not care about freedoms
associated with democracy ”is a piece of insolence that only those who don’t
suffer from their lack seem to entertain” (see also Sen 1994). Yet since the
marginal utility of income declines in income, while the dislike of dictatorship
is independent of income, at a sufficiently high income the additional gain that
would accrue from being able to dictate tax rates becomes too small to overcome
the loss of freedom?.

Explanations in terms of preferences are justifiably suspect. We are driven
to it because of two facts discussed in the next section: democracy is more likely,
indeed certain, to survive in wealthy countries, and no plausible rival hypothesis
eliminates the role of income in sustaining democracy. Hence, income matters
and income is not a proxy for something else.

In the remainder of the paper, we present a model of the economy, analyze
the constraints on electoral outcomes originating from the possibility of rebel-
lion, and derive the results. The proof that the median voter is decisive over
the entire path of tax rates is presented in section 4.1.

2 Per Capita Income and the Survival of Democ-
racy

The probability that a democracy® would survive rises steeply in per capita
income*. Between 1950 and 1999, the probability that a democracy would die
during any year in countries with per capita income under $1,000 (1985 PPP
dollars) was 0.0845, so that one in twelve died. In countries with incomes
between $1,001 and $3,000, this probability was 0.0362, for one in twenty-eight.
Between $3,001 and $6,055, this probability was 0.0163, one in sixty-one. And
no democracy ever fell in a country with per capita income higher than that
of Argentina in 1975, $6,055. This is a startling fact, given that throughout
history about seventy democracies collapsed in poorer countries, while thirty-
seven democracies spent over 1000 years in more developed countries and not

2For a general game-theoretic approach to the dependence of social conflict and cooperation
on wealth, based on the non-homotheticity of preferences, see Benhabib and Rustichini (1996).

3Democracy is defined here as a regime in which incumbents lose elections and leave office
if they lose, but alternative definitions generate the same conclusion. The data set we use to
identify democracies can be found at http://pantheon.yale.edu/~jac236/.

4This is not true of regimes in general. Transitions from dictatorship to democracy become
slightly more likely as income increases up to about $5,000 and then become less likely. More-
over, they appear to be driven not by income but by other factors. The only reason for the
association between the density of democracy and wealth is that democracy is an absorbing
state in wealthy societies. On this topic, see Przeworski and Limongi (1997) and Przeworski
(2004).



one died. These patterns are portrayed in Figure 1, which shows a loess smooth
of transitions to democracy as a function of per capita income (the vertical bars
are local 95% confidence intervals).

Is income a proxy for something else? Following the classical book of Lipset
(1960), an enormous literature sought to explain the observed prevalence of
democracies in the developed countries and their paucity in the less developed
ones. This literature did not distinguish the factors that lead to the emergence
of democracy from those that cause it to survive once established, and these
factors are different (Przeworski and Limongi 1997, Przeworski et al. 2000).
Yet several arguments offered in this literature apply to the role of factors other
than per capita income in sustaining democracy.

In Table 1 we show probit regressions in which the dependent variable are
deaths of democracies and the column headings specify the rival hypotheses.?
The conclusion is clear: While some of the rival factors do matter in the presence
of income, none of them eliminates the crucial role of income in sustaining
democracy.

The most obvious candidate for a rival explanation is education, about which
Lipset (1960: 38-40) observed that

Many people have suggested that the higher the education level
of a nation’s population, the better the chances for democracy.... Ed-
ucation presumably broadens man’s outlook, enables him to under-
stand the need for norms of tolerance, restrains him from adhering
to extremist doctrines, and increases his capacity to make rational
electoral choices....The higher one’s education, the more likely one
is to believe in democratic values and support democratic practices.

We take the years of education of an average member of the labor force and
learn that education plays some additional rule in sustaining democracy, but it
does not reduce the importance of income.

Coser (1956) argued, and many sociologists following him agreed, that democ-
racy is easier to sustain if a country has a complex social structure. Coser’s
argument was that when social structure is complex, cleavages overlap, rather
than pit one large group against another. Coalitions need to be built and they
entail compromises. Hence, conflict is decentralized and attenuated. The argu-
ment was put forth originally by Ross (1920): "Every species of social conflict
interferes with every other species ... save only when lines of cleavage coincide;
in which case they reinforce each other.” The example given by Lipset (1960)
was that the Quebecois are both Catholic and poorer, while the Anglos are
Protestant and richer: in this case cleavages reinforce and accentuate, rather
than attenuate, conflict. On the other hand, Eckstein (1966) explained the
stability of Norwegian democracy in terms of cross-cutting cleavages.

5Note that because of data availability, the numbers of annual observations, as well as the
numbers of transitions to dictatorship, differ across columns.



We test this argument by calculating labor force fractionalization, that is, the
probability that two random members of the labor force do not work in the same
of nine one-digit sectors (This variable is called COMPLEXITY). Complexity
strongly reduces the probability that a democracy would die, but income still
matters.’

Already J.S. Mill (1991: 230) argued that democracy is more difficult to
sustain in countries ridden with ethno-linguistic divisions:

Free institutions are next to impossible in a country made up of
different nationalities. Among a people without fellow-feeling, espe-
cially if they read and speak different languages, the united public
opinion necessary to the working of representative government can-
not exist.

With all the caveats about measuring ethnicity across cultures, we take the
index of ethno-linguistic fractionalization, ELF60. Again, while democracy is
less likely to die in the more homogeneous countries, the role of income continues
to be important.

The theory of political obligation asserts that people feel duty to accept the
results of a process in which they participated. Democracy, the argument goes,
requires the ”willingness to accept outcomes of as yet undetermined content”
(Lamounier 1979: 13). This conception is widely criticized: as Coleman (1989:
197) puts it, ”consenting to a process is not the same thing as consenting to
the outcomes of the process.” Yet if participation is a function of income, then
income may be a proxy for participation. We find that electoral participation
plays no role in addition to income, while income matters.

We reserved inequality for last, since income distribution plays a role in our
model. Lipset (1960: 49) referred explicitly to mean-preserving spread:

The fact that the form which those political parties take in poorer
countries is more extremist and radical than it is in wealthier ones
is probably more related to the greater degree of inequality in such
countries than to the fact that their poor are actually poorer in
absolute terms.

Unfortunately, data on inequality are scarce, unreliable, and not easily com-
pared across countries. All we can do is to take the high quality data from
Deininger and Squire (1996) and extend them by attributing the same degree of
inequality to two years before and after each observation. The resulting sample
is still heavily biased in favor of wealthy countries, an additional reason to take
the results with a grain of salt. With all these caveats, income distribution
appears not to matter, while income continues to do so.”

6To measure complexity, we also used the standard deviation of the proportions working
in the nine-digit sectors, with the same result. In addition, we tested the impact of the
proportion of labor force in agriculture, which appears to play no role.

TTesting for endogeneity, or other more complex analyses, is not feasible with these data.



In the end, then, none of the rival hypotheses for which data exist eliminates
the role of income. But why would income matter, independently of everything
else? Lipset (1960: 51), who seemed to have thought that the more explanations
the better, also offered a hypothesis which we find convincing:

The general income level of a nation also affects its receptivity to
democratic norms. If there is enough wealth in the country so that
it does make too much difference whether some redistribution takes
place, it is easier to accept the idea that it does not matter greatly
which side is in power. But if loss of office means serious losses for
major groups, they will seek to retain office by any means available.

While, for simplicity, we use a model of electoral competition which implies
that parties converge the same platform, we show that the spirit of this argument
is consistent with the observed patterns. The eventual income gain that would
accrue to a dictator matters a lot when incomes are low, but is not worth the
loss of freedom when incomes are high.

Table 1: Transitions to dictatorship, as a function of per capita income
and rival variables

None Education Complexity ELF Participation Inequality
Constant  -13066 -0.7771 2.5750 -1.0137  -0.7488 -0.8037
(0.1161)  (0.2002) (1.1970) (0.1528)  (0.4334) (0.6409)
GDP/cap -0.2262  -0.1820 -0.1959 -0.1755  -0.2273 -0.2734
(0.0426) (0.0633) (0.1103) (0.0404)  (0.0950) (0.0867)
Rival -0.0816 -5.5095 -0.6373  -0.7150 -0.0050
(0.0504) (1.7709) (0.2518)  (0.7344) (0.0140)
N 2423 1085 1201 2234 581 771
TDA 47 30 10 46 12 14

GDP/cap in thousands of 1985 PPP, from PWT, extended by Easterly,
http://nyu.edu/fas/institute/dri/Easterly.

Rival: changes according to column headings, namely,
Education: Years of education of average member of labor force, from
Bhalla (1994).
Complexity: Labor force fractionalization index, from Kim (2004)
ELF: Ethno-linguistic fractionalization, from Easterly and Levine (1997)
Participation: Voters as a proportion of adults, from IDEA.
Inequality: Gini index, from Deininger and Squire (1996)
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Figure 1: Transitions to dictatorship by per capita income

3 The Economy

The output y; at time t is produced with capital k; according to the linear
production function
Yyr = Tk

with » > 1. There are n agents, indexed by ¢. In the initial period %y, they each
own a share of the capital stock, vgo, with >0 véo = 1. The shares of capital
owned by agent ¢ at time s are denoted by v!, and the capital stock of this
agent is k! = v'k,. Taxes are redistributive. The tax rate on assets at time ¢ is
denoted as 7, and in each period tax collections are distributed to the agents in
proportion n~! of the total. Hence, the tax rate uniquely determines the extent
of redistribution. The post-redistribution income is

yz =(1-17¢) rvikt + n ek, = (1—7¢) rki +n "tk

where we assume that 7, € [0,7], where 7 <1 for all s.



The standard median voter theorem applies when agents vote on a single
issue, like the tax rate, and preferences over this issue satisfy the single-crossing
property. In our context taxes are time varying, and the median voter chooses
a sequence of taxes, not a single tax rate. Therefore, we have to show that
the median voter theorem still holds, namely, that the tax sequence preferred
by the median voter defeats any other tax sequence under majority voting. In
particular, we have to rule out a tax sequence that would be preferred by a
majority coalition of the poor and the rich, defeating the tax sequence preferred
by the median voter. We address this issue in section 4.1, and show that there is
no majority coalition that can outvote the preferred tax sequence of the median
voter.

Redistribution has incentive effects on accumulation, so we have to first
consider the general accumulation problem for the agents. Agents use their
capital to produce income, pay proportional taxes on assets, and consume. They
have CRRA preferences and the value function is

. c _ . . . .
V*(k]) = ma F—0) b BV - R + g )
where ¢' is the redistributive transfer agent i receives at time s. The constant
term (1 — o) " b is zero under a democratic regime and non-positive under a
dictatorial regime. The utility function is discussed further in section 4.

We allow for the tax rates to vary across time. The first-order condition of
the agent for an interior solution is:

i i 1
i1 = i (Br(l —74))7 (1)
Note that consumption will grow if (8r(1—74))7 > 1. Forward iteration of the

budget constraint kj,, = r(1 — 7¢)ki — (¢} — ¢) implies, provided 744, < 1 for
s =1,2... (see Assumption 1 below), that:

t

+ ][0 =7) ki = (r(1—70))k

- (@)

J

b 3006 ) | Tt -

s=1

From the no Ponzi and transversality conditions,

t

Jim (Tt = 7))k = 0. 3)
s=1

Iterating 1 forward, substituting into 2, using 3 and solving for ¢}, we obtain:
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Thus the agent consumes a fraction )\i of the sum of his net capital income
(r (1 — 7))k plus the value of transfers that he receives, discounted at 7 (1 — 7).
Note that )\i = M¢, so the propensity to consume is identical across agents. Note
also that \; is the propensity to consume out of wealth because r is one plus
the rate of return, net of depreciation.

The following assumptions assure that A; is bounded away from zero and
one, that is 0 < A < N < N <1 for all ¢ > to. Note that the assumption
places no further restrictions on the tax rate in the initial period tg.

Assumption 1 7, <75 <1 for all s=ty+ 1,tg + 2,... where ty is the initial
period.

=g l—0o

Assumption 2 7 (r(1—74)) = <1, Brrist < 1.

The excluded case, 7y = 1, where ¢ is the first time at which 7, = 1, can
be dealt with separately. In that case, if o < 1, the Euler equation (1) holds
as an inequality and implies that all assets are consumed in period £ — 1. The
growth rate reverts to zero forever, since transfers must become zero from then
on as well. Furthermore note that if ¢ > 1, utility becomes unbounded below if
consumption is forced to zero. Prior to ¢ the Euler equation holds with equal-
ity and the consumption savings problem reduces to a standard finite horizon
problem with all capital consumed at ¢ — 1. Since this case is of little interest
we rule it out by Assumption 1.

3.0.1 Endogenizing transfers

Without loss of generality we define growth rates as g, = kkjl so that

t
ky = < H 9s> kto
s=to+1

Let the transfers be defined as:

% —1
qto =N Tto Tk'to

t
qi =ntrrk, = n ey ( H gs> ki,

s=tg+1



Using the definition of the growth rates and transfers,

d=M|Q=7)rki+n [ 1+ ZTJ H gs(r(L—7))" | rke | (1)
Jj=t+1 s=t+1

Each agent’s budget constraint implies

2+1 = (1—17¢) rkz +ntrrk — ci
= (1—74)(1=X)7k! (5)

+ Tt(]-_)\t)_)\t Z ’T] H gs ].—’7'5)) 1 ’I’L_l’l"kt

j=t+1 s=t+1

Summing over agents,

k=3 kig=r{l-X—X\ ZTJHgS T—7 N7 | ke

i=1 j=t+1  s=t+1

Therefore, the equilibrium relation describing growth rates for our redistributive
economy is:

g1 =1 1= =X Z Tj H gs 1*7'3))71 (6)

j=t+1  s=t+1

The solution of this equation, describing current growth rate as a function of
future growth rates, expresses the growth rates in terms of an arbitrary sequence
of current and future taxes and allows us to express the equilibrium of the
economy for arbitrary tax sequences. Then a political system or mechanism
chooses the equilibrium by selecting a particular tax sequence.® Note right
away that if we confine ourselves to a tax sequence that remains constant after
the first period, 74 = 7 for s > ¢g, the solution of the above equation is simply

=r(l-=2X)(1—7) (7)
Note that A; and g5 are constant in this case since under taxes constant for

s > ty. We will not of course restrict our analysis to constant tax schemes.

3.0.2 Dynamics of Shares Z—Z

To characterize the equilibrium dynamics of the economy, to be used in the next
section, we first describe the evolution of asset shares from an initial distribution,

8For a general solution to equation 6 for arbitrary tax sequences, and an analysis of the
optimal sequence for the median voter, see Benhabib and Przeworski (2003) who characterize
a globally unique solution for the optimal redistributive tax sequence which is in agreement
with the results of Chari and Kehoe (1999).

10



given the redistribution scheme. If we express asset shares as vi = %, then
equation 5 yields:

vig = ((9t+1)71 r(1—=A)(1— Tt)) v}

S J
+ () T (e (M= N) =N Y Ty [ gs(r(i =) |(8)
j=t+1  s=t+1
where the law of motion for g;11 is given by (6).

Note that the last term on the right-hand side of equation 8 describing the
evolution of shares is independent of ¢, while the first term is proportional to
the endowment v}. Therefore even if shares change, their ordering is unaffected,
and the median voter will be the same agent in each period. Note that if 7, = 7,
then As = A and, using (7) and (8), we can solve for:

UE_H =g r(1-7)(1 —)\)vz :vi.

Therefore, shares v{ ; remain constant if taxes are constant and g = 7 (1 — 7) (1 — \).
That is, in this linear economy with redistribution, initial ownership ratios re-
main constant if taxes are constant. This is because agents always consume all
income other than capital income, just as in Bertola’s (1993) results, derived in

a slightly different context.’

Suppose now that the tax rate is 74, at to, and 7 afterwards. In this case
the growth rate and Ay = A are constant, and g5 = r (1 — \) (1 — 7). Then the
shares at tg + 1 are

Vi1 = (L=7) 7 (L =74) vf, + 17" (74, = 7)) 9)

and they are constant thereafter. Note that if 7, > T, (vfoﬂ — vgo) (vgo — n_l) <
0, and if 74, < T, (vfﬁ_l - vfo> (vfo — n_1> >0.I7=0, gryr1 =7(1— Xgy) =
(67")% . Therefore, if the initial share is v} ,
U§0+1 = (1 - Tto) Uz-o + Tton_l (10)
IUZg-&-s—i—l = U;O-i-s (11)

7+ = 1 produces complete non-distortionary equality in one step. That is vio 4s =
n~lforall s =1,2,...

4 A political model of the sustainability of democ-
racy

We study the political constraints on the median voter that prevent him from
implementing his preferred tax scheme: if the median voter is poorer than the

9Bertola (1993) allows for differentially productive labor by introducing increasing returns
to scale.
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average, he prefers the tax sequence 7;, = 1 and 74,45 = 0 for s = 1,2,.. .,
whereas if the median voter is richer than the average, he wants 7,45 = 0 for
s=20,1,2,.... We will proceed under the assumption that the median voter is
poor.

There is a wealthy pivotal agent w, whose share of initial capital, larger than
the average share, is denoted by v;’. He prefers the tax scheme 74,4 = 0 for

s =0,1,2,.... In turn, the poor pivotal agent, p, has an initial share of capital
smaller than or equal to the share of the median voter: v} < vj . This agent
wants 74, = 1 and 74,45 = 0 for s = 1,2, ..., a complete redistribution resulting

in equal shares in the first period, followed by zero taxes afterwards. If in any
period the pivotal agents receive less discounted utility under democracy than
the expected value of a revolt aimed at instituting an authoritarian regime, they
will revolt.

We assume the following:

Assumption 3 Let t, be the first period in which an authoritarian regime is
established. Then 1., € [0,1], and 75 € [0,75], where 75 < 1 for all s > t,.

This assumption allows the pivotal agent who initiates a successful revolt
to reset initial taxes when she reverts to an authoritarian regime. We assume,
for simplicity, that once established, an authoritarian regime lasts forever. The
success of a revolt, however, is probabilistic. If the median voter chooses a
tax sequence under which the wealthy pivotal agent finds it optimal to revolt,
the poor pivotal agent will also want to revolt, rather than passively accept a
right-wing rule with zero taxes and bear the costs of the autocratic regime: it is
better to suffer autocracy under one’s preferred tax sequence than under the tax
sequence set by the other class. So we assume that if the tax sequence chosen by
the median voter induces the right-wing wealthy agents to revolt, the revolution
will succeed with probability m, but the left-wing poor agents will counter-revolt
and may come to power with probability 1 — 7. Similarly, if the tax sequence
chosen by the median voter induces the left to revolt, the revolution will succeed
with probability 1— 7', but the right will counter-revolt and may come to power
with probability 7’. Of course it may be reasonable to assume that it makes no
difference whether the right or the left initiates the revolution, in which case we
can set m = 7’. Democracy is sustained if the median voter accommodates the
right and the left by setting taxes that deter both of the pivotal agents from
attempting to establish an authoritarian regime.

We also assume that the agents suffer a loss of utility under dictatorship. The
utilities of the agents are given by (1 — o) " (77 —=1)+ (1- o)~ b7, where
j = s,u, and o > 1'%, We set the parameters b* > 0, b* > 0 under dictatorship,
and we set them to zero under democracy, where b° is the per period utility
cost to the group that successfully establishes a dictatorship, and b" is the per
period utility cost to the other group. We also assume the losers suffer at least
as much under autocracy than the winners, and perhaps more.

10The results of this section also hold for o < 1, in which case we must set b* < 0, b% < 0.
We leave the derivations and proofs for this case to the reader.
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Assumption 4 b* > b° > 0 and b* > 0 under dictatorship, and b* = b* = 0
under democracy.

To preserve democracy starting at time tg, the median voter M must set
the sequence of taxes 74,45, s = 0,1, ... to maximize his value function, for all
t=1tg+ s,

V (kt(] ) kt]\glv tU) = Max{Tt}tx:to

L AT (= r) vl e g 0 S T TE g 960 (L= 7)) TRy, )

1

(1-0) : (1 341 B (Tt (Br (1 - Ts»a)”) -5

1-0o

subject to, for all t > tq,:

: 1—0o
(1= 0)71 )\tlig ((1 =TTl + n~lr 40t Z;'itﬂ Tj Hi:tJrl gs(r(1— Ts))_lTkt)

' (1 S (M0 -r)?) ) -0 a5
—n(l=0) (8 o) TR (1= + BY)
~=m =0 (A ) TR - (- 8) 7+ BY)

and

e )T (U= ro)rof 4 n b D T T 06 (1= 7)) k) o

(1 S (0 -mh) ) -0 a-p)
—-m) =) (R ) R =) B
—r'(1—0)"" (5\;6 (ro?) TR (1 -8 + B“)

-1
where 5\t = (1 + Z;L.O:t—‘rl Bn_t (H::t+1(ﬁ7")%)l 0) =1- ﬁir% = ) be-
cause under dictatorship {0,0,..} is the preferred tax sequence of the rich and
{1,0,..} is the preferred tax sequence of the poor. Also, B/ = (1 — 6)71 b, j=
s,u,: the group successfully establishing dictatorship looses (1 — 0)71 B and
the other group looses (1 — 0)71 B". The constraints restrict the taxes imple-
mented by the median voter to yield utilities to the pivotal agents that exceed
the expected utility that they would obtain by revolting. Since we consider the
case where o > 1, rearranging the constraints for the rich and the poor agent
for t > to:

13
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Assumption 5 [r > 1.

The assumption that gr > 1 assures that the growth rate for the tax sequence
1
{7,0,0,...}, is positive: g = (Br)= > 1.

Theorem 1 There exists k (m,7') and~é (m, @), k(m,w') > k(m,7') >0, such
that democracy is sustainable for kyy > k (m,7'), and democracy is unsustainable
for ky, < k(m, 7).

Proof. See Appendix m

For a given an initial capital stock, democracy will be sustainable if wealth
is sufficiently equally distributed, or if the probability of a successful revolution
is sufficiently small:

Corollary 1 Democracy is always sustainable (i) if v and vP are sufficiently
close to n=1, that is, if income distribution is sufficiently equal, or (ii) if distri-
bution is unequal, that is v > vP > n~!, but m and 1 — 7’ are sufficiently small,
that s, if the probability of a successful revolt for both of the pivotal agents is
small.

Proof. See Appendix m

To inquire whether higher stocks of capital allow for higher levels of redis-
tribution. We will say that the tax sequence {7} ,7} 1,7} 4g,--.} is “more
redistributive” than {7, T¢11, Teot2, -} if 1> 74 0 > Teopi @ = 0,1,... This
of course is not a complete ranking of tax sequences, but sufficient for our pur-
poses.
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Corollary 2 Let {7y, Tty41, Tto+2, .-} be a tax sequence with T4, < 1 for which
democracy is sustainable from initial stock ki,, and let {T;O,Tt0+177—t0+27...},
Thy > Tty, be a "more redistributive” sequence that is not sustainable from ini-
tial stock k:,. Then democracy is sustainable with the more redistributive tax
sequence {TQO,TtOH,TtO“, ..} for some k' (’7’;0) > ki, -

Proof. See Appendix. m

Finally, we can ask whether the tax sequences in the feasible set for which
democracy is sustainable contain sequences that are also time consistent from
the perspective of the median voter. The set of time consistent tax sequences
depends on the public’s reaction to a deviation, which in equilibrium can deter
deviations by the median voter. The public for example may loose confidence in
the median voter and reduce savings, or refuse to re-elect a deviant government,
which in turn can deter deviations from an announced tax sequence.(See for ex-
ample Benhabib and Rustichini (1996).) However even without getting into
such considerations, we can show that the feasible set of tax sequences contains
a time consistent sequence. In proving the Theorem 1 above, we showed that for
capital stocks that are sufficiently high, the sequence {7;,,0,0, ...} is always sus-
tainable, and in particular {1,0,0, ...} is sustainable: if the stock is high enough,
the rich agent will accept a full redistribution without revolt. This sequence is
clearly time consistent, so even if the feasible set of tax sequences sustaining
democracy are further constrained to time-consistent sequences, democracy is
still sustainable for high enough initial capital.

To illustrate these results, consider an example where 0 = 2, § = 0.95,
r = 1.08,5 = .95,v¥ = .2,n = 10, B = 2 and where the tax sequence under

1—0o
democracy is constant: 74 = 7 = .1. In this case \;;, = 1 — ﬁ% (r(l—71))
~ l1—0o
s A, = 1— 87 (r) = and gs = r(1—7) (1 —A). The value functions for the
wealthy agent under democracy and dictatorship, assuming a revolution by the
wealthy succeeds with probability one are:

Democracy : V =(1-2)""(7194.3) (k)" ' = (1-2)""' (1-0.95)""
Dictatorship = W = (1—2)""(1200) (k) — (1 —2)"" (1 —0.95)"" —2

where V' and W are the values and k is the capital stock. We can plot these as
follows:
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Figure 2: Value functions for democracy (points) and dictatorship (solid line)

At low values of the capital stock where consumption is low, redistributing
the capital stock has a large impact on utility, since the marginal utility of con-
sumption is big. This gain overwhelms the fixed utility loss of the rich associated
with dictatorship. When the capital stock is high however, the marginal utility
gain of a revolution is smaller than the utility loss associated with dictatorship,
so the rich prefer not to revolt. If the probability of the success of the revolution
becomes less than one, then the solid line shifts down, but the intersection of
the two curves remain. The analysis of this example for the poor agent, say if
vP = 0.1, is analogous.

4.1 The median voter

If the median voter is to be decisive at each time with regard to the entire path
of future taxes, then at no time can a majority coalition of the poor and the
rich make at least one party better off and the other no worse off, relative to the
preferred tax proposal of the median voter.''! Hence we need to check whether

IIThe standard median voter theorems apply when there is a single issue to be voted on.
In our case there is an infinite sequence of tax rates, so the decisiveness of the median voter
under simple assumptions is no longer assured. See however Gans and Smart (1996). We
thank Marco Basetto for this reference.
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under democracy, the poor and rich pivotal agents, by proposing a tax sequence
that draws all the voters poorer than the poor pivotal agent and those richer
than the rich pivotal agent, can improve their utility by forming a majority
coalition against the median voter. Note that the initial wealth share of a poor
(rich) pivotal agent, other than being below (above) the median, is arbitrary, so
that our Theorem 2 below implies that there is no tax sequence that a majority
coalition of the rich and poor could propose to Pareto improve the utilities of the
coalition over the tax sequence proposed by the median voter. Here a coalition
will require that the incentive constraint for the two pivotal agents hold period
by period, and that the maximized discounted utility of the poor agent, subject
to the constraint that the rich agent’s utility is at least as large as what he gets
under the tax sequence chosen by the median voter, exceeds the discounted
utility the poor agent receives under tax sequence chosen by the median voter.

Intuitively, if we maximize the discounted utility of the poor agent subject
to incentive constraints of the rich with the additional constraint that the poor
agent is no worse off than he was under the tax sequence implemented by the
median voter, the poor agent will be forced to implement the same tax sequence
as the median voter. The reason is that the poor pivotal agent is even more
anxious to redistribute a lot early on. However if he were to do so he would
make the rich pivotal agent worse off, so the best he can do is to duplicate the
median voter’s tax scheme. Of course if both the poor and the rich pivotal
agents prefer democracy to revolution under the tax sequence chosen median
voter, the median voter will also prefer democracy to revolution under his own
tax scheme.

The value functions of the poor pivotal agent, the median voter, and the
rich pivotal agent are given by

\%4 (ktg , kzo , to) = Max{ng}:o
0

l1—0o

1 )\%070 (((1 - Tto) Ugo + n_thO + nt Z?ito+1 Tj Hg:t0+1 gs("" (1 - Ts))_l) rkto)
1\ 1o _
i) (1 S 8 (tr - m#) ) ==

where ¢ = p, M, w for the poor, median, and rich agents. Note that the value
functions of the poor agent, the median voter, and the rich agent are identical
except with respect to the terms (1 — 74,) véo. Changing taxes for periods af-
ter to affects consumptions of these agents identically, by changing first period
consumption as well as its rate of growth but changing 7, affects first period
consumptions differentially. Since we have decreasing marginal utility, changes
in consumption will have larger effects on the utility of the poor agent and
smaller effect on the utility of the rich agent.

Assume that the poor agent implements a tax sequence {Tfo, (T8)324, +1}
that improves his payoff relative to the taxes chosen by the median Voter{ri\g[ (M )2+, +1} ,
that respects all incentive constraints, and leaves the rich agent no worse off. If
this change makes the median voter better off as well, we have a contradiction,
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since the median voter could have chosen those tax rates to start with. Suppose
then that these tax rates, {Tto, (T2)%2 to} make the median voter worse off.
Then, it follows that:

Vv (ktmvfmto; {ngv (Té)):o:toJrl}) -V (ktmvfmto; {Ti\(/)la (Ti‘w):o:t(ﬁrl}) >0
14 (ktoavi\é[vtm {Tfov (TZS))SO:tO+1}) -V (ktoavtj\fatoé {Tff, Téw)s t0+1}) <0
V (Ktgs i to; {70, (72)52i0 41 1) =V (Ktgs 0, tos {7 s (T2 2011 ) =

Since the value functions are continuous in the shares vy , from the Intermediate

Value Theorem, there exist vaM € (vf,vp), vpM e (v}, vp) such that

M 0o M oo
Vv (kto’ Uf() ,to; {ngv (Tg)s:to—&-l}) =V (ktov U;tno vtO; {Ti\fv (Ty)s:to+1}) (14)

14 (ktovvf‘fato; {Tijoa (Tzs))gito+1}) <V (kto,U%JOE {7'%[7 é\/l)s t0+1}) (15)

Vv (ktcn U%M to; {Tfoa (TQ)ZO:tOJrI}) =V (kto)vng to; {7—1{\;[7 (Té\/I)SO:tOJrI}) (16)
Let VP (v) be the discounted utility value of the poor pivotal agent as a function
of his share under his preferred taxes {7}, , (7%)32, 1}, and V™ (v) be the same
under the taxes {T,f‘(/][, (Té”);’itOH} preferred by the median voter. Then the
conditions above can be graphically illustrated in Figure 3:

WP and W)

Figure 3: Double-Crossing
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V™ (v) and VP (v) must intersect at least twice, as drawn, to satisfy the
conditions above, but of course they may cross more than twice. If there are

more than two intersections, we take the smallest vaM and vp™ for which

the above holds.'? If the agents below vaM together with those above v}t‘(’]M

can form a majority, then the median voter’s proposed tax sequence would be
defeated. Theorem 2 proves that under democracy, there is no coalition of the
rich and poor that can Pareto improve their utility by proposing an alternative
tax sequence to defeat the median voter, as depicted in Figure 3 above.

Theorem 2 There is no feasible tax sequence that a majority coalition of the
rich and poor could propose to Pareto improve the utilities of the coalition over
the tax sequence proposed by the median voter.

Proof. See Appendix. m

5 Appendix

Theorem 1: There exists & (7, 7') and l:c(ﬁ,ﬂ’), k(m,7') >k (m,7') > 0, such
that democracy is sustainable for k;, > k (7, 7’), and democracy is unsustain-
able for ki, < k (m,7")

Proof. Let G? = (1 —7') B® + «'B* and G* = nB*® 4+ (1 — w) B*. Consider
the tax sequence {74,,7,T,...} . The constraints 12 and 13 for period ¢y in the
optimization problem of the median voter become (assuming o > 1):

~—0

GP (ki)™ 2 A7 (1= 740) 0], +n by 0L (AT = 1) 1) 77X

To show that democracy is sustainable, we must show that the feasible set
satisfying the constraints is not empty. We have to show that the inequalities
above will hold for a feasible tax sequence at every to + s, s = 0,1,... for ki,
sufficiently large. For the sequence of {7¢,,7,7,...}, Atg4s = A, s = 0,1,...,
and the growth rate is g = r (1 — X) (1 — 7). Since taxes are constant after the
initial period, from equation 8 the shares vio , j =w,p become, for s =1,2,...,

) ) . ) B
'Ug0+1+s = U§0+1 =(1-7) ((1 —Tty) vio +nt (Tto — T)) (19)

Note that if 74, > T, (ng_H — Ufo) (vfﬂ — nil) <0, andifry, <7, (ng_H —v] ) ( '
0. Using 19, the incentive constraints at ty + 1 are:
GY(r*(1-X(1-7) k‘to)gil > A (L=7) v +n g+ 'y ()\71 -1))

27 (7r (v;‘(’ﬁl)l_o +(1-m) (n_1)170>

pM
to

121f the smallest vfM belongs to an interval over which 14 holds, we can redefine v as

the sup vy, over that interval.
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—1 l1-0o

GP (7"2 1-=XN{1-7) I<:,50)l7 > Ay ((1 — T4,) Vhy + nlr+nlr ()\_1 - 1))

27 (A=) ()T (h40)) 7))

Let 74, > 7. Then, from 19 it follows that v} .| > v} and v}, < v{". To assure
that the incentive constraints hold from ¢y on, we define the inequalities:

G (k)" 2 Ao (L=7i) v +n7 g + 0707 (/\_1 - 1))1_0 (22)
75\_0 (7{‘ (1}%)170’ + (1 . ﬂ') (nfl)l—a')

l1-0

A (A= 7) 0] +n 7ty e (AT = 1)) (23)

(A=) ) T () )

Under assumptions 1 and 2, 0 < \™ < X, < AM < 1, and the right hand
sides of 22 and 23 are bounded. Note that the right side of 22 is identical to
the right side of 17, and since o > 1 and v} ,; > vf , the right side of 23 is at
least as large the right side of 18. Furthermore, the right side of 23 is identical
to the right side of 21 and 23 is at least as large 20. Therefore, if 22 and 22
hold, the incentive constraints will be satisfied from time ¢y onwards. Let ¢ =
{r:g=r(1-X)(1—-7)>1and 7 < 7¢}. Note that 0 € . Given =, for 7 € g,
there is a k* () such that for &k, > kv (7) 22 is satisfied with equality, and given
7', there is a kP (') such that for k,, > kP (') 23 is satisfied with equality. Let

k(m, ') = Min (Max (l%p (w’,O)) , Max (7@“’ (77),0)) . Then if & (7, 7') < Ky,
democracy is sustainable for the feasible sequence {7¢,,7,7,..}, 7 € ¢. Of
course there may be other feasible tax sequences that the median voter would
prefer, but this establishes that democracy is sustainable by showing that the
feasible set that satisfies the constraints and the assumptions is not empty.

GP (rky,)7

A%

To characterize unsustainability we show that for k;, sufficiently small, the
feasible set is empty. Let &k — 0, so that (rkto)afl — 0. Then the constraints
17 and 18 become:

to

0>X7 ((1 — Te,) Vi + "y, + nflxto)l_”—j\_o (7T (v;‘;)lia +(1—m) (nfl)l_(T)

0>X,7 ((1 — Tey) Vhy + n iy, + n_lmto)lia—xza ((1 —7') (n_l)kU + (vfo)l_d)

0

where z;, = 3770, T ngtoJrl gs(r (1 — 7))t Note that for ky, — 0, we

have G7 (Tkto)g_l — 0, j = w, p, which is equivalent to the case where G* =
GP = 0, that is where there is no cost to an autocratic regime. In that case
however, for any given tax sequence other than {7} = {0,0,...}, there exists
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7 < 1 such that for = > 7,

—1 —0o w — _ fe%e) ] _
(1-0) )‘tlo ((1 = Tto) Vi + 07 Ty + 0 D imto+1Ti Hi:t0+1 gs(r (1 =75)) lrkto)

(1 S (M0 -r?) )~ -0 a5
—(1- 0)71 P\;JU (7r (v;‘é)l_a +(1—-m) (n_l)lia) rl_”ktl;” —(1- 6)71}

or

0>

0

(2
This follows because, when m = 1, the wealthy agent always prefers {7}
{0,0, ...}, which is the same as the expected utility (1 — o) ™" [S\t_oa (vto)l Tl "kl 7—(1- 5)71]
of revolting. Thus for m = 1, there is no tax sequence that satisfies the constraint
for the rich for G* (ky, )"~ " = 0, other than the sequence {7} = {0,0,...} . Fur-
thermore, the wealthy agent prefers any tax sequence to {7} = {1,0,0, ...} which
establishes full wealth equality in the first period, so that the inequality 24 is
reversed for m = 0. Therefore, since the right side of 24 is increasing in =, for
any tax sequence there will be a 7 € (0, 1), which under defection gives a convex
combination of utilities under {7} ={0,0,...} and {7} = {1,0,0, ...}, such that
24 is satisfied with equality. Consider now

0 <AL (1 =74) v + 7y + nilmto)l_a—j\;a (7r (vtl“u)l_‘7 +(1=m)(n~ ) )
4)

w o— e w _ _ l-0c (-0 w)1l—0o _1\1—0o
G (rky,)” " = A (M=) v +n 07wy =), (ﬂ' (v) T+ (1 —m)(n") )
- (25)
and define £ as the value of k;, that satisfies 25 when m = 1. We can, since

% > 0, define k* (n) : [0,1] — [0, k] such that 25 is satisfied, where

we have k% = k% (1). Note that if b* > b* so that dG < 0, it also follows that
dk(”) > 0. Therefore, given 7 there exists a unique k:“’ () such that revolt is
preferred for k < k% (r) because 17 cannot hold.

Now consider the poor agent. Again, if there is no cost to dictatorship
(G” (rky,)” " = O), and the probability that the revolt fails is zero (7' = 0),

the poor pivotal agent will revolt because he can implement his preferred tax
scheme, {1,0,0,...} .costlessly and for sure. Under these assumptions, for any
other tax scheme than {1,0,0,...} put forth by the median voter, we have

(1- U)_l A%O_U ((1 —Tip) ”’fo +nT T+t Z;‘;toﬂ Tj Hi:t0+1 gs(r(1— Ts))_lTkto>
1\1-¢o _ —
: (1 + g B (H;;toﬂ(ﬁr (1- rs))?) ) ~(1-0)'a-8)"

~(1-0)"" {((1 ) () T+ (vfo)l_g) PNk T - (1 -8+ GP}

0>
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or, using G? (k. )" ' =0,

0< A’ ((1 — T4y) Vb + n iy, + n_lmto)kg—j\;g ((1 —7') (n_l)ka +7 (vfo)l_a)

Furthermore, the poor agent prefers any tax sequence to {r} = {0,0,...}
which establishes full wealth equality in the first period, so that the inequality
26 is reversed for 7' = 1. Therefore, since the right side of 26 is decreasing in
7/, for any tax sequence {7} there will be a # > 0, which under defection gives
a convex combination of utilities under {7} = {0,0,...} and {7} = {1,0,0,...},
such that 26, is satisfied with equality. Consider now

GP (rky,)" ' = A (A =T1y) v +n" gy + n_la:to)lfg—;\;oa ((1 — ') (n_l)k[f + ' (vfo)l_n>
_ (27)

and define kP as the value of k;, that satisfies 27 when 7’ = 0. We can, since

P(rk, o1 ~ —

% > 0, define k? () : [0,1] — [0,kf,] such that 27 is satisfied, where

we have kP = kP (0). If b* > b® so that ‘fg? > 0, it also follows that d’f;(fr) < 0.

Therefore, given 7/ there exists a unique k? (') such that revolt is preferred for

k < kP (7) because 18 cannot hold.

For the sustainability of democracy both 17 and 18 must hold, so we define
k(m,7') = Max (l%p ('), kv (7‘()) , Democracy then will not be sustainable if
ki, < k(). Finally, note that it must be true that k (m,7') > k (m, '), for
otherwise there would be values of k;, which would be both sustainable and
unsustainable, which is a contradiction. m

Corollary 1: Democracy is always sustainable (i) if v”and v? are suffi-
ciently close to n~!, that is if income distribution is sufficiently equal, or (ii) if
distribution is unequal, that is v > v? > n~!, but 7 and 1 — 7’are sufficiently
small, that is if the probability of a successful revolt for either of the pivotal
agents is small.

Proof. For {r} = {r,,7,7,...} ,the growth rate is g = r (1 — ) (1 — 7) for all

to, and Z;ithrl Tj H';:t0+1 gs(r(1— TS>)_1 = TZ?ito+1 (1- )‘)'Fto =7 h

Then the incentive constraints are:

Gv (rktn)afl >\ ((1 — T4,) Vi + n i, AT =) 7)1_0—5\_0 (7r (v;g)l‘” +(1—m) (n_l)lia)
(28)

G? (rkto)a_l > A7 (1= 74) vy + n i, AT =) 7')1_0—5\70 ((1 —7') (nfl)l_a + 7 (vfo)l_a)
(29)

Note that for {7} = {74,,0,0,...}, A=A=1— ﬂ%rl%r <1.IfoY =P =n~1,

the tax sequence {7} = {74,,0,0, ...} is sustainable if

G" (Tkto)[FI >A\77 ((n_l)l_a -1) (v“’)lfg)
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GP (rky,)” > A7 (((n’l)l_” - 1) (vp)1*0>

— 1) < 0 if ¢ > 1, so the inequalities above hold strictly for

1—0o

But ((n_l)
any kg, > 0. It follows by continuity that the constraints hold if v"and v are

sufficiently close to n=!.

If 7 =1—7" =0, that is if a revolt never succeeds, for {7} = {74,,0,0,...}
o— —c _ -0 _1\1—0
G (rky)” ' > A (((1 — T vl A0 ) = () ) (30)

e e (R T O R ' g IS

For o > 1, the inequalities above will hold for any k., since the right sides of 30
and 31 are negative if v > v? > n~!. Furthermore the inequalities will continue
to hold after period ¢y because the capital stock grows and the shares remain
constant at v/ = v} , = (1 —74,) v} +74n ' for s =1,2,... and j = w, p, with
vP < n~! and v¥ > n~!, so that the right sides of 30 and 31, with v* and v?
replacing vy, and vfo are still negative. Thus democracy will be sustainable for
any ky, under taxes {7} = {74,,0,0,...}. Therefore, if 7 and 1—7" are sufficently
close to 0, the set of tax sequences for which democracy is sustainable is not
empty. Of course the median voter will then choose from the feasible set the
tax sequence that maximizes his utility. m

Corollary 2: Let {74y, Tto+1, Tto+2, -} be a tax sequence with 7, < 1 for
which democracy is sustainable from initial stock &, , and let { Thor Ttot 1> Tto+25 },
Ti, > Tto, De a "more redistributive" sequence that is not sustainable from ini-
tial stock kt,. Then democracy is sustainable with the more redistributive tax
sequence {TQO,TtOH,TtOH, } for some k’ (TQO) > ki, .

Proof. By hypothesis for {74, T¢,+1, Tto+2, -} , the incentive constraints for
period tg,

_ _ _ _ _ 1—
G" (Thto+s)” " 2 ANTe (L= Tegrs) v+ s + 07 (Al = 1) Tegrs)

-7 (7r (vz‘o’+s)170 +(1—-m) (n71)1_0> (32)

l1—0o

—1 —0 _ _ _
GP (rkig4s)” > A (M= 7)) 0f oA s 07 (A he — 1) 7o)

S ((1 ) () T (Ufﬁs)”) (33)

are satisfied for s = 0, 1, ... Under assumptions 1 and 2, 0 < A" < Ay, < M <1,
and the right hand sides of 32 and 33 are bounded. Suppose the period tg in-
centive constraint is not satisfied for {} ,7y+1, Tto+2, ..} - Since GP (rky, )" "
is increasing in ky,, there is a ki° (77,) > k¢, such that the period ¢y constraint
holds. Suppose instead that the period ¢y + s incentive constraint is not satis-
fied for {TQO, Tto+1s Tto+2s } . Since As and g5 depend only on {74, 41, Ttg42, -+ f 5
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T+s—1
they are unaffected by 74,. Thus k¢ 45 = H g; | ke, is strictly increasing in
Jj=to+1
kt,-Then again there is a kj* (7},) > k¢, such that the period o+ s constraint is
satisfied. Let S = {s | the period o + s constraint is not satisfied for {T;O,TtUH,TtOH, } }
Let ki, (1) = sup,cg {k/2} . Then all the incentive constraints are satisfied for
initial stock kj (7},). =

Theorem 2: There is no tax sequence that satisfies all incentive constraints

and that can make the poor pivotal agent better off than he is under the tax
scheme chosen by the median voter, while making the rich pivotal agent no
worse off.
Proof. If there is a coalition of the rich and poor that can make the poor better
off than under the tax scheme chosen by the median voter, while making the rich
no worse off, then 14-16 holds, and we show that this leads to a contradiction.
From 14,

1-0o
M - _ 00
(((17“0)1;?0 RN A LD DI o | to+195( r(l—=r0)” )rkt")
- . n l l1-0
(O it
1-0o
(((1—Tto)’l)to +n_1TiM+n_IZj:to+1T§VI 5= toJrlgS r(l=73))" )rkt(’)

. (1 + i B (H? o (Or (1 7-5;”))%> )

and from 16,

l1—0o
(((1 — Tto) UtoM + n_tho +nt Z] =to+1 75 Hs to+1 gs(r (1 — Tzs)))_l) Tkto)

1
) (1 + Zfltoﬂ Bn_to (H::to-i-l(ﬂr (1- 7'5))%)
(

l—0
(((1—7’t0)vtoM—|—n 1TM+n_1Z] o1 T HS tog1 9s(r (1= 75,4))—1) rkt0>

(142 (e - 22) )

Rearranging these yields:

(A7) B e, 2 7 TE gy el (L= 72) )k, )
(1= )oY e 4 52 T g (L= 720) k)
(145 (T =) )
(14 577 (e 7202) )
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and
(7o 2, 55y T 7))
( (1 =74 UtoM +n~try M +nt Z] =to+1 7T} Hs to+1 gs(r (1 — Tfev‘l))_1> 7"]%)17(7
(14 S (T 1= r29) )
L+ S 0 8 (1= m?) )

so that:

((1—7-t0)vtD +n- Tto—l—n_lzj to+1TJ — t0+1gs( (1_7'5))_1) T]‘“to)

(1= o) b e S, M g (L 720) ) v
(34)

((1 Tt) VM +n =) 4t DA JHS 1011 9s(T (1—7'5))71) Tkto)

( (L= 7o) o™+l = 3050 T T 0s(r (1_T§4>)_1) rkto)

We also have:

(

— —

oV 1 ) (((1 —TtU)Uzo +7?,_17't0 +nt Z;ith Tj Hg:toJrl gs(r (1 _Ts))_l> Tkto)*(f
- ST 1=\
t ’ (1 + Zio:to+1 Bnito (H::to+1(57” (1 - Ts))?) >

: Py [P oy [ M (M
Since V(kto,vto,to, {Tto’(Tg)gito-l-l}) > V(ktgvvtovt()?{Ttoa Ts )s tU-‘rl})
the first intersection of value functions for vy, > vf, is at vaM,

i
vy,

ov (ktm UfOM, to; {Tfov (Tg)gito+1}) - oV (ktov vtj\g[, to; {T:fo’ (Té’)g‘;to+l})
8vt0 (%to

and if the first intersection of value functions for vy, > v} is at v,

ov (ktoav;ﬁM7 to; {Tfo’ (Té)):o:toJrl}) > ov (kto’ Vi, , o3 {Ttoa Tg)gito+1})
avto o avto

Evaluating the derivatives at vaM implies:

(((1—7’%) vy +n_17£\f+n_127 A HS tog1 9s(T (1—7?4))_1) rkto)

(1 o 7-1\04) 0o t n 1\ 1-0o g
t (1 + Zn:to+1 B"* ’ (Hs:t0+1(57‘ (1 — Ti\/[));) )
> - (=i e bl ™ S5 7 Tl 90 (L= 72) ™ ) iy )

. (1 + o BT (H?:tgﬂ(m (1- Tg)ﬁ) 10) U
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or

(=72 oM +ntel = 052, 7

. <1 + fo:toﬂ gt (H: to+1 (87 ( i>1 U)

i to+1 gs(r (1 Tfew

(((1 - Tto) Uto tn Tto + {n‘il Z] to+1 ] Hs to+1 gs(

: <1 + 2 tot1 prte (H:Zt0+1(ﬁr (1—17%)) e

(1 — Tfo)
N

Similarly, evaluating the derivatives at v“’M

implies

(1 M) (<(1 N Ti\ol) vtOM +n M +n7! Z] =to+17; Hs to+1 gs(r
-7

(=) o 2o, 4 0 72 T 000
< (1 — 7P )

or

(((17T%)vtoM+n T Jrnilzj =to+1 ;\41—[1 t0+1gs( (

r(1— Ti”))*l) 'rkto)_o

to

<1 + Zf=t0+1 grte (H:=to+1(57" (1 - TM))

S

to

. (1 " Zzozt”"'l gt (H:=t0+1(ﬂ7" (1- Tp))%)

S

. (1 ol B (HZ:%“(BT (1=7))> ) 16) U

(1 — Tfya))_l) rkto)ig

(((=7B) o bl 4 052y 7 Ty 960 (

) (1 + e BT (H? tor1(Br (L =78))= )lg)o

(1-7h)
- (1 — TM)

This is only possible if

((1 - 7—to) vaM

+n7try 4+ nt ZJ to+1 Ty Hs tor19s(r (1 — T’s’))’l)

(=)o 4+ ntrll gt 3o, Hz:toﬂgsv(l—fi%»—l)

UtoM + n_thO +n! Z] —to+1 Tg s=to+1 gs(r (1 — 7'257))_1)

(

(1_Tto v
(1

Tto)UtoM+n ! M+n 123 to+1 ?”Hi:toﬂgs(?"(l—ﬂ”))’l)
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1— Tg))*l) rkto)_a



( :

(0

(((1—Tto)’UtD +n e 4t JMHil:tngs(?“(l—Tiw))_l))H
(a
(

But, from equation 34,
_ _ 1-0o
— Tt,) Utg +n Tto +n Z] to+1 7T Hs to+1 gs(r (1 —7%)) ))

l1-o
( — Tto UtUM + nitho +nt 27 =to+1 7] Hs to+1 gé( (1 - Tg))il) Tkto)

. 1-0o
<( 1—174) UtoM +nir M +nt Z] =to+1 é\/[ Hi=t0+1 gs(r (1 — T(]sw))fl) 7’kto)

which leads to a contradiction. m
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