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Devwudfw

Zh dqdo|}h surgxfwlrq surfhvvhv wkdw uhtxluh wzr frpsohphqwdu| lqsxwv
vxemhfw wr lpsuryhphqwv lq txdolw|1 Zh dvvxph wkdw wkh frpsohphqwdulw| lv
h{wuhph � Ohrqwlhi1 Lq vslwh ri wklv/ zh �qg wkdw li wkh frvwv ri dgmxvwphqw duh
qrw frqyh{/ lw fdq sd| d �up wr ex| wkh lqsxwv dw gl�huhqw gdwhv � �dv|qfkur0
qrxvo|�1 E| grlqj vr/ wkh �up fdq vrphwlphv vdyh rq wkh �{hg frvw ri uhshdwhg
xsjudghv ri dq lqsxw1

Wkh uhodwlrq ehwzhhq lqyhvwphqw dqg rxwsxw lv gl�huhqw zkhq wkh rswlpdo
dgrswlrq srolf| lv dv|qfkurqrxv1 Frqfuhwho|/ li zh dvvxph wkdw wkh frpsoh0
phqwdu| lqsxwv duh sodqw dqg htxlsphqw/ zh fdq h{sodlq zk| surgxfwlylw|
ulvhv zlwk wkh djh ri d sodqw/ zk| lqyhvwphqw lq vwuxfwxuhv lv pruh vslnhg wkdq
htxlsphqw lqyhvwphqw/ dqg zk| sodqwv kdyh vsduh fdsdflw|1

4 Lqwurgxfwlrq
Ilupv riwhq xvh lqsxwv zkrvh txdolwlhv duh frpsohphqwv � h1j1/ frpsxwhu dqg pr0
ghp/ htxlsphqw dqg vwuxfwxuhv/ wudlq dqg wudfn/ wudqvplwwhu dqg uhfhlyhu14 Lq wkh
devhqfh ri dgmxvwphqw frvwv/ wklv frpsohphqwdulw| vkrxog lqgxfh txdolw| xsjudghv wr
eh v|qfkurqrxv= Zkhq udlvlqj wkh txdolw| ri dq lqsxw/ wkh �up vkrxog xsjudgh lwv
frpsohphqwv dw wkh vdph wlph1

�Zh wkdqn Nhq Exughww iru glvfxvvlrqv zkhq wklv sdshu zdv lq lwv irupdwlyh vwdjh/ Zloo Edxpro/
Mlp Ehvvhq/ Mdvrq Fxpplqv/ Grxjodv Gz|hu dqg Mrkq PfFohoodqg dqg wzr uhihuhhv iru xvhixo
frpphqwv/ Ohyhqw Nrfnhvhq dqg Vloylr Uhqgrq iru khoslqj xv zlwk wkh uhvhdufk/ dqg wkh Qdwlrqdo
Vflhqfh Irxqgdwlrq dqg wkh F1Y1 Vwduu Fhqwhu iru Dssolhg Hfrqrplfv dw Qhz \run Xqlyhuvlw| iru
�qdqfldo khos1

4D uhihuhh vxjjhvwhg wkdw wkdw wkhru| dqg gdwd duh frpsohphqwv lq surgxflqj jrrg hfrqrplfv1
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Dv orqj dv wkh| duh frqyh{/ lqsxw0dgmxvwphqw frvwv gr qrw fkdqjh wklv frqfoxvlrq1
Zkhq Wrelq*v ^ ulvhv/ iru lqvwdqfh/ d �up zloo vwhs xs lwv lqyhvwphqw lq doo wkh
frpsohphqwdu| fdslwdo jrrgv1 Wkh dgmxvwphqw ri wkhvh lqsxwv lv sduwldo/ exw vwloo
v|qfkurqrxv/ dv Kd|dvkl dqg Lqrxh*v +4<<4, prgho lpsolhv1

Iru pdq| lqsxwv/ krzhyhu/ wkh frvwv ri txdolw|0dgmxvwphqw duh qrw frqyh{1 Iru
h{dpsoh/ uhsodfhg exloglqjv dqg pdfklqhv riwhq fdqqrw eh vrog r� wr dqrwkhu xvhu/
dqg duh wkhuhiruh vfudsshg hyhq wkrxjk wkh| vwloo ixqfwlrq1 Wkh srvlwlyh lq0krxvh
ydoxh ri vxfk rog fdslwdo uhsuhvhqwv dq rssruwxqlw| frvw ri uhsodflqj lw1 Lw dfwv dv d
�{hg frvw rq xsjudglqj fdslwdo/ dqg lw lpsolhv wkdw rswlpdo xsjudglqj zloo eh vsdfhg
rxw/ dqg wkdw lqyhvwphqw zloo h{klelw �vslnhv�1

Vxfk oxpslqhvv lq wkh frvwv ri dgmxvwphqw dovr lpsolhv wkdw wkh rswlpdo dgmxvw0
phqw ri lqsxwv lv riwhq dv|qfkurqrxv1 Hyhq li wkh lqsxwv duh h{wuhph frpsohphqwv �
Ohrqwlhi � wkh �up zloo whqg wr xsjudgh wkhp dw gl�huhqw gdwhv1 Wkh �up zloo uhgxfh
wkh �{hg frvwv ri uhshdwhg xsjudghv e| xsjudglqj dq lqsxw e| d orw/ dqg wkhq zdlwlqj
iru wkh txdolw| ri wkh rwkhu lqsxw wr fdwfk xs1

Xsjudglqj dq lqsxw �e| d orw� fuhdwhv h{fhvv fdsdflw| ri wkdw lqsxw1 Wklv h{0
sodqdwlrq ri wkh skhqrphqrq gl�huv hqwluho| iurp wkh xvxdo rqh wkdw vsduh fdsdflw|
dulvhv ehfdxvh lqyhvwphqw lv luuhyhuvleoh dqg ghpdqg lv xqfhuwdlq/ dqg uholhv/ lqvwhdg/
rq oxps| frvwv ri lpsohphqwlqj qhz whfkqrorj|1 Lw lv/ zh eholhyh/ wkh qdwxudo h{sod0
qdwlrq iru zk|/ iru h{dpsoh/ r!fh exloglqjv dqg pdqxidfwxulqj sodqwv duh lpsuryhg
lqiuhtxhqwo| dqg |hw duh �oohg/ dv wkh| djh/ zlwk ehwwhu dqg ehwwhu htxlsphqw1 Lw
dovr h{sodlqv zk|/ dv d sodqw djhv/ oderu surgxfwlylw| jurzv � wkh sodqw grhv qrw jhw
ehwwhu zlwk djh/ exw wkh htxlsphqw wkdw lw krxvhv jhwv ehwwhu ryhu wlph1

Xsjudglqj dq lqsxw e| d orw dovr fuhdwhv eljjhu vslnhv lq lqyhvwphqw1 Gdwd frq�up
wklv dv zhoo1 Iru lqvwdqfh/ Jruw/ Juhhqzrrg/ dqg Uxshuw +4<<;, �qg wkdw iru vxuylylqj
exloglqjv/ wkhuh lv hylghqfh ri pdmru uhfrqvwuxfwlrq ru uhqrydwlrq diwhu derxw wkh 78wk
|hdu/ |hw rqo| vorzo| ulvlqj pdlqwhqdqfh dqg uhsdlu xqwlo wkhq1 Vlqfh r!fh htxlsphqw
lv uhsodfhg hyhu| ihz |hduv/ wklv phdqv wkdw wkh oxpslqhvv lq fdslwdo rxwod|v rq
vwuxfwxuhv idu h{fhhgv wkdw iru htxlsphqw1

Zh �w rxu prgho wr vhfwrudo gdwd rq sodqw dqg htxlsphqw15 Wkh prgho fruuhfwo|
suhglfwv vhyhudo furvv0lqgxvwu| fruuhodwlrqv= Wkh qhjdwlyh fruuhodwlrq ehwzhhq wkh
dyhudjh djh ri lqsxwv dqg wkh jurzwk udwh ri oderu surgxfwlylw|/ dqg wkh srvlwlyh
fruuhodwlrq ehwzhhq wkh dyhudjh djhv ri htxlsphqw dqg vwuxfwxuhv1

Pruh lpsruwdqwo|/ rxu prgho h{sodlqv d ihdwxuh ri wkh gdwd wkdw wkh vwdqgdug
prgho fdqqrw1 Lq wkh rqh0fdslwdo prgho/ zkhq wkh frvw ulvhv/ xsjudglqj lv ghod|hg vr
wkdw wkh djh ri fdslwdo ulvhv1 \hw lq rxu gdwd/ zkhq wkh frvw ri vwuxfwxuhv ulvhv/ wkh
djh ri vwuxfwxuhv idoov1 Rxu prgho h{sodlqv wklv ehfdxvh lw kdv rswlpdo dgmxvwphqw ri
vsduh fdsdflw|= Fkhds vwuxfwxuhv kdyh pruh vsduh fdsdflw|/ vr wkh| duh qrw uhsodfhg

5Wkhvh wzr lqsxwv vrphwlphv dsshdu wr eh h{wuhph frpsohphqwv1 Lq wkh vlolfrq0fkls lqgxvwu|/
iru h{dpsoh/ wkh txdolw| ri d frpsxwhu fkls ghshqgv rq wzr fkdudfwhulvwlfv= wkh suhflvlrq ri wkh
htxlsphqw/ dqg wkh txdolw| ri wkh dlu lq wkh surgxfwlrq idflolw|1 Qr dprxqw ri htxlsphqw suhflvlrq
fdq pdnh xs iru gluw| dlu/ dqg ylfh yhuvd1
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iru d orqj wlph1 Zkhq wkh frvw ri vwuxfwxuhv ulvhv/ xs0iurqw vshqglqj rq wkhp idoov/
dqg vr grhv wkhlu vsduh fdsdflw|/ dqg wkhlu dyhudjh djh1

5 Wkh prgho
Wklv vhfwlrq ghvfulehv wkh rswlpdo dgrswlrq srolf| ri d �up wkdw idfhv h{rjhqrxvo|
jlyhq sulfhv ri lwv rxwsxw dqg lwv wzr lqsxwv/ dqg dq h{rjhqrxvo| dgydqflqj whfkqr0
orjlfdo iurqwlhu1 Wkh wkuhh vhwv ri nh| dvvxpswlrqv duh wkh iroorzlqj=

Wkh surgxfwlrq ixqfwlrq= D �up surgxfhv rxwsxw +E|� zlwk d surgxfwlrq ixqfwlrq
wkdw lv Ohrqwlhi zlwk lqsxwv % dqg 5 ehlqj wkh vhuylfhv surylghg e| wzr fdslwdo jrrgv=

+E|� ' 4�?i%E|�c 5E|�j� +4,

Wkh wklug lqsxw � oderu � lv qrupdol}hg dw xqlw|1 Vr wkh �up*v rqo| zrunhu xvhv wzr
pdfklqhv/ dqg kh grhv qrw vkduh wkhp zlwk rwkhu zrunhuv1 Wkh txdqwlw| ri hdfk lqsxw
lv qrupdol}hg dw xqlw|/ dqg hdfk lqsxw lv lqglylvleoh1 Dq h{dpsoh ri vxfk d surfhvv
frxog eh wkh rxwsxw ri d zrunhu wkdw xvhv d frpsxwhu ri txdolw| % dqg d prghp ri
txdolw| 51

Whfkqrorjlfdo xsjudglqj= Ehfdxvh wkh �uppxvw xvh h{dfwo| rqh xqlw ri hdfk lqsxw/
udlvlqj wkh txdolw| ri dq lqsxw uhtxluhv ex|lqj d ehwwhu rqh dqg vfudsslqj wkh rog
rqh1 Wkh vfuds ydoxh ri hdfk pdfklqh lv }hur1 Sxufkdvhv ri 5 duh frqvwudlqhg e| wkh
h{rjhqrxvo| jurzlqj iurqwlhu ~Ef�e}|1 Rq wkh rwkhu kdqg/ zh dvvxph wkdw dq| txdolw|
ri % lv d ihdvleoh fkrlfh16

Sulfhv= Wkh sulfh ri rxwsxw lv xqlw|1 Ohw wkh lqsxw sulfhv shu xqlw txdolw| eh
frqvwdqw dqg htxdo wr R% dqg R517 Wklv pdnhv wkh vroxwlrq ri wkh �up*v sureohp
vwdwlrqdu|1

D ihz frpphqwv derxw wkhvh dvvxpswlrqv1 Zh kdyh vxssuhvvhg wkh pxowlsolfdwlyh
frqvwdqwv lq wkh surgxfwlrq ixqfwlrq1 Qrz wklv fdq eh dffrpsolvkhg uhvfdolqj hlwkhu
wkh qxpehuv ri lqsxwv/ ru wkhlu txdolw|18 Wkh uhsodfhphqw ri rog lqsxwv e| qhz rqhv

6Wklv pd| eh ehfdxvh wkh iurqwlhu ri { kdg jurzq idvwhu wkdq wkdw ri } lq wkh sdvw/ dqg ehfdxvh/
shukdsv/ wkh wzr kdg jurzq dw urxjko| wkh vdph udwh vlqfh1

7Wkh rqh0fdslwdo0lqsxw prgho lv d vshfldo fdvh ri rxuv= Li s{ @ 3/ wkhq iru doo srvvleoh ydoxhv ri
wkh rwkhu sdudphwhuv/ wkh prgho ehkdyhv h{dfwo| dv li wkhuh zhuh mxvw rqh lqsxw/ }1

8Xqohvv zh fdq phdvxuh { dqg } gluhfwo|/ wkh vwdwhphqw �lqsxw { lv uhodwlyho| fkhds� lv htxlydohqw
wr vd|lqj wkdw �lqsxw { lv uhodwlyho| xqlpsruwdqw lq surgxfwlrq�1 Li/ lqvwhdg ri +4, zh zhuh wr zulwh

| @ plq

�
{3

d
>
}3

e

�
>

dqg li zh zhuh wr dvvxph wkdw s3{ dqg s3} duh wkh sulfhv shu xqlw ri txdolw| ri {
3 dqg }3/ uhvshfwlyho|/

wklv vhwxs zrxog eh htxlydohqw wr +4,/ vr orqj dv zh gh�qhg s{ @ ds3{/ dqg s} @ es3}= Li d zhuh vpdoo/
lqsxw {3 zrxog eh uhodwlyho| xqlpsruwdqw lq surgxfwlrq1 Xqghu wkh dvvxphg irup lq +4,/ wklv zrxog
vkrz xs dv d orz ydoxh ri s{=
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rffxuv ehfdxvh sursruwlrqv duh �{hg dqg ehfdxvh whfkqrorjlfdo surjuhvv pdnhv lw
srvvleoh wr ex| ehwwhu lqsxwv ryhu wlph1

Ehiruh vwdwlqj wkh jhqhudo sureohp irupdoo|/ zh vkdoo vnhwfk wzr ri lwv vshfldo
fdvhv1

514 Wkh fdvh zkhuh R{ ' f

Zkhq % lv iuhh/ wkh prgho ghjhqhudwhv/ h�hfwlyho| wr d vwdqgdug/ rqh0fdslwdo ylqwdjh
prgho1 Wkh xsjudglqj ri % lv lqghwhuplqdwh= Wkh rqo| surshuw| ri %E|� wkdw wkh �up
fduhv derxw lv wkdw lw qhyhu idoo ehorz 5E|�1 Wkh �up*v xsjudglqj ri 5 zloo ehkdyh dv
li wkh surgxfwlrq ixqfwlrq zdv

+ ' 5c

vr wkdw rxu prgho frqwdlqv wkh rqh0fdslwdo prgho dv d vshfldo fdvh1
Wkh uhdghu pd| zrqghu zkhq rxu prgho gl�huv wkh prvw iurp wkh vwdqgdug rqh

1 Wkh dqdo|vlv ri wkh jhqhudo fdvh vxjjhvwv wkdw wkh gl�huhqfh lv odujhvw zkhq R5 ' f/
dqg wklv lv wkh fdvh zh wxuq wr qh{w1

515 Wkh fdvh zkhuh R} ' f

Wklv fdvh zloo kljkoljkw wkh iroorzlqj srlqw= Dv|qfkurqrxv dgmxvwphqw dqg vsduh
fdsdflw|pxvw dulvh lq wkh jhqhudo fdvh li lqsxw 5 lv fkhds1 Pruhryhu/ lw lv wkh h{shqvlyh
lqsxw wkdw dgmxvwv ohvv iuhtxhqwo|/ dqg wkdw/ dv d uhvxow/ h{shulhqfhv h{fhvv fdsdflw|1
Wkh lqwxlwlrq fduulhv ryhu wr wkh jhqhudo fdvh/ exw lw lv fohduhvw lq wkh fdvh zkhq
R5 ' f1

Li 5 lv iuhh/ lw zloo frvw wkh �up qrwklqj wr vhw 5 ' ~ zkhqhyhu qhfhvvdu|/ vr wkdw
rxwsxw +E|� ' 4�? i%E|�c ~Ef�e}|j1 Vxssrvh wkdw %Ef� ' f dqg ~Ef� ' �1 Wkh �up kdv
wr ghflgh zkhq wr ex| qhz % dqg krz pxfk wr ex|1 Vxssrvh wkdw wkh �up fkrrvhv
wr xsjudgh % hyhu| A shulrgv19 Wkh �uvw sxufkdvh ri % pxvw rffxu dw | ' f/ ehfdxvh
rwkhuzlvh qr rxwsxw zloo eh surgxfhg1 Ohw wkh txdolw| ri % sxufkdvhg dw wlph f eh
htxdo wr %f1 Zkhqhyhu

R% 	
�

o
c +5,

sxufkdvlqj % |lhogv srvlwlyh sur�w/ vr %f � ~Ef� ' �1 Lw lv fohduo| zdvwhixo wr vhw
%f : 4@ dfcA o~E|� ' e}A / vr %f � e}A 1 Wkhuhiruh/ vlqfh � � %f � e}Agxulqj wkh �uvw
A shulrgv/ %E|� vshqgv � ' �

}
*? %f shulrgv deryh wkh iurqwlhu dqg A � � shulrgv ehorz

wkh iurqwlhu1 Olnhzlvh/ hyhu| wlph qhz % lv sxufkdvhg/ wkh vl}h ri wkh sxufkdvh zloo
eh fkrvhq iru % wr vshqg � shulrgv deryh wkh iurqwlhu dqg A � � shulrgv ehorz wkh
iurqwlhu1 Wkhq/ wkh �0wk sxufkdvh ri % pxvw eh ri vl}h %� ' %fe

�}A ' e}�e�}A 1 Wkh

9Lq wkh qh{w vxevhfwlrq/ zh vkrz wkdw hyhqo| vsdfhg xsjudghv ri { duh rswlpdo1
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ydoxhv ri � dqg A zloo pd{lpl}h wkh glvfrxqwhg suhvhqw ydoxh ri wkh olihwlph sur�w
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zklfk lv htxdo wr wkh glvfrxqwhg suhvhqw ydoxh ri rxwsxw plqxv wkh glvfrxqwhg suhvhqw
ydoxh ri wkh frvw ri %1 Wklv shulrglf vroxwlrq lv ghslfwhg rq Iljxuh 4/ dqg zh zloo
ixuwkhu suryh wkdw lw lv/ lq idfw/ rswlpdo1

Dv|qfkurqrxv dgmxvwphqw = Dv orqj dv A : f/ wkh txdolwlhv ri wkh wzr lqsxwv jurz
dv|qfkurqrxvo|1 Hyhu| A shulrgv/ wkh h{shqvlyh lqsxw/ %c ohdsv dkhdg/ dqg wkhq wkh
fkhds lqsxw/ 5c fdwfkhv xs judgxdoo|1 Zkhq 5 kdv fdxjkw xs diwhu � shulrgv/ erwk
lqsxwv duh nhsw frqvwdqw xqwlo wkh qh{w sxufkdvh ri %1

H{fhvv fdsdflw|= Zkhqhyhu % lv deryh wkh iurqwlhu/ d iudfwlrq ri wkh lqyhvwphqw lq
% vlwv lgoh1 Ohw �vsduh fdsdflw|�/ 7/ eh wkh dyhudjh shufhqwdjh ri % wkdw vlwv lgoh ryhu
wkh lqwhuydo dfc A o G

7 '
�

A

] �

f

e}� � e}|

e}�
_| '

�

A
� �� e3}�

}A
�

E| frqvwuxfwlrq/ 7 lv ehwzhhq f dqg �1 Dv Iljxuh 4 vkrzv/ 7 lv lqfuhdvlqj dqg
frqfdyh lq }/ dqg ghfuhdvlqj dqg frqyh{ lq o1 Wklv pdnhv vhqvh vlqfh vsduh fdsdflw|
lv/ lq rxu prgho/ d irup ri lqyhvwphqw1 Wkh ydoxh ri wkdw lqyhvwphqw lv kljkhu zkhq }
lv kljkhu ehfdxvh wkh frpsohphqwdu| lqsxw fdwfkhv xs vrrqhu1 Wkh iruhjrqh hduqlqjv
frvw/ rq wkh rwkhu kdqg/ lv kljkhu zkhq o lv kljkhu1 Qrw sruwud|hg lq wkh �jxuh lv
d qhjdwlyh uhodwlrq ehwzhhq 7 dqg R%1 Dv % ehfrphv pruh h{shqvlyh/ A ulvhv dqg �
idoov/ vr vsduh fdsdflw| ghfolqhv prqrwrqlfdoo| dv R% jrhv xs/ xqwlo lw �qdoo| uhdfkhv
}hur zkhq +5, lv ylrodwhg dqg % lv qhyhu sxufkdvhg1

516 Wkh jhqhudo fdvh

Zkhq R5 ' f/ wkh dgrswlrq srolf| lv dv|qfkurqrxv1 Exw zkhq R5 : f/ wkh �up qr
orqjhu xsjudghv 5 frqwlqxrxvo|/ exw/ udwkhu/ dw glvfuhwh srlqwv lq wlph1 Dw vrph srlqw/
zkhq R5 lv vx!flhqwo| odujh/ xsjudglqj ehfrphv v|qfkurqrxv/ dqg zh vkdoo qrz ghulyh
dqg lqwhusuhw wkh frqglwlrqv wkdw ghwhuplqh zkhq dv|qfkurqrxv xsjudglqj lv rswlpdo1

Ohw A� +� ' fc �c ���, eh wkh gdwhv zkhq wkh �up xsjudghv %c dqg ohw %� eh wkh
txdolw| ri wkh pdfklqh erxjkw dw gdwh A�1 Olnhzlvh/ wkh �up xsjudghv 5 dw gdwhv
� � wr txdolw|0ohyhov 5�1 Wkhq/ %E|� dqg 5E|� duh lqfuhdvlqj vwhs0ixqfwlrqv/ ghwhuplqhg
ixoo| e| wkhlu lqlwldo frqglwlrqv %f dqg 5f dqg e| wkh vhtxhqfhv i%�c A�j dqg i5�c � �j �
Ohw ~E|� ' ~Ef�e}|/ vr wkdw wkh frqvwudlqw rq wkh sxufkdvhv ri 5 uhdgv 5� � ~E� ��/ doo
�1
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Iljxuh 4= Wkh rswlpdo vroxwlrq dqg wkh rswlpdo vsduh fdsdflw|/ R5 ' f1

Wkh �up*v ghflvlrq sureohp= Jlyhq %E|� dqg 5E|�/ wkh �up*v glvfrxqwhg olihwlph
sur�w lv

T E%E|�c 5E|�� '

] "

f

e3o|4�?i%E|�c 5E|�j_|�
"[
�'f

e3o��R55� �
"[
�'f

e
3oA

�R%%� +6,

Wkh �uvw whup lv suhvhqw ydoxh ri uhyhqxhv/ zklfk dffuxh frqwlqxrxvo|1 Wkh uhpdlqlqj
wzr whupv duh wkh suhvhqw ydoxhv ri wkh frvwv ri wkh wzr lqsxwv1 Wkh �up pd{lpl}hv
T zlwk uhvshfw wr %E|� dqg 5E|�/ vxemhfw wr jlyhq lqlwldo frqglwlrqv %f/ dqg 5fc dqg
vxemhfw wr 5� � ~E� �� iru doo �1

Wkh ruljlq dqg uroh ri qrqfrqyh{ dgmxvwphqw frvwv= Wkh fuxfldo dvvxpswlrq gh0
whuplqlqj wkh rswlpdo vroxwlrq lv oxps| +qrq0frqyh{, frvwv ri udlvlqj wkh txdolw| ri
% dqg 51 Lq rxu prgho wkh| dulvh ehfdxvh wkh uhvdoh ydoxh ri wkh h{lvwlqj lqsxw lv
ohvv wkdq lwv sxufkdvh sulfh1 Wkh gl�huhqfh ehwzhhq wkh wzr dfwv dv d �{hg frvw ri
uhsodfhphqw1 Zlwkrxw wklv frvw/ erwk lqsxwv zrxog eh xsjudghg frqwlqxrxvo| dqg
zrxog iroorz wkh iurqwlhu= %E|� ' 5E|� � ~E|�1 Wr vlpsoli| wkh dqdo|vlv zh dvvxph
wkdw uhvdoh ydoxh ri rog htxlsphqw lv }hur � lw lv vfudsshg1

Dv|qfkurqrxv uhsodfhphqw = Wkh �{hg frvwv ri udlvlqj % dqg 5 zloo qrz suhyhqw
wkh �up iurp vhwwlqj %E|� � ~E|� dqg 5E|� � ~E|� doo wkh wlph1 Wkh uhvxowv ri wkh
suhylrxv vxevhfwlrq vkrxog ohdg rqh wr h{shfw wkdw/ e| frqwlqxlw|/ iru orz ydoxhv ri R5/
wkh �up zloo xsjudgh 5 pruh riwhq wkdq %/ vr wkdw wkh �up vwloo zloo qrw vhw %E|� ' 5E|�
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doo wkh wlph dqg wkdw/ lqvwhdg/ wkh �up zloo vrphwlphv ex| wkhvh lqsxwv dw gl�huhqw
gdwhv1 Wkh �up zloo wudgh r� wkh iroorzlqj wzr frqvlghudwlrqv=

+d, ex|lqj % wrjhwkhu zlwk 5 doo wkh wlph wr dyrlg ohwwlqj % vlw lgoh zkloh 5 fdwfkhv
xs/ dqg

+e, ex|lqj % : ~ xs iurqw dqg wkhq uhsodflqj rqo| 5 xqwlo lw fdwfkhv xs zlwk % dqg
wkhuhe| vdylqj rq wkh �{hg frvw ri uhshdw sxufkdvhv ri %1

Li +d, lv pruh lpsruwdqw wkdq +e,/ wkh rswlpdo srolf| zloo eh v|qfkurqrxv1 Li +e,
grplqdwhv/ krzhyhu/ wkh srolf| zloo eh dv|qfkurqrxv1 Wkh deryh lqwxlwlrq lv frq�uphg
e| wkh iroorzlqj uhvxow zklfk fkdudfwhul}hv wkh rswlpdo vroxwlrq wr +6, iurp dq| lqlwldo
frqglwlrqv1 Wkh uhvxow suhvxphv wkdw

R% n R5 	
�

o
c +7,

d frqglwlrq wkdw jxdudqwhhv wkdw xsjudglqj lv pruh sur�wdeoh wkdq pdlqwdlqlqj wkh
fxuuhqw lqsxw0ohyhov iru hyhu1

Wkhruhp 4 Iurp vrph gdwh � f 	 4/ wkh rswlpdo vroxwlrq wr +6, lv ixoo| fkdu0
dfwhul}hg e| d yhfwru E?c Ac |�c ���|?3�� vxfk wkdw=

+l, Lqsxw % lv xsjudghg shulrglfdoo| zlwk d frqvwdqw shulrg A 1 Wkdw lv/ A� ' �A
iru hyhu| �1

+ll, Lqsxw % lv sxufkdvhg dw prvw dv riwhq dv 5c dqg wkh uhodwlyh iuhtxhqf| ri xs0
judglqj +qxpehu ri xsjudghv ri 5 shu rqh xsjudgh ri %, lv frqvwdqw dqg htxdo
wr ?1 Wklv vd|v wkdw 5 pd| eh xsjudghg zkloh % lv frqvwdqw/ zklfk lpsolhv wkdw
vdph % lv xvhg zlwk vhyhudo gl�huhqw 5*v1

+lll, Lqsxw 5 lv dozd|v xsjudghg wr wkh iurqwlhu/ l1h1 5� ' ~E� ��/ dqg � � ' � �?n& '
�A n |&/ |f ' f/ & ' fc ���c ?� �1 Wklv vd|v wkdw % lv dozd|v sxufkdvhg wrjhwkhu
zlwk 5/ exw vrphwlphv rqo| 5 lv sxufkdvhg/ exw % lv qrw1 Wkxv/ zkhq ? : �/
xsjudghv duh dv|qfkurqrxv1

+ly, %� ' 4@ d�AcE�n��A o 5E|� ' ~E�A n |?3��1 Wklv vd|v wkdw % lv sxufkdvhg xs iurqw
+%� � ~EA�� iru hyhu| �, dqg txdolw| ri % pdwfkhv wkh txdolw| ri wkh ehvw 5 wkdw
lv xvhg wrjhwkhu zlwk wklv %1

Surri= Lq wkh Dsshqgl{1

Wkh wkhruhp vwdwhv wkdw wkh shulrglf vroxwlrq � v|qfkurqrxv ru dv|qfkurqrxv �
lv joredoo| vwdeoh1 Pruhryhu/ wkh dssurdfk wr wkh shulrglf xsjudglqj sdwwhuq rffxuv
qrw dv|pswrwlfdoo|/ exw lq �qlwh wlph/ � f1

Iljxuh 5 lv wkh jhqhudo fdvh dqdorj ri Iljxuh 41 Lw looxvwudwhv wkh vwdwhphqw ri wkh
wkhruhp dqg ghslfwv wkh rswlpdo vroxwlrq E%E|�c 5E|�� rq wkh lqwhuydo dfc A o1 Qrwh wkdw
iru wkh srolf| wkdw wkh �jxuh looxvwudwhv/

:



Iljxuh 5= Wkh rswlpdo vroxwlrq

+4, Hyhu| ?*wk sxufkdvh ri lqsxwv lv v|qfkurql}hg ehfdxvh ri wkh h{wuhph frpsoh0
phqwdulw|1 Ehfdxvh ri wklv/ %E|� dqg 5E|� erwk vshqg vrph wlph ehorz ~E|�1 Lq
wkh fdvh ri 5E|�/ wklv lv ehfdxvh wkh srvlwlyh frvw ri xsjudghv irufhv wkhp wr eh
vsdfhg rxw1 Dqg %E|� pxvw eh ehorz ~E|� suhflvho| ehfdxvh mxvw sulru wr wkh
?*wk +v|qfkurql}hg, sxufkdvh/ % dqg 5 pxvw eh htxdo�

+5, Sxufkdvhv ri lqsxwv duh jhqhudoo| dv|qfkurqrxv= ?�� sxufkdvhv ri 5 rffxu zlwk
qr dffrpsdq|lqj dgmxvwphqw lq %1

+6, %E|� � 5E|� dozd|v/ dqg rqo| % hyhu kdv vsduh fdsdflw|1 Vsduh fdsdflw| lv wkh
kljkhvw uljkw diwhu d sxufkdvh ri %/ dqg lw wkhq ghfolqhv dv 5 judgxdoo| fdwfkhv
xs zlwk %1 Wklv lpsolhv wkdw surgxfwlylw|/ 5/ ulvhv dv lqsxw % djhv1

+7, Lqyhvwphqw kdv vslnhv zkhq lqsxwv duh sxufkdvhg1 Vslnhv duh uhodwlyho| eljjhu
iru % wkdq wkh| duh iru 5/ ehfdxvh % lv uhsodfhg ohvv riwhq1:

+8, Vlqfh % lv uhsodfhg ohvv riwhq wkdq 5/ lqsxw % lv/ rq dyhudjh/ roghu1

Surshuwlhv +5, � +8, krog li dqg rqo| li ? : � lv rswlpdo1; Lw pd| lqvwhdg eh
rswlpdo wkdw ? ' �/ lq zklfk fdvh % dqg 5 ehkdyh dv li wkh| zhuh rqh lqsxw1 Wklv

:Wkh qh{w vhfwlrq ghvfulehv suhflvho| krz wkh vslnhv duh phdvxuhg1
;Dq h{dpsoh zkhuh q lv dssduhqow| juhdwhu wkdq rqh lv prghpv dqg frpsxwhuv/ zklfk duh

frpsohphqwv lq wkh Lqwhuqhw frqqhfwlrq whfkqrorj|1 Prvw ghvn SFv frph htxlsshg zlwk d prghp1
Exw wkhuh lv dovr d uhwdlo pdunhw iru prghpv zklfk phdqv wkdw vrph xvhuv suhihu wr xsjudgh wkh

;



Iljxuh 6= Fdslwdo vkduhv dqg uhodwlyh sulfhv ri lqsxwv iru zklfk ? : � lv rswlpdo1

phdqv wkdw xsjudghv zloo eh shuihfwo| v|qfkurql}hg dqg qhlwkhu lqsxw zloo kdyh vsduh
fdsdflw| dw dq| wlph1<

Wkh qdwxuh ri wkh vroxwlrq ghshqgv fulwlfdoo| rq zkhwkhu ru qrw ? : �1 Jhqhudoo|/
zkhq 5 lv uhsodfhg iuhtxhqwo| hqrxjk � dqg wklv zloo kdsshq zkhq 5 lv fkhds hqrxjk
� lw qhyhu sd|v wkh surgxfhu wr ex| % wrjhwkhu zlwk 5 hyhu| wlph dqg uhshdwhgo| lqfxu
wkh dgmxvwphqw frvw ri %1 Wkhq ? : � lv rswlpdo1 Zh zloo vhh iuhtxhqw xsjudghv ri 5
li=

+d, Wkh uhodwlyh sulfh ri 5/ R5*R%/ lv orz1 Dowkrxjk wkh rswlpdo wlph ehwzhhq
uhsodfhphqwv ri 5 ghshqgv rq erwk sulfhv/ R5 kdv d vwurqjhu h�hfw rq lw ehfdxvh
hyhu| sxufkdvh ri lqsxwv lqyroyhv 5/ exw rqo| hyhu| ?0wk sxufkdvh lqyroyhv %1
Wkh dqdo|vlv lq Vhfwlrq 515 vkrzhg wkdw zkhq R5 ' f/ ? lv lq�qlwh/ ehfdxvh 5 lv
xsjudghg hyhu| lqvwdqw1 E| frqwlqxlw|/ iru vpdoo srvlwlyh ydoxhv ri R5/ ? : � lv
rswlpdo iru doo R% wkdw vdwlvi| +7,1

prghp rqo|/ exw qrw wkh frpsxwhu1 Wkxv lqyhvwphqw lv dv|qfkurqrxv= vrph xsjudghv lqyroyh ex|lqj
rqh lqsxw/ exw qrw wkh rwkhu1 Wkh sxufkdvh ri hdfk w|sh ri pdfklqh lv lqglylvleoh/ exw prghpv duh
d orw fkhdshu wkdq frpsxwhuv/ dqg wkh qrqfrqyh{lw| lv pruh lpsruwdqw lq wkh fdvh ri d frpsxwhu
sxufkdvh/ dqg vr frpsxwhuv duh xsjudghg ohvv riwhq1

< Ehjlqqlqj iurp wlph �3/ wklv v|qfkurqrxv srolf| kdv erwk lqsxwv xsjudghg shulrglfdoo|/ zlwk
d frqvwdqw shulrg W 1 Wkh ohyho ri erwk lqsxwv dw wkh wlph ri xsjudglqj lv htxdo wr wkh iurqwlhu dw
wkdw wlph1 Wkdw lv/ iru hyhu|/ Wl @ � l @ �3 . Wl/ }l @ {l @ ]+�3 . Wl,1

<



+e, Li erwk lqsxwv duh vx!flhqwo| fkhds/ lw lv rswlpdo wr uhsodfh 5 riwhq hqrxjk
wr pdnh ? : � rswlpdo/ qr pdwwhu zkdw wkh uhodwlyh sulfh lv1 Zh fkrrvh k '
oER% n R5� dv d phdvxuh ri wkh fdslwdo vkduh143 Zkhq k � k/ ? : � lv dozd|v
rswlpdo1+qhz irrwqrwh,44

Iljxuh 6 sruwud|v wkhvh uhvxowv judsklfdoo|1 Lw vkrzv wkh duhd zkhuh ? : � lv
rswlpdo dv d ixqfwlrq ri uhodwlyh sulfh/ R5*R%c dqg wkh vkduh ri fdslwdo/ k1 Li R5*R% lv
vx!flhqwo| orz/ 5 ehfrphv vr pxfk fkhdshu wkdq % wkdw lw grhv qrw sd| wr uhsodfh
% dv iuhtxhqwo| dv 5 qr pdwwhu zkdw wkh ydoxh ri k lv1 Wkh frqyh{ erughuolqh rq wkh
�jxuh fruuhvsrqgv wr wkh pd{lpxp ydoxh ri k iru zklfk ? : � lv vwloo rswlpdo/ jlyhq
wkh uhodwlyh sulfh R5*R%1 Dv wkh uhodwlyh sulfh R5*R% lqfuhdvhv/ wkh pd{lpxp k iru
zklfk ? : � lv rswlpdo ghfuhdvhv/ xqwlo k uhdfkhv k lq wkh olplw1

Vsduh fdsdflw|/ 7/ lv dqrwkhu phdvxuh ri dv|qfkurql}dwlrq1 7 lv }hur zkhq ? ' �/
dqg srvlwlyh zkhq ? : �1 Iljxuh 7 vkrzv krz } dqg o d�hfw 7 iru gl�huhqw ydoxhv ri
R51 Wkh gdvkhg olqhv rq wkh �jxuh vkrz wkh olplw fdvh zkhq R5 ' fc glvsod|hg hduolhu
lq Iljxuh 41 Wkh lqwxlwlrq uhpdlqv wkh vdph dv glvfxvvhg dw wkh hqg ri Vhfwlrq 5151

Vsduh fdsdflw| lqfuhdvhv lq } iru wzr uhdvrqv1 Iluvw/ kljkhu } udlvhv wkh rssruwxqlw|
frvw ri vwd|lqj ehorz wkh iurqwlhu pdnlqj xsjudghv ri 5 pruh iuhtxhqw/ zklfk lq wxuq
lqfuhdvhv ?1 Vhfrqg/ iru d �{hg ?/ kljkhu } orzhuv wkh iudfwlrq ri wlph wkdw % zrunv
dw ixoo fdsdflw|1

Vsduh fdsdflw| grhv qrw ghfuhdvh prqrwrqlfdoo| lq o1 Lw ghfuhdvhv rqo| zkhq ?
idoov dv o ulvhv1 Wklv kdsshqv ehfdxvh kljkhu glvfrxqwlqj udlvhv wkh rssruwxqlw| frvw
ri xs iurqw sxufkdvh ri %/ zklfk orzhuv ?1 Iru d �{hg ?/ krzhyhu/ vsduh fdsdflw|
lqfuhdvhv lq o/ ehfdxvh zlwk kljkhu o lqsxwv duh uhsodfhg ohvv riwhq145

Iru kljkhu ydoxhv ri R5/ vsduh fdsdflw| lv ohvv/ ehfdxvh wkh iudfwlrq ri wlph wkdw %
zrunv dw ixoo fdsdflw| lqfuhdvhv zlwk R51

Qrqfrqyh{ dgmxvwphqw frvwv duh vx!flhqw wr gholyhu wkhvh frqfoxvlrqv dqg wkh|
dovr duh qhfhvvdu|1 Zlwkrxw wkhp/ wkh �up zrxog xsjudgh hdfk lqsxw frqwlqxrxvo|/
dqg wkh +rc 7, qdwxuh ri wkh rswlpdo srolf| zrxog glvdsshdu1

\ruxnrjox +4<<;, kdv uhvxowv vlplodu wr rxuv1 Klv fdoleudwhg prgho kdv d �up pdn0
lqj wzr xsjudghv lq lqirupdwlrq0whfkqrorj| fdslwdo iru hyhu| rqh xsjudgh lq sk|vlfdo
fdslwdo1 Kh dvvxphv d Free0Grxjodv surgxfwlrq ixqfwlrq vr wkdw wkh hodvwlflw| ri vxe0
vwlwxwlrq ehwzhhq wkh wzr w|shv ri fdslwdo lv xqlw|1 Lq rxu fdvh/ wklv hodvwlflw| lv }hur1
Lq wklv vhqvh/ rxu uhvxow lv vwurqjhu lq vkrzlqj wkdw hyhq shuihfw frpsohphqwdulw|
grhv qrw jxdudqwhh v|qfkurql}hg lqyhvwphqw1

43Zkhq erwk lqsxwv duh sxufkdvhg dw gdwh 3 dqg wkhq qhyhu uhsodfhg/ olihwlph rxwsxw htxdov 4
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dqg frvw ri lqsxwv htxdov s{. s}1 Lq wklv fdvh � @ u+s{. s}, zloo h{dfwo| htxdo wr wkh fdslwdo vkduh1
44Wkh ydoxh ri � ghshqgv rq u dqg j dqg fdq eh frpsxwhg rqo| qxphulfdoo|1 Wkh dqdo|wlfdo orzhu
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45Wklv kdsshqv ehfdxvh iru kljkhu u wkh suhvhqw ydoxh ri rxwsxw lv orzhu1
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Iljxuh 7= Rswlpdo vsduh fdsdflw| dv d ixqfwlrq ri } dqg o iru gl�huhqw ydoxhv ri R51

6 Dssolfdwlrq= Htxlsphqw dqg vwuxfwxuhv
Wklv vhfwlrq hvwlpdwhv wkh prgho xvlqj lqgxvwu|0ohyho gdwd/ dqg �qgv wkdw wkh prgho
�wv uhodwlyho| zhoo1 Vrph ihdwxuhv ri dv|qfkurqrxv srolflhv glvfxvvhg lq srlqwv +4,
wkurxjk +8, iroorzlqj Wkhruhp 4 duh suhvhqw lq sodqw0ohyho gdwd wrr1 Wkhvh gdwd
lqglfdwh wkdw sodqwv kdyh vsduh fdsdflw| wkdw ghfolqhv zlwk wkhlu djh1 Rq wkh rqh
kdqg/ sodqwv duh qrw prgl�hg pxfk diwhu wkh| duh exlow= Wdeoh 5 ri Ergg| dqg Jruw
+4<:4, vkrzv wkdw wkh exon ri �upv* vshqglqj rq sodqwv lv rq qhz sodqwv/ qrw h{lvwlqj
rqhv1 Rq wkh rwkhu kdqg/ d sodqw whqgv wr dftxluh pruh dqg pruh htxlsphqw dv lw
djhv= Wdeoh 6 lq Gz|hu +4<<;, vkrzv wkdw dv d sodqw djhv/ lwv fdslwdo vwrfn jurzv1
Rqh zrxog jxhvv wkdw prvw ri wklv dgghg fdslwdo lv htxlsphqw1 Dw ohdvw/ wklv lv zkdw
rqh fdq lqihu iurp Ehvvhq*v +4<<:, �qglqj wkdw dv d sodqw djhv/ wkh fdslwdo wkdw lw
uhqwv jurzv idvwhu wkdq wkh fdslwdo wkdw lw rzqv/ dqg prvw qhz uhqwdov duh olnho| wr
eh htxlsphqw1 ryhu <3 shufhqw ri vshqglqj rq qhz htxlsphqw lv pdgh iru h{lvwlqj/ dv
glvwlqfw iurp qhz/ sodqwv +Jruw dqg Ergg| 4<9:/ s1 6<;,1 Jruw dqg Ergg| dovr �qg
wkdw uhvhuyh fdsdflw| lq qhz sodqwv idu h{fhhgv wkdw ri rog sodqwv1 Ilqdoo|/ +PfFohoodqg
4<<:, �qgv wkdw lqyhvwphqw lq vwuxfwxuhv lv pruh vslnhg wkdq htxlsphqw lqyhvwphqw1

Lq wkh prgho/ lqsxw % lv wkh rqh wkdw/ zkhq ? : �/ kdv vsduh fdsdflw| iurp wlph
wr wlph> lqsxw 5 qhyhu grhv1 Lq oljkw li wkh sodqw0ohyho hylghqfh/ zh odeho % wr eh
vwuxfwxuhv/ dqg 5 wr eh htxlsphqw1 Zkhq ? : �/ vwuxfwxuhv zloo shulrglfdoo| kdyh
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vsduh fdsdflw| wkdw ghfolqhv dv htxlsphqw lv xsjudghg461

Rxwolqh ri wkh idfwv dqg ri krz wkh prgho h{sodlqv wkhp= E| hqgrjhql}lqj uhsodfh0
phqw/ wkh djhv ri wkh wzr lqsxwv/ dqg wkhlu frvw vkduhv/ wkh prgho kdv d fkdqfh wr
h{sodlq vrph vw|ol}hg idfwv rq wkh uhodwlrq ehwzhhq dq lqgxvwu|*v udwh ri whfkqrorjlfdo
surjuhvv/ wkh djh ri lwv vwrfn ri vwuxfwxuhv dqg htxlsphqw/ dqg wkh vkduhv ri vwuxfwxuhv
dqg htxlsphqw1 Khuh duh vrph idfwv wkdw hphujh iurp lqgxvwu|0ohyho dqg sodqw0ohyho
gdwd/ dqg dq rxwolqh ri krz rxu prgho h{sodlqv wkhp=

+l, Wkh vkduh ri htxlsphqw h{fhhgv wkh vkduh ri vwuxfwxuhv/ dqg wkh dyhudjh djh ri
htxlsphqw lv/ lq hdfk lqgxvwu|/ orzhu wkdq wkdw ri vwuxfwxuhv1 Lq rxu prgho/ wkh
vkduh ri htxlsphqw frxog h{fhhg wkh vkduh ri vwuxfwxuhv iru wzr uhdvrqv= +@,
htxlsphqw pd| eh pruh h{shqvlyh/ dqg +K, htxlsphqw pd| eh uhsodfhg pruh
riwhq1 Li +K, lv wuxh/ htxlsphqw zloo eh |rxqjhu wkdq vwuxfwxuhv1

+ll, Kljk surgxfwlylw| jurzwk lqgxvwulhv xvh |rxqjhu htxlsphqw dqg vwuxfwxuhv1
Lq wkh prgho wklv rffxuv ehfdxvh d kljk } udlvhv wkh iruhjrqh rxwsxw frvwv
ri odjjlqj ehklqg wkh iurqwlhu whfkqrorj|1 Wklv h�hfw lv suhvhqw uhjdugohvv ri
zkhwkhu xsjudglqj lv v|qfkurqrxv ru qrw1

+lll, Wkh fruuhodwlrq ehwzhhq vshqglqj rq htxlsphqw dqg lwv djh lv srvlwlyh dqg
pxfk vwurqjhu wkdq wkh fruuhvsrqglqj fruuhodwlrq iru vwuxfwxuhv1 Lq wkh prgho
wklv rffxuv ehfdxvh zkhq vwuxfwxuhv duh h{shqvlyh/ wkh �up uhgxfhv wkhlu vsduh
fdsdflw|/ dqg khqfh wkhlu dyhudjh djh1

+ly, Lqyhvwphqw lq vwuxfwxuhv lv pruh vslnhg wkdq htxlsphqw lqyhvwphqw1 Lq wkh
prgho wklv rffxuv ehfdxvh vwuxfwxuhv duh uhsodfhg ohvv riwhq wkdq htxlsphqw1

+y, Dv sodqwv djh/ wkhlu surgxfwlylw| ulvhv1 Lq wkh prgho wklv rffxuv zkhq ? : �
ehfdxvh htxlsphqw lq wkh vdph sodqw lv shulrglfdoo| xsjudghg 1

Rxwolqh ri wkh surfhgxuh= Zh gr qrw revhuyh txdolw| ri wkh wzr lqsxwv % dqg 5 dqg
zh gr qrw kdyh lqgxvwu|0ohyho gdwd rq wkh txdolw|0dgmxvwhg sulfhv ri wkh wzr lqsxwv1
Dv d uhvxow zh vkdoo qrw eh deoh wr glvwlqjxlvk furvv0lqgxvwu| yduldwlrq lq R% dqg R5
iurp yduldwlrq lq wkh frh!flhqwv ri % dqg 5 lq wkh surgxfwlrq ixqfwlrq1 Zh vkdoo
qrupdol}h e| dvvxplqj wkdw doo �upv lq doo lqgxvwulhv kdyh wkh surgxfwlrq ixqfwlrq
+4,/ exw wkdw wkh sdudphwhuv }c R%c dqg R5 duh lqgxvwu|0vshfl�f1 Zh dovr dvvxph wkdw
doo �upv idfh wkh vdph o1

Zh vkdoo rewdlq lqgxvwu|0vshfl�f hvwlpdwhv ri }c R%c dqg R5/ dqg soxj wkhp lqwr
wkh ghflvlrq sureohp ri wkh �up1 Zh vkdoo wkhq frpsxwh wkh rswlpdo srolf| ri d

46Iru h{dpsoh/ prvw qhz r!fh exloglqjv kdyh pdq| pruh hohfwulfdo vrfnhwv dqg whohskrqh mdfnv
wkdq duh dfwxdoo| xvhg1 Wklv �h{fhvv zlulqj� lv grqh ehfdxvh lq wkh ixwxuh wkh exloglqj pd| krxvh
pruh dssoldqfhv/ dqg dgglqj zlulqj lv wrr frvwo|1 Wkh vdph jrhv iru dlu frqglwlrqlqj dqg yhqwlodwlrq1
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�up dqg dvn krz pxfk ri wkh furvv0lqgxvwu| yduldwlrq lq wkh djhv ri vwuxfwxuhv dqg
htxlsphqw wkh prgho fdq h{sodlq1

Dq dvvxpswlrq derxw wkh lqgxvwu|0vshfl�f djh glvwulexwlrqv= Zh fdqqrw phdvxuh
R% dqg R5 gluhfwo|/ exw zh kdyh gdwd rq wkh shufhqwdjh ri ydoxh dgghg vshqw rq % dqg
5 lq hdfk lqgxvwu| Zh fkrrvh ydoxhv ri R% dqg R5 vr wkdw zkhq hdfk surgxfhu ehkdyhv
rswlpdoo|/ wkh suhglfwhg h{shqglwxuh vkduhv ri wkh lqgxvwu| pdwfk wkh revhuyhg vkduhv1
Wklv uhtxluhv wkdw zh djjuhjdwh wkh vshqglqj ri hdfk lqgxvwu|*v surgxfhuv1 Wr fduu|
wklv rxw/ zh vkdoo pdnh wkh iroorzlqj

Dvvxpswlrq= Wkh djh ri vwuxfwxuhv lv glvwulexwhg xqlirupo| zlwklq dq lqgxvwu|/
dqg wklv glvwulexwlrq lv �{hg ryhu wlph1

Wklv dvvxpswlrq doorzv xv wr uhodwh wkh pd{lpxp djh ri vwuxfwxuhv/ dq hqgrjhqrxv
yduldeoh lq rxu prgho/ wr wkh dyhudjh djh ri vwuxfwxuhv revhuyhg lq furvv vhfwlrqdo gdwd/
dqg wr wkh h{shqglwxuh vkduhv/ zklfk duh wkhq frqvwdqw ryhu wlph1 Wkh iroorzlqj
ohppd irupdoo| ghvfulehv wkh surfhgxuh iru suhglfwlqj wkh djh ri htxlsphqw dqg wkh
djh ri vwuxfwxuhv1

Ohppd 41 Li wkh Dvvxpswlrq krogv/ hdfk surgxfhu lq wkh lqgxvwu| iroorzv wkh
rswlpdo srolf| E?c |f ' fc |�c ���|?3�c |? ' A � dqg w%c w5/ } dqg o duh jlyhq/ wkh suhglfwhg
dyhudjh djhv ri htxlsphqw dqg vwuxfwxuhv duh
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Surri= Lq wkh Dsshqgl{1

Qrwh wkdw wkh Dvvxpswlrq grhv qrw suhfoxgh wkh h{lvwhqfh ri qhw fdslwdo irupdwlrq
zklfk/ lq rxu prgho/ wdnhv sodfh lq whupv ri h!flhqf| xqlwv/ qrw sk|vlfdo txdqwlwlhv1

Wkh gdwd= Wr whvw wkh prgho/ zh xvh wkh furvv vhfwlrq gdwd iru 54 wzr0gljlw
pdqxidfwxulqj lqgxvwulhv1 Wkh djh gdwd iru 4<;< duh iurp wkh X1V1 Ghsduwphqw
ri Frpphufh/ Exuhdx ri Hfrqrplf Dqdo|vlv147 Wkh gdwd rq fdslwdo h{shqglwxuhv
iru 4<;< duh iurp wkh Dqqxdo Vxuyh| ri Pdqxidfwxuhv dqg kdyh ehhq surylghg e|
wkh Exuhdx ri wkh Fhqvxv/ Pdqxidfwxulqj dqg Frqvwuxfwlrq Glylvlrq/ Lqirupdwlrq
Vhuylfhv Fhqwhu1 Iru hdfk lqgxvwu|/ wkh jurzwk ri oderu surgxfwlylw|/ }/ lv phdvxuhg

47Wdeohv D14 ri X1V1 Ghsduwphqw ri Frpphufh1 Exuhdx ri Hfrqrplf Dqdo|vlv1 Il{hg Uhsurgxfleoh
Wdqjleoh Zhdowk lq wkh Xqlwhg Vwdwhv/ 4<5804<;<1 Zdvklqjwrq/ GF= X1V1 Jryhuqphqw Sulqwlqj R!fh/
Mdqxdu| 4<<61 Wkh djh gdwd duh dydlodeoh rqo| iru wzr gljlw pdqxidfwxulqj lqgxvwulhv1
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Yduldeoh Gdwd Prgho
Phdq �5 81<5 5197
Phdq �% <184 4514;
Phdq �%*�5 419: 91;9

Wdeoh 4= Suhglfwlrqv frpsduhg wr gdwd

e| wkh jurzwk ri uhdo ydoxh dgghg shu krxu zrunhg ryhu wkh srvw0zdu shulrg/ xvlqj
wkh QEHU Surgxfwlylw| Gdwdedvh frpslohg e| Eduwhovpdq dqg Jud|148

Uhvxowv= Wkh prgho suhglfwv ydoxhv ri ? wkdw duh pxfk kljkhu wkdq wkh revhuyhg
udwlrv ri �%*�5149 Dv d uhvxow/ wkh prgho rq dyhudjh xqghusuhglfwv �5 e| 616 |hduv/
dqg ryhusuhglfwv �% e| 51: |hduv1 Vlqfh wkh uhodwlrqvkls ehwzhhq 	�5 dqg ? lv qhj0
dwlyh/ kljkhu wkdq revhuyhg ydoxhv ri ? lpso| orzhu ydoxhv ri 	�5/ fdxvlqj �5 wr eh
xqghusuhglfwhg +Wdeoh 4,1

Wkh djh ri htxlsphqw dqg vwuxfwxuhv e| lqgxvwu|= Wdeoh 6 +dw wkh hqg ri wklv vhf0
wlrq, uhsruwv wkh fruuhodwlrqv ehwzhhq wkh dfwxdo dqg suhglfwhg djhv ri htxlsphqw dqg
vwuxfwxuhv14: Erwk fruuhodwlrq frh!flhqwv duh srvlwlyh dqg vljql�fdqw/ zlwk 4E�5c 	�5�
kdylqj wkh S0ydoxh ri 3134 dqg 4E�%c 	�%� kdylqj wkh S0ydoxh ri 3141 Wkh prgho �wv
ehwwhu iru �5 wkdq lw grhv iru �%/ suredeo| ehfdxvh lw lpsolhv d srvlwlyh uhodwlrqvkls
ehwzhhq } dqg ?/ zklfk/ krzhyhu/ lv qhjdwlyh dqg lqvljql�fdqw lq wkh gdwd1 Wklv
udlvhv wkh furvv0lqgxvwu| glvshuvlrq ri ?/ dqg wklv lq wxuq udlvhv wkh yduldqfh ri 	�%/
wkhuhe| orzhulqj 4E�%c 	�%�1

Wkh uhodwlrq ehwzhhq surgxfwlylw| jurzwk dqg wkh djhv ri wkh lqsxwv= Htxlsphqw
dqg vwuxfwxuhv whqg wr eh |rxqjhu lq wkh idvw jurzlqj lqgxvwulhv1 Wkh prgho suhglfwv
wklv uhodwlrqvkls fruuhfwo|/ exw h{djjhudwhv lwv pdjqlwxgh +Wdeoh 5,1 Wklv lv lq sduw
ehfdxvh wkh uhodwlrqvkls ehwzhhq wkh sdudphwhuv dqg wkh hqgrjhqrxv yduldeohv lv
ghwhuplqlvwlf= doo rwkhu wklqjv ehlqj htxdo/ d kljkhu jurzwk udwh zloo gh�qlwho| uhvxow
lq vwuxfwxuhv dqg htxlsphqw ehfrplqj |rxqjhu1 Ehvlghv/ wkh prgho uhdfwv wr dq
lqfuhdvh lq } lq wzr zd|v/ zklfk zrun lq wkh vdph gluhfwlrq= +4, htxlsphqw lv uhsodfhg
pruh riwhq/ ehfdxvh wkh rssruwxqlw| frvw ri kroglqj lw lqfuhdvhv/ dqg +5, ? lqfuhdvhv/
zklfk pdnhv wkh dyhudjh djh ri htxlsphqw hyhq ohvv1 Wkh vhfrqg h�hfw/ devhqw lq wkh
gdwd/ lv dqrwkhu h{sodqdwlrq zk| wkh prgho �ryhuuhdfwv� wr fkdqjhv lq }1

48Ydoxh dgghg +Y DGG, lv glylghg e| vklsphqwv gh dwru +SLVKLS , dqg krxuv ri sur0
gxfwlrq zrunhuv +SURGK,1 Wkh sdudphwhu j lv wdnhq wr eh wkh dyhudjh jurzwk udwh ri
Y DGG@ +SLVKLS � SURGK, ryhu wkh wlph shulrg 4<8<04<<41 Uhvxowv xvlqj qxpehu ri sur0
gxfwlrq zrunhuv udwkhu wkdq krxuv duh vlplodu dqg khqfh rqo| wkh odwwhu duh uhsruwhg ehorz1

49Lq sduw zh rewdlq kljkhu wkdq revhuyhg ydoxhv ri q/ ehfdxvh lq rxu prgho wkh whfkqrorjlfdo
surjuhvv lq htxlsphqw lv wkh vroh fdxvh ri jurzwk ri oderu surgxfwlylw|1 Lq uhdolw|/ wklv lv rqo| rqh ri
wkh idfwruv/ vr wkh jurzwk udwh ri oderu surgxfwlylw| zloo/ lq jhqhudo/ eh kljkhu wkdq j lq rxu prgho1

4:Wkh fruuhodwlrq frh!flhqw lv lqyduldqw wr d!qh wudqvirupdwlrqv ri wkh gdwd/ zklfk pdnhv wkh
uhvxowv lqvhqvlwlyh wr srvvleoh pxowlsolfdwlyh dqg dglwlyh phdvxuhphqw huuruv1
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Fruuhodwlrq Gdwd Prgho

4E}c �5�

 03149 03188-

4E}c�%� 03165-- 031;<-

4Ew5c �5� 3169-- 31:5-

4Ew%c �%�

 03146 0313;

4E�5c �%�

 319:- 3178-

- 0 vljql�fdqw dw 8(
-- 0 vljql�fdqw dw 43(

 0 k|srwkhvlv 4 ' 	4 fdqqrw eh uhmhfwhg

Wdeoh 5= Frpsdulvrq ri fruuhodwlrq frh!flhqwv

Wkh uhodwlrq ehwzhhq wkh frvw vkduhv dqg djh= Wkh uhodwlrq ehwzhhq vshqglqj
dqg djh iru htxlsphqw gl�huv iurp wkh fruuhvsrqglqj uhodwlrq iru vwuxfwxuhv1 Iru
htxlsphqw/ lqgxvwulhv zlwk eljjhu vshqglqj +lq whupv ri vkduh, zloo whqg wr kdyh roghu
htxlsphqw1 Wklv lv lqwxlwlyh � h{shqvlyh htxlsphqw pxvw zrun orqjhu wr mxvwli| lwv
frvw1 Wkh prgho pdwfkhv wklv revhuydwlrq/ dowkrxjk wkh h�hfw lv h{djjhudwhg1

Iru vwuxfwxuhv/ krzhyhu/ wkh rssrvlwh lv wuxh> lqgxvwulhv wkdw vshqg pruh rq vwuxf0
wxuhv zloo kdyh |rxqjhu vwuxfwxuhv1 Wkh h�hfw lv idluo| zhdn dqg wkh prgho pdwfkhv
wkh hpslulfdo fruuhodwlrq udwkhu forvho|1 Zkloh wkh vdph irufh wkdw pdnhv pruh h{0
shqvlyh htxlsphqw roghu zrunv iru vwuxfwxuhv/ d eljjhu frvw ri vwuxfwxuhv lqgxfhv
surgxfhuv wr nhhs ohvv vsduh fdsdflw| +l1h1/ d orzhu ?,1 Wklv vhfrqg h�hfw lv devhqw
iru htxlsphqw/ zklfk pdnhv wkh djhv ri wkh wzr lqsxwv uhvsrqg gl�huhqwo| wr dq lq0
fuhdvh lq vshqglqj1 Suhvxpdeo|/ wkhq/ wkh vhfrqg h�hfw lv vwurqjhu/ vr pruh h{shqvlyh
vwuxfwxuhv duh voljkwo| |rxqjhu/ rq dyhudjh1

Frpsohphqwdulw| ri % dqg 5 lq wkh surgxfwlrq ixqfwlrq= Wdeoh 5 vkrzv wkdw lq
wkh gdwd wkh fruuhodwlrq ehwzhhq �% dqg �5 lv kljko| vljql�fdqw dqg srvlwlyh1 Li wkh
lqsxwv zhuh lqghshqghqw lq surgxfwlrq +dqg qrw frpsohphqwdu|,/ wklv revhuydwlrq
zrxog eh lqfrqvlvwhqw zlwk wkh prgho1 Wkh prgho h{sodlqv derxw wzr0wklugv ri wklv
fruuhodwlrq1 Wklv pd| eh gxh wr wkh srvlwlyh uhodwlrqvkls ehwzhhq } dqg ? wkdw lv
devhqw lq wkh gdwd dqg lqfuhdvhv wkh yduldqfh ri 	�%1

Htxlsphqw lqyhvwphqw lq qhz yv1 rog sodqwv1 Krz zhoo grhv wkh prgho suhglfw
vshqglqj rq qhz htxlsphqw pdgh e| h{lvwlqj sodqwv/ d qxpehu wkdw Ergg| dqg Jruw
uhsruw dw ryhu <3 shufhqwB Zkhqhyhu +lq wkh prgho, htxlsphqw lv qrw sxufkdvhg
wrjhwkhu zlwk d vwuxfwxuh/ zh zloo wklqn ri lw dv d sxufkdvh grqh e| dq h{lvwlqj sodqw1
Xqghu wkh Dvvxpswlrq wkh vkduh ri vshqglqj rq htxlsphqw pdgh e| h{lvwlqj sodqwv
lv � � �*? +vhh wkh Fruroodu| wr Ohppd 4 iru wkh surri,1 Xvlqj wkh ydoxhv ri ?
suhglfwhg e| wkh prgho iru gl�huhqw lqgxvwulhv/ zh �qg wkdw wkh dyhudjh vkduh dfurvv
doo lqgxvwulhv lv 31:</ zklfk lv forvh wr zkdw Ergg| dqg Jruw uhsruw1
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Wkh uhodwlyh vl}h ri lqyhvwphqw vslnhv= Frqvlghu Iljxuh 4 rqfh pruh1 Wkh suh0
glfwhg vl}h ri vslnhv fdq eh phdvxuhg e| vshqglqj rq dq lqsxw gxulqj wkh vslnh
glylghg e| dyhudjh vshqglqj ehwzhhq wkh vslnhv1 Iru lqsxw % wklv phdvxuh lv vlp0
so| htxdo wr A / ehfdxvh doo vshqglqj lv grqh lq rqh rxw ri A shulrgv1 E| wkh vdph
orjlf/ wkh uhodwlyh vl}h ri hdfk vslnh iru lqsxw 5 lv dw prvw 4@ �$�$? E|� � |�3��1 Vlqfh
A � 4@ �$�$? E|� � |�3��/ vslnhv duh eljjhu iru % wkhq wkh| duh iru 51

PfFohoodqg4; �qgv wkdw lqyhvwphqw lq vwuxfwxuhv lv oxpslhu wkdq lw lv lq htxlsphqw1
Kh vwxglhv d edodqfhg sdqho ri 663 sxos dqg sdshu ploov ryhu wkh shulrg 4<:704<<61
Wkh euhdngrzq ri lqyhvwphqw zdv :18 shufhqw lq vwuxfwxuhv/ dqg <518 shufhqw zdv
lq htxlsphqw1 Iru hdfk sodqw/ kh udqnv lwv dqqxdo lqyhvwphqw udwhv1 Vlqfh wkhuh
duh wzhqw| |hduv lq doo/ kdg lqyhvwphqw ehhq glvwulexwhg xqlirupo| ryhu wlph/ hdfk
|hdu vkrxog kdyh zlwqhvvhg �yh shufhqw ri lqyhvwphqw � erwk lq vwuxfwxuhv dqg lq
htxlsphqw1 Lq idfw/ erwk w|shv ri d sodqw*v lqyhvwphqw zhuh frqfhqwudwhg dw fhuwdlq
gdwhv/ exw pruh vr iru vwuxfwxuhv wkdq iru htxlsphqw= Wkh wrs0udqnhg |hdu dffrxqwv
iru 6718 shufhqw ri doo wkh lqyhvwphqw lq vwuxfwxuhv/ exw iru rqo| 56 shufhqw ri doo wkh
lqyhvwphqw lq htxlsphqw/ dqg wkh wrs0udqnhg wzr0|hdu shulrg dffrxqwv iru 7< shufhqw
ri doo wkh lqyhvwphqw lq vwuxfwxuhv exw iru rqo| 6: shufhqw ri doo wkh lqyhvwphqw lq
htxlsphqw1

Dv Wdeoh 6 vkrzv/ wkh sdshu lqgxvwu| lv/ lq idfw/ dq rxwolhu lq wkdw wkh euhdn0
grzq ri lqyhvwphqw ri 44 shufhqw rq vwuxfwxuhv dqg ;< shufhqw rq htxlsphqw +zklfk
lv forvh wr wkh euhdngrzq lq PfFohoodqg*v vdpsoh, lv pxfk pruh khdylo| zhljkwhg
wrzdug htxlsphqw wkdq dq| rwkhu lqgxvwu|1 Wklv pd| lq idfw eh wkh rxwfrph ri uhj0
xodwlrq � wkh lqgxvwu| kdv uhodwlyho| ihz qhz sodqwv ehfdxvh lw lv gl!fxow wr jhw dq
hqylurqphqwdo shuplw wr exlog d qhz rqh1

7 Frqfoxvlrq
Rxu sdshu kdv frpelqhg wzr dvvxpswlrqv wkdw wkh olwhudwxuh kdv wuhdwhg h{whqvlyho|/
exw vhsdudwho|= Frpsohphqwdulw| dqg qrqfrqyh{ frvwv ri dgmxvwphqw1 Zh kdyh dqd0
o|}hg surgxfwlrq surfhvvhv wkdw uhtxluh wzr frpsohphqwdu| fdslwdo lqsxwv vxemhfw wr
lpsuryhphqwv lq txdolw|1 Zh vkrzhg wkdw li wkh frvwv ri dgmxvwlqj wkh lqsxwv duh qrw
frqyh{/ d �up pd| fkrrvh wr ex| wkh lqsxwv dw gl�huhqw gdwhv1

Zkhq d �up ex|v lwv lqsxwv dw gl�huhqw gdwhv/ vsduh fdsdflw| dsshduv lq rqh lq0
sxw1 Wkxv/ zh kdyh h{sodlqhg vsduh fdsdflw| qrw dv dulvlqj iurp xqh{shfwhg vkliwv lq
ghpdqg/ exw/ udwkhu/ dv ruljlqdwlqj iurp qrqfrqyh{ frvwv ri dgmxvwphqw1 Pruhryhu/
li wkh wzr lqsxwv duh sodqw dqg htxlsphqw/ surgxfwlylw| jurzv dv d sodqw djhv/ lqyhvw0
phqw vslnhv iru vwuxfwxuhv h{fhhg wkrvh iru htxlsphqw/ dqg rwkhu lpsolfdwlrqv dulvh
wkdw sodqw0ohyho dqg furvv0lqgxvwu| gdwd frq�up1

Rq d wkhruhwlfdo ohyho/ zh kdyh fduulhg rxw d ixoo0g|qdplf dqdo|vlv ri d wzr0fdslwdo
prgho zlwk oxps| frvwv ri dgmxvwphqw1 Zh vkrzhg wkdw wkh vwhdg| vwdwh +zkhwkhu

4; lq zrun grqh iru � exw qrw uhsruwhg lq � PfFohoodqg +4<<:,
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Lqgxvwu| �3cI � cI }cI �3

	�3 � 

	� 

Irrg 8153 4177 51<3 9165 41<7 <156 44199
Wredffr 41;7 3169 8154 81:; 3169 ;179 ;1<5
Wh{wloh :197 4157 618< 819: 5169 431;: 441:;
Dssduho 5136 31:< 51<7 7196 31:5 <188 44178
Oxpehu dqg zrrg 81<8 4158 5136 7176 6167 43157 4616;
Ixuqlwxuh 6166 4185 41;3 713; 5137 ;198 47158
Sdshu 48133 41<4 6138 9135 8163 ;1<8 43194
Sulqwlqj 71:6 4188 41;8 61<4 51;; :197 47173
Fkhplfdov :1;9 4184 61<6 9159 5148 <137 431:6
Shwurohxp dqg frdo 43184 5183 71:; :18; 516< 44144 <189
Uxeehu dqg sodvwlf ;168 41:6 5167 716: 7158 ;1;8 451:7
Ohdwkhu 5138 31;5 41<< 81<3 413; 4413< 47135
Vwrqh/ fod|/ jodvv :1:3 4147 41:9 9186 8154 44138 48195
Sulpdu| phwdo <186 414: 416; 4319< 9187 451;3 4613:
Ideulfdwhg phwdo 8157 413; 4178 ;148 7155 4313: 491;9
Lqgxvwuldo pdfklqhu| 8158 4154 517: :16; 5169 <176 441:<
Hohfwurqlfv 91<8 4187 61<6 81:; 41<4 :1<4 <189
Prwru yhklfohv 9186 31;8 614; 8193 5155 ;1:; 44143
Rwkhu wudqvsruwdwlrq 7135 5146 5199 81:9 4193 :1<: 451;4
Lqvwuxphqwv 7198 4159 7177 61<8 4143 :1;8 <1;;
Plvfhoodqhrxv 6197 31;< 5199 8189 4179 43147 4419:

Phdq 913< 4166 51;: 81<5 5197 <184 4517;
Vwdqg1 ghy1 6149 317< 4143 4193 4195 4167 513:

4E�5c 	�5� 4E�%c 	�%�
3184 315<

S0ydoxh 3134 314

Wdeoh 6= Gdwd e| lqgxvwu| dqg suhglfwlrqv iru wkh djhv ri htxlsphqw dqg vuwxfwxuhv
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dv|qfkurqrxv ru qrw, lv joredoo| vwdeoh zklfk rqo| sduwldoo| frq�upv Vkhvklqvnl*v
+4<<3, frqmhfwxuh wkdw d vwhdg| vwdwh zrxog eh orfdoo| vwdeoh rqo| li lqyhvwphqw sdw0
whuqv lq lw duh v|qfkurqrxv1 Exw dv|qfkurqrxv dgmxvwphqw dulvhv rq d odujh vxevhw ri
wkh sdudphwhu vsdfh1 Rqh fdqqrw wkhq dqdo|}h d whfkqrorj| lq lvrodwlrq xvlqj d vwdq0
gdug rqh0lqsxw ylqwdjh0fdslwdo prgho ehfdxvh wkh rswlpdo vwudwhjlhv iru xsjudglqj
wkh wzr whfkqrorjlhv duh lqwhuuhodwhg1

Wkh eljjhu srlqw ri wklv h{huflvh lv rqh wkdw uxqv frxqwhu wr frqyhqwlrqdo zlvgrp1
Wkh srlqw lv wkdw hyhq h{wuhph frpsohphqwdulw| grhv qrw qhfhvvdulo| surgxfh shuihfw
frpryhphqw1 Lqsxwv pd| eh vwurqj frpsohphqwv/ exw wkh| pd| qrw ehkdyh dv rqh/
dqg rqh pd| dgmxvw ehiruh wkh rwkhu1 Zh kdyh dqdo|}hg rqo| krz d vlqjoh �up vkrxog
rswlpdoo| ehkdyh/ exw zh h{shfw wkdw rxu uhvxowv lpso| vrph ohdg0odj uhodwlrqv iru
wkh pdfurhfrqrp|= Lqyhvwphqw lq oxps| lwhpv vkrxog suhfhgh lqyhvwphqwv rq rwkhu/
pruh vprrwko| dgmxvwdeoh lqsxwv1

Uhihuhqfhv
^4` Ehvvhq/ Mdphv/ �Surgxfwlylw| Dgmxvwphqwv dqg Ohduqlqj0e|0Grlqj dv Kxpdq

Fdslwdo/� Fhqwhu iru Hfrqrplf Vwxglhv Glvfxvvlrq Sdshu FHV <:04:1

^5` Ergg|/ Udirug/ dqg Plfkdho Jruw/ �Wkh Vxevwlwxwlrq ri Fdslwdo iru Fdslwdo/�
Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv +Pd| 4<:4,= 4:< 0 4;;1

^6` Gz|hu/ Grxjodv/ �Whfkqrorj| Orfnv dqg Qrq0Frqyhujhqfh ri Surgxfwlylw| Ohy0
hov/� Uhylhz ri Hfrqrplf G|qdplfv 4/ qr1 5 +Dsulo 4<<;,= 763 0 7:61

^7` Jruw/ Plfkdho/ dqg Udirug Ergg|/ �Ylqwdjh H�hfwv dqg wkh Wlph Sdwk ri Lq0
yhvwphqw lq Surgxfwlrq Uhodwlrqv/� Vwxglhv lq Lqfrph dqg Zhdowk 64/ Froxpeld
Xqlyhuvlw| Suhvv +iru QEHU, +4<9:,= 6<8 0 7551

^8` Jruw/ Plfkdho/ Mhuhp| Juhhqzrrg/ dqg Shwhu Uxshuw/ �Phdvxulqj Whfkqrorjlfdo
Surjuhvv lq Vwuxfwxuhv/� Xqlyhuvlw| ri Urfkhvwhu/ Mxqh 4<<;1

^9` Kd|dvkl/ Ixplr/ dqg Wrkux Lqrxh/ �Wkh Uhodwlrq ehwzhhq Ilup Jurzwk dqg T
zlwk Pxowlsoh Fdslwdo Jrrgv= Wkhru| dqg Hylghqfh iurp Sdqho Gdwd rq Mdsdqhvh
Ilupv/� Hfrqrphwulfd 8</ qr1 6 +Pd| 4<<4,= :64 0 :861

^:` PfFohoodqg/ Mrkq/ �Hqylurqphqwdo Shuplw Uhqhzdo dqg wkh Wlplqj ri Pdmru
Lqyhvwphqwv/� Ghsduwphqw ri wkh Wuhdvxu|/ Vhswhpehu/ 4<<:1

^;` Vkhvklqvnl/ H|wdq/ �Frpphqwv= Il{hg Frvwv lq Lqyhvwphqw Wkhru|/�
Jurzwk2Surgxfwlylw|2Xqhpsor|phqw= Hvvd|v lq Krqru ri Urehuw Vrorz/ Shwhu
Gldprqg/ hg1/ PLW Suhvv/ 4<<31

^<` \ruxnrjox/ Phkphw/ �Wkh Lqirupdwlrq Whfkqrorj| Surgxfwlylw| Sdudgr{/� Uh0
ylhz ri Hfrqrplf G|qdplfv 4/ qr1 5 +Dsulo 4<<;,= 884 0 8<51

4;



8 Dsshqgl{
Wkh iroorzlqj fodlp jlyhv d qhfhvvdu| frqglwlrq iru wkh rswlpxp1

Fodlp 4= Lq wkh rswlpxp/ % lv qrw xsjudghg lq wkh srlqwv/ zkhuh 5E|� lv frqvwdqw1
Wkdw lv/ iru hyhu| �/ A� ' � � ru iru vrph �1

Surri= Vxssrvh wklv lv qrw wuxh1 Wdnh dq duelwudu| lqwhuydo d|�c |2�/ zkhuh 5E|� '
5 ' SJ?r|1 Vxssrvh wkhuh lv A� 5 E|�c |2�1 Wkhq/ wkh suhvhqw ydoxh ri sur�w rq d|�c |2�
zloo eh jlyhq e|
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o
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Wklv lv d prqrwrqlf ixqfwlrq ri A�/ zklfk lv zk| vhwwlqj A� ' |� ru A� ' |2 lv dozd|v
suhihuuhg wr dq| A� 5 E|�c |2�1 Wr �qlvk wkh surri/ revhuyh wkdw zkhq zh h{foxgh doo
wkh rshq lqwhuydov zkhuh 5E|� lv frqvwdqw/ wklv ohdyhv xv rqo| zlwk wkh srlqwv i� �j"�'f dv
srvvleoh wlphv iru xsjudghv lq %1 T1H1G1

Surri ri Wkhruhp 4= Li E%E|�c 5E|�� lv wkh rswlpdo vroxwlrq wr +6,/ lw pxvw eh
wkh fdvh wkdw

%� ' 4@ 
|M

k
A
�
cA
�n�

� 5E|� +8,

Lqghhg/ li iru vrph � %� lv vwulfwo| pruh/ wkhq zh fdq fxw wkh frvw zlwkrxw fkdqjlqj
rxwsxw e| sxufkdvlqj ohvv %1Li %� lv vwulfwo| ohvv/ wkhq zh fdq fxw wkh frvw zlwkrxw
fkdqjlqj rxwsxw e| sxufkdvlqj ohvv 51

Frqvlghu wkh lqwhuydo dA�c A�n��1 Vxssrvh wkdw 5 lv sxufkdvhg ?E�� wlphv rq wklv
lqwhuydo1 E| Fodlp 4/ 5 pxvw eh sxufkdvhg dw ohdvw dw wlph A�/ vr ?E�� � �1 Ohw |&/
& ' fc ���c ?E�� � � eh wkh wlph hodsvhg iurp gdwh A� wr wkh &0wk xsjudgh ri 5 rq wkh
lqwhuydo dA�c A�n��1 Qrwlfh wkdw |f ' f +Fodlp 4,1 Wkhq wkh suhvhqw ydoxh ri sur�w dw
wlph A� rq dA�c A�n�� +wdnlqj +8, lqwr dffrxqw, zloo eh jlyhq e|4<
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Lq wkh rswlpxp/ hyhu| whup ri wklv vxp pxvw eh srvlwlyh53/ ehfdxvh rwkhuzlvh wkh
vhtxhqfh ri xsjudglqj gdwhv fdqqrw eh rswlpdo1 Vxssrvh/ iru h{dpsoh/ wkdw wkh odvw
whup lv qhjdwlyh1 Wkhq lw sd|v wr ghfuhdvh 5?E��3� dw ohdvw grzq wr wkh ohyho ri 5?E��321
Exw wkhq/ 5 vkrxog qrw eh xsjudghg dw doo dw wlph |?E��3�/ vr wklv wlph fdqqrw eh d
sduw ri rswlpdo xsjudglqj vhtxhqfh1

4<Li q+m, @ 4/ rqo| wkh odvw whup ri wklv vxp lv ohiw1
53Frqglwlrq u+s{ . s}, ? 4 hqvxuhv wkdw vwulfwo| srvlwlyh sur�w lv ihdvleoh1
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Vlqfh hyhu| whup lq +9, lv srvlwlyh/ lw lv rswlpdo wr xsjudgh 5 wr wkh iurqwlhu/ l1h1

wr vhw 5& ' ~EA� n |&� ' ~Ef�e
}

�
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�
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�
1 Vxevwlwxwlqj wklv lqwr +9,/ zh jhw
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Qrwh wkdw �� ghshqgv rqo| rq wkh gl�huhqfh A�n��A�/ zklfk zh zloo ghqrwh {A�1 Ohw�
?E�c{A��c |�E{A��c ���c |?E��3�E{A��

�
' @h}4@ ��E{A�� +:,

Wkhq wkh rswlpdo ydoxh ixqfwlrq rq d� fc4� fdq eh zulwwhq dv

4@ q
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Wkxv rswlpdo ydoxh ixqfwlrq ghshqgv rqo| rq {Af1 Wklv suryhv wkdw % lv xsjudghg
zlwk d frqvwdqw shulrg A ' {Af1 Lw iroorzv iurp +:, wkdw wkh rswlpdo uhodwlyh
iuhtxhqf| ri xsjudghv lv dovr frqvwdqw= ? ' ?E{Af�1

Ilqdoo|/ lw lv ohiw wr vkrz wkdw � f lv �qlwh1 Ohw � f eh wkh wlph zkhq erwk lqsxwv duh
sxufkdvhg wrjhwkhu iru wkh �uvw wlph1 Ohw TfE5fc %fc � f� eh wkh rswlpdo ydoxh ixqfwlrq
rq dfc � f�1 Wkhq/ wkh ydoxh ixqfwlrq rq dfc4� lv htxdo wr

T ' ~Ef�ETfE5fc %fc � f� n e3Eo3}��f 	T ��

Wkh ghulydwlyh ri wklv h{suhvvlrq zlwk uhvshfw wr � f lv htxdo wr

YT

Y� f
' e3o�fo4�?i%fc 5fj � ~Ef�Eo � }�e3o�fe}�f 	T �

Wkh �uvw whup lv wkh pdujlqdo ehqh�w iurp nhhslqj % dqg 5 xqfkdqjhg dw wlph � f/ dqg
wkh vhfrqg whup lv wkh rssruwxqlw| frvw ri ghod|lqj wkh sxufkdvh ri erwk lqsxwv1 Wkh
�uvw whup lv htxdo wr e3o�fo4�?i%fc 5fj ehfdxvh rq dfc � f� rqo| rqh lqsxw lv sxufkdvhg
dqg wkh rwkhu rqh lv htxdo wr lwv lqlwldo ydoxh1 Wkhuhiruh/ hlwkhu %E� f� ' 5E� f� ' %f
ru %E� f� ' 5E� f� ' 5f1 Iru � f wr eh �qlwh lw lv vx!flhqw wkdw 	T : f +dv lw lv lq wkh
rswlpxp,1 T1 H1 G1

Surri ri wkh Ohppd= Xqghu wkh Dvvxpswlrq/ wkh djh ri vwuxfwxuhv lv xqlirup
rq dfc A o1 Vlqfh wklv glvwulexwlrq grhv qrw fkdqjh ryhu wlph dqg txdolw| ri vwuxfwxuhv
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jurzv dw udwh }/ lw pxvw eh wkh fdvh wkdw vwuxfwxuhv duh uhsodfhg frqwlqxrxvo|/ dqg
wkh qhz vwuxfwxuh kdv e}A wlphv ehwwhu txdolw| wkdq wkh rqh lw uhsodfhv1 Vwuxfwxuh ri
djh | zdv wkh ehvw lq wkh lqgxvwu| | shulrgv djr/ dqg zloo eh uhsodfhg zkhq lwv txdolw|
ehfrphv wkh orzhvw lq wkh lqgxvwu|1 Wklv lpsolhv wkdw wkh txdolw| ri vwuxfwxuh djh |
uhodwlyh wr wkh txdolw| ri wkh roghvw vwuxfwxuh fkdqjhv dffruglqj wr

%|
%A

' e}A e3}|c | 5 dfc A o �

Gxulqj wkh olihwlph ri d sduwlfxodu vwuxfwxuh/ htxlsphqw lv uhsodfhg ? wlphv +zkhq
vwuxfwxuhv uhdfk djh |�c ���c |? ' A ,1 Hyhu| uhsodfhphqw ri htxlsphqw sxwv wkh sur0
gxfhu edfn rq wkh iurqwlhu/ vr zkhq htxlsphqw lv uhsodfhg dw wlph |&/ wkh qhz htxls0
phqw kdv i TE|&� |&3�� wlphv ehwwhu txdolw|1 Vwuxfwxuhv kdyh vsduh fdsdflw|/ zklfk lv
wkh odujhvw lqlwldoo| dqg ghfolqhv zlwk hyhu| uhsodfhphqw ri htxlsphqw1 Diwhu wkh &0wk
uhsodfhphqw ri htxlsphqw vsduh fdsdflw| ehfrphv e}E|&3|&3�� wlphv ohvv wkdq ehiruh
wkh uhsodfhphqw1 Wklv lpsolhv wkdw wkh txdolw| ri htxlsphqw xvhg wrjhwkhu zlwk wkh
vwuxfwxuh djh | fkdqjhv dffruglqj wr

5|
%|

' e3}E|?3�3|&�c | 5 E|&c |&n�o c & ' f���?� ��

Vxevwlwxwlqj khuh wkh h{suhvvlrq iru %|/ zh jhw

5| ' %A e
}EA3|?3��e3}E|3|&�c | 5 E|&c |&n�o c & ' f���?� �

Vlqfh 5| � %| dw doo wlphv/ wkh lqvwdqwdqhrxv rxwsxw ri wkh surgxfhu zkr kdv wkh
vwuxfwxuh djh | lv htxdo wr 5|= +| ' 5|1 Qrz zh fdq frpsxwh wkh lqvwdqwdqhrxv rxwsxw
ri wkh lqgxvwu| e| lqwhjudwlqj ryhu wkh djh ri vwuxfwxuhv=
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Iru wkh &0wk uhsodfhphqw ri htxlsphqw/ txdolw| 5 lv uhsodfhg e| txdolw| 5e}E|&3|&3��1
Wkhvh uhsodfhphqwv wdnh sodfh zkhq vwuxfwxuhv uhdfk wkh djh |�c ���|?1 Wkhq wkh vshqg0
lqj rq htxlsphqw ri wkh surgxfhu zkr pdnhv wkh &0wk uhsodfhphqw lv htxdo wr R5 wlphv
txdolw| ri htxlsphqw lpphgldwho| sulru wr uhsodfhphqw wlphv e}E|&3|&3��/ dqg wkh wrwdo
lqvwdqwdqhrxv vshqglqj rq htxlsphqw lv jlyhq e|
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Vlqfh vwuxfwxuhv duh uhsodfhg dw djh A rqo|/ dqg wkh qhz vwuxfwxuh lv e}A wlphv ehwwhu
wkdq wkh rog rqh/ wkh lqvwdqwdqhrxv vshqglqj rq vwuxfwxuhv lv

.% '
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A
R%%A e

}A �
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Wkh h{shqglwxuh vkduh lv wkh udwlr ri lqgxvwu| vshqglqj wr lqgxvwu| rxwsxw=
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Ilqdoo|/ wkh djh glvwulexwlrq iru htxlsphqw fdq eh rewdlqhg iurp wkh djh glvwulexwlrq
ri vwuxfwxuhv e| lqwhjudwlqj ryhu doo wkh surgxfhuv zkr xvh htxlsphqw ri wkh vdph
djh1 Wklv glvwulexwlrq lv wkh vxp ri ? xqlirup glvwulexwlrqv rq dfc |&n� � |&o1 Lq rwkhu
zrugv/ phdvxuh E|&n�� |&�*A surgxfhuv xvhv htxlsphqw ehwzhhq djhv f dqg |&n�� |&/
zlwk wkh dyhudjh djh ri E|&n�� |&�*21 Lqgxvwu| dyhudjh lv wkh vxp ri dyhudjhv iru wkh
&0wk jurxs ri surgxfhuv zhljkwhg e| wkh vl}h ri wkh jurxs=

	�5 '
�

2A

?3�[
&'f

E|&n� � |&�
2�

Iru vwuxfwxuhv/ reylrxvo|/ 	�% ' A*2� T1 H1 G1

Fruroodu|1 Wkh vkduh ri vshqglqj rq htxlsphqw pdgh e| h{lvwlqj sodqwv lv htxdo
wr �� �

?
1

Surri= Wkh vshqglqj rq htxlsphqw pdgh e| h{lvwlqj sodqwv lv htxdo wr wrwdo
vshqglqj rq htxlsphqw plqxv vshqglqj rq htxlsphqw wkdw lv grqh wrjhwkhu zlwk wkh
sxufkdvh ri d qhz vwuxfwxuh1 Dw wkh wlph wkh vwuxfwxuh lv uhsodfhg/ wkh vshqglqj
rq htxlsphqw htxdov ?

A
R5%A e

}EA3|?3��1 Wkhq wkh vkduh ri htxlsphqw sxufkdvhg e|
h{lvwlqj sodqwv htxdov
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