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4Wklv sdshu lv dq rxwjurzwk ri zrun wkdw kdv ehhq suhvhqwhg dw Fduqhjlh Pho0
orq Xqlyhuvlw|> wkh Vwxgld ghood Hfrqrpld2Zrunvkrs rq Hfrqrplf Wkhru|/ Yhqlfh/
Lwdo|> wkh Frqihuhqfh rq Hqgrjhqrxv Lqfrpsohwhqhvv dw wkh Ihghudo Uhvhuyh Edqn
ri Plqqhdsrolv> VLWH dw Vwdqirug Xqlyhuvlw|1 L zrxog olnh wr wkdqn wkh sduwlf0
lsdqwv iru wkhlu frpphqwv/ Qlfkrodv \dqqholv dqg dq dqrq|prxv uhihuhh iru qx0
phurxv khosixo vxjjhvwlrqv/ dqg Slhur Jrwwdugl dqg Doehuwr Elvlq iru vwlpxodwlqj
frqyhuvdwlrqv ryhu d qxpehu ri |hduv1 Wkh �qdqfldo vxssruw ri wkh Qdwlrqdo Vfl0
hqfh Irxqgdwlrq dqg wkh F1Y1 Vwduu Fhqwhu iru Dssolhg Hfrqrplfv lv judwhixoo|
dfnqrzohgjhg1



Devwudfw

Wkh sdshu dqdo|}hv dq hfrqrp| zlwk wzr0vlghg dgyhuvh vhohfwlrq/ irfxvlqj rq
htxloleuld wkdw vdwlvi| d uh�qhphqw edvhg rq wkh qrwlrq ri vwudwhjlf vwdelolw|1
Lq wkh idploldu fdvh ri rqh0vlghg dgyhuvh vhohfwlrq/ djhqwv uhyhdo doo ri wkhlu
sulydwh lqirupdwlrq dv orqj dv wkh frqwudfw vsdfh lv ulfk hqrxjk1 Krzhyhu/
zlwk wzr0vlghg dgyhuvh vhohfwlrq/ wkh vx!flhqw frqglwlrqv iru vhsdudwlrq duh
pxfk vwurqjhu1
M1H1O1 Fodvvl�fdwlrq Qrv1 G8/ G;5



4 Lqwurgxfwlrq
Rqh ri wkh fodvvlfdo sureohpv lq wkh dqdo|vlv ri pdunhwv zlwk lqfrpsohwh
lqirupdwlrq lv wr glvfryhu frqglwlrqv xqghu zklfk djhqwv uhyhdo wkhlu sulydwh
lqirupdwlrq1 Wkhuh duh vhyhudo uhdvrqv zk| wklv sureohp lv lpsruwdqw1 Wkh
pdunhw kdv orqj ehhq uhfrjql}hg dv d phfkdqlvp iru idflolwdwlqj wkh wudqvihu
ri lqirupdwlrq1 Li djhqwv kdyh dq lqfhqwlyh wr zlwkkrog lqirupdwlrq/ wkh
uhvxowlqj htxloleulxp pd| eh lqirupdwlrqdoo| lqh!flhqw1 Wkh ydvw hpslulfdo
dqg wkhruhwlfdo olwhudwxuh rq wkh lqirupdwlrqdo h!flhqf| ri �qdqfldo pdunhwv
dwwhvwv wr wkh lqwhuhvw ri wklv lvvxh1 Dw wkh vdph wlph/ lw lv zhoo nqrzq wkdw
wkh dwwhpsw wr vljqdo sulydwh lqirupdwlrq fdq fdxvh glvwruwlrqv wkdw pdnh wkh
pdunhw doorfdwlrq lqh!flhqw1 Iru h{dpsoh/ lq pdunhwv zlwk dgyhuvh vhohfwlrq/
dq djhqw*v fkrlfh ri hgxfdwlrq/ lqvxudqfh/ ru eruurzlqj pd| uhyhdo klv sulydwh
lqirupdwlrq derxw klv surgxfwlylw|/ suredelolw| ri kdylqj dq dfflghqw/ ru
wkh ulvnlqhvv ri klv surmhfw1 Wkh hduo| sdshuv ri Vshqfh +4<:6, rq pdunhw
vljqdolqj dqg Urwkvfklog dqg Vwljolw} +4<:9, rq vfuhhqlqj surylgh vx!flhqw
frqglwlrqv iru wkh h{lvwhqfh ri htxloleuld lq zklfk djhqwv uhyhdo wkhlu sulydwh
lqirupdwlrq1 Wkhvh prghov duh ixuwkhu uh�qhg e| Zlovrq +4<::, dqg Uloh|
+4<:<,1 Lq rughu wr vljqdo wkhlu sulydwh lqirupdwlrq/ djhqwv kdyh wr lqfxu d
sulydwh frvw +rwkhuzlvh wkhlu vljqdo frxog eh lplwdwhg,1 Wkh frvw ri vljqdolqj
lv d ghdgzhljkw orvv iurp vrflhw|*v srlqw ri ylhz dqg iru wklv uhdvrq htxloleuld
lq zklfk djhqwv fdq vljqdo wkhlu sulydwh lqirupdwlrq duh w|slfdoo| lqh!flhqw1
Dq dqdo|vlv ri wkh h!flhqf| surshuwlhv ri vljqdolqj htxloleuld lv frqwdlqhg lq
Jdoh +4<<9,1

Wklv sdshu irfxvhv rq wkh frqglwlrqv wkdw hqvxuh djhqwv vljqdo wkhlu sul0
ydwh lqirupdwlrq1 Wkh wkhruhwlfdo uhvxowv lq wkh olwhudwxuh duh pl{hg1 Zkloh
vfuhhqlqj prghov vrphwlphv kdyh qr htxloleulxp/ vljqdolqj prghov kdyh d
pxowlsolflw| ri htxloleuld lq zklfk wkh dprxqw ri lqirupdwlrq uhyhdohg ydulhv
iurp ixoo uhyhodwlrq wr qr uhyhodwlrq1 Li zh zdqw wr uhgxfh wkh vhw ri htxloleuld
dqg pdnh wljkwhu suhglfwlrqv derxw lqirupdwlrq uhyhodwlrq/ vrph uh�qhphqw
ri htxloleulxp lv qhhghg1

Uh�qhphqwv ri wkh Qdvk htxloleulxp zhuh ghyhorshg iru jdphv ri lqfrp0
sohwh lqirupdwlrq lq wkh qlqhwhhq0hljkwlhv +Nrkoehuj dqg Phuwhqv +4<;9,/
Edqnv dqg Vreho +4<;:,/ Jurvvpdq dqg Shuu| +4<;9, dqg Pdlodwk/ Rnxqr0
Ixmlzdud/ dqg Srvwohzdlwh +4<<6,,1 Dssolfdwlrqv wr vljqdolqj jdphv e| Fkr
dqg Nuhsv +4<;7, dqg Fkr dqg Vreho +4<<3, vhohfw d vhsdudwlqj htxloleulxp/
lq zklfk djhqwv* dfwlrqv uhyhdo wkhlu w|sh/ dv wkh rqo| rxwfrph wkdw vdwlv�hv
d +vwurqj, uh�qhphqw1 Wkhuh duh h{fhswlrqv/ krzhyhu1 Khoozlj +4<;:, dggv d
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wklug vwdjh wr wkh fdqrqlfdo vljqdolqj jdph/ wr fdswxuh wkh  dyru ri wkh Zlo0
vrq +4<::, htxloleulxp/ dqg �qgv wkdw iru vrph sdudphwhu ydoxhv wkh srrolqj
htxloleulxp lv wkh xqltxh htxloleulxp vdwlvi|lqj wkh Nrkoehuj0Phuwhqv uh�qh0
phqw1

Wkh fodvvlfdo vljqdolqj jdph lv vshfldo lq d qxpehu ri uhvshfwv1

� Wkhuh duh rqo| wzr djhqwv/ dq lqiruphg djhqw dqg dq xqlqiruphg djhqw1

� Wkh lqiruphg djhqw kdv sulydwh lqirupdwlrq +klv w|sh, dqg pryhv �uvw1

� Wkh xqlqiruphg djhqw revhuyhv wkh lqiruphg djhqw*v dfwlrq ehiruh fkrrv0
lqj klv rzq dfwlrq1

Wkh vljqdolqj jdph fdq dovr eh lqwhusuhwhg dv d pdunhw jdph1 Lqvwhdg ri d
vlqjoh lqiruphg djhqw zlwk d suredelolw| glvwulexwlrq ri w|shv/ wkh pdunhw0
jdph lqwhusuhwdwlrq dvvxphv d frqwlqxxp ri lqiruphg djhqwv zlwk d nqrzq
furvv0vhfwlrqdo glvwulexwlrq ri w|shv1 Xqghu fhuwdlq frqglwlrqv +h1j1/ wkh xq0
lqiruphg djhqwv duh ulvn0qhwxudo �upv, wkh uhdfwlrqv ri d frqwlqxxp ri xq0
lqiruphg djhqw plplfv wkh uhvsrqvh ri d vlqjoh xqlqiruphg djhqw wr d vlqjoh
lqiruphg djhqw zlwk d udqgrp w|sh1

Wkh vljqdolqj jdph surylghv d vlpsoh dqg wudfwdeoh iudphzrun lq zklfk
wr vwxg| wkh lqirupdwlrqdo surshuwlhv ri htxloleulxp/ exw lw kdv olplwdwlrqv1
Wkhuh duh pdq| zd|v lq zklfk wkh vljqdolqj jdph frxog eh h{whqghg1 Rqh
dowhuqdwlyh iudphzrun/ zklfk dffrpprgdwhv d ulfkhu vhw ri hqylurqphqwv dqg
kdv suryhg wr eh yhu| wudfwdeoh/ lv ghyhorshg lq Jdoh +4<<4/ 4<<5/ 4<<9,1 D
frpsohwh vhw ri frqwudfwv uhsuhvhqwv doo wkh srvvleoh irupv ri lqwhudfwlrqv eh0
wzhhq djhqwv rq wkh wzr vlghv ri wkh pdunhwv1 Djhqwv fkrrvh wkh frqwudfwv
wkh| prvw suhihu/ wdnlqj lqwr dffrxqw wkh lqirupdwlrq uhyhdohg e| wkh frq0
wudfw fkrlfhv ri wkh rwkhu djhqwv1 Wkxv/ lqirupdwlrq lv v|pphwulfdoo| dqg
vlpxowdqhrxvo| uhyhdohg e| htxloleulxp frqwudfw fkrlfhv dqg xvhg e| djhqwv
lq pdnlqj wkrvh fkrlfhv1

Lq frqwudvw wr wkh vljqdolqj jdph/ wklv iudphzrun doorzv iru dgyhuvh vh0
ohfwlrq rq rqh ru erwk vlghv ri wkh pdunhw1

� Wkhuh lv d frqwlqxxp ri cex|huv* dqg cvhoohuv*/ hdfk ri zkrp pd| kdyh
sulydwh lqirupdwlrq1

� Doo djhqwv vlpxowdqhrxvo| fkrrvh wkh frqwudfwv wkh| zrxog olnh wr h{0
fkdqjh1
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� Wkh cex|huv* dqg cvhoohuv* zkr kdyh fkrvhq d jlyhq frqwudfw duh udq0
grpo| pdwfkhg1

Ehfdxvh djhqwv pryh vlpxowdqhrxvo|/ wkh| gr qrw revhuyh dq| lqirupdwlrq
sulru wr wkhlu fkrlfh ri frqwudfw1 Krzhyhu/ lq htxloleulxp wkh| nqrz wkh
vwudwhjlhv ri wkh rwkhu djhqwv dqg fruuhfwo| dvvhvv wkh suredelolw| ri ehlqj
pdwfkhg zlwk d jlyhq w|sh ri cex|hu* ru cvhoohu* frqglwlrqdo rq wkh frqwudfw
wkh| fkrrvh1 Ehfdxvh wkhuh lv d odujh qxpehu +qrq0dwrplf frqwlqxxp, ri
djhqwv/ wkh pdunhw lv frpshwlwlyh1 Wklv lv uh hfwhg lq wkh idfw wkdw djhqwv wdnh
dv jlyhq wkh pdwfklqj suredelolwlhv frqglwlrqdo rq hdfk fkrlfh ri frqwudfw1
Wkh pdwfklqj suredelolwlhv sod| wkh uroh ri sulfhv lq wkh fodvvlfdo wkhru|
ri frpshwlwlyh htxloleulxp/ wkdw lv/ wkh| ghwhuplqh zklfk frqwudfwv fdq eh
wudghg dqg zklfk fdqqrw1

Wkh uh�qhphqwv ri Qdvk htxloleulxp ghyhorshg lq wkh jdph wkhru| olwhu0
dwxuh kdyh qdwxudo frxqwhusduwv khuh1 Jdoh +4<<5, xvhv d uh�qhphqw ghulyhg
iurp wkh Nrkoehuj0Phuwhqv frqfhsw ri vwudwhjlf vwdelolw| wr vhohfw d xqltxh
vhsdudwlqj htxloleulxp doorfdwlrq lq zklfk hdfk djhqw fkrrvhv wr uhyhdo klv
sulydwh lqirupdwlrq1 Wkh vhohfwlrq wkhruhp lq Jdoh +4<<5, lv uhvwulfwlyh lq
rqh lpsruwdqw uhvshfw/ krzhyhu1 Zkloh lw doorzv iru khwhurjhqhrxv w|shv rq
hdfk vlgh ri wkh pdunhw/ wkhuh lv rqo| dgyhuvh vhohfwlrq rq rqh vlgh1 Pruh suh0
flvho|/ lq d pdunhw frqvlvwlqj ri ex|huv dqg vhoohuv/ wkhuh duh vhyhudo w|shv ri
ex|huv exw wkh vhoohuv gr qrw fduh zklfk w|sh ri ex|hu wkh| wudgh zlwk1 Wklv
prgho doorzv iru dvvruwdwlyh pdwfklqj/ zklfk fdqqrw rffxu lq wkh vwdqgdug
vljqdolqj jdph/ exw lw dyrlgv wkh gl!fxowlhv ri dqdo|vlqj wzr0vlghg dgyhuvh
vhohfwlrq1

Wkh suhvhqw sdshu kdv wzr remhfwlyhv1 Iluvw/ lw lv dujxhg wkdw zkhq wkhuh
lv rqh0vlghg xqfhuwdlqw| +RVX,/ vhsdudwlrq zloo dozd|v rffxu li wkh vsdfh
ri frqwudfwv wudghg lq wkh hfrqrp| lv vx!flhqwo| ulfk uhodwlyh wr wkh w|sh
vsdfh1 Vhfrqgo|/ lw lv dujxhg wkdw wkh fdvh ri wzr0vlghg xqfhuwdlqw| +WVX,
lv pxfk pruh gl!fxow wr dqdo|}h dqg uhtxluhv vwurqjhu frqglwlrqv wr hqvxuh
ixoo uhyhodwlrq ri lqirupdwlrq1

Wkh uhdvrq iru wkh juhdwhu gl!fxow| ri dqdo|}lqj WVX lv wkdw/ urxjko|
vshdnlqj/ zlwk RVX dq lqiruphg djhqw kdv suhihuhqfhv ryhu frqwudfwv exw
qrw ryhu w|shv ri djhqwv rq wkh rwkhu vlgh ri wkh pdunhw1 Iru h{dpsoh/ li wkh
vhoohuv duh zrunhuv zlwk gl�huhqw surgxfwlylwlhv dqg wkh ex|huv duh lghqwlfdo/
ulvn qhxwudo �upv/ wkhq wkh vhoohuv kdyh suhihuhqfhv ryhu gl�huhqw frqwudfwv
+vshfl�fdwlrqv ri zdjhv/ krxuv ri zrun/ dqg hgxfdwlrq, exw gr qrw fduh zkdw
nlqg ri �up wkh| zrun iru1 Wkxv/ eholhiv +derxw wkh ex|huv* w|shv, gr qrw
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d�hfw wkh vhoohuv* ehkdylru lq d vljql�fdqw zd|1 E| frqwudvw/ lq wkh fdvh
ri WVX/ dq lqiruphg djhqw kdv suhihuhqfhv ryhu frqwudfwv dqg wkh w|shv ri
djhqwv rq wkh rwkhu vlgh ri wkh pdunhw1 Iru h{dpsoh/ li wkhuh duh gl�huhqw
w|shv ri �upv dqg zrunhuv fduh derxw wkh w|sh ri �up wkh| zrun iru/ wkhq
zrunhuv kdyh wr wdnh lqwr dffrxqw erwk wkh qdwxuh ri wkh frqwudfw wkh| fkrrvh
dqg wkh w|sh ri �up wkdw lv olnho| wr r�hu wkdw sduwlfxodu frqwudfw1

Uh�qhphqwv ri htxloleulxpzrun e| uhvwulfwlqj csodxvleoh* rxw0ri0htxloleulxp
eholhiv1 Zlwk WVX lw ehfrphv pxfk pruh gl!fxow wr vd| zkhwkhu dq rxw0ri0
htxloleulxp eholhi lv csodxvleoh* ru qrw1 Dq djhqw*v fkrlfh ri frqwudfw ghshqgv
erwk rq wkh sk|vlfdo fkdudfwhulvwlfv ri wkh frqwudfw dqg wkh suredelolw| glv0
wulexwlrq ri w|shv zlwk zklfk dq djhqw zloo eh pdwfkhg1 Wklv phdqv wkdw lq
rughu wr glvfxvv zkdw lv d uhdvrqdeoh ru sodxvleoh eholhi/ rqh kdv wr orrn dw
erwk vlghv ri wkh pdunhw vlpxowdqhrxvo|1 Iru h{dpsoh/ d vhoohu pd| kdyh wkh
eholhi wkdw d sduwlfxodu frqwudfw lv wudghg e| d edg w|sh ri ex|hu1 Wklv eholhi
pd| glvfrxudjh wkh vhoohu iurp fkrrvlqj wkdw frqwudfw1 Lq rughu wr ghwhuplqh
zkhwkhu wkh ex|hu*v eholhi lv sodxvleoh/ zh kdyh wr dvn zkhwkhu lw lv sodxvleoh
wr h{shfw d edg ex|hu wr fkrrvh wkdw frqwudfw1 Wkdw lq wxuq zloo ghshqg
qrw mxvw rq wkh edg ex|hu*v suhihuhqfhv ryhu frqwudfwv/ exw dovr rq klv eholhiv
derxw wkh w|sh ri vhoohu kh zloo eh pdwfkhg zlwk li kh fkrrvhv wkdw frqwudfw1
Exw wkhq zh kdyh wr dvn zkhwkhu wkh ex|hu*v eholhi lv sodxvleoh dqg wkdw lq
wxuq ghshqgv rq wkh vhoohuv* ehkdylru/ wkdw lv/ rq wkh suhihuhqfhv dqg eholhiv
ri wkh vhoohuv1

Wkh wkhru| ghyhorshg lq wklv sdshu irfxvhv rq ghfhqwudol}hg dqg xqfrru0
glqdwhg ghflvlrq pdnlqj xqghu lqfrpsohwh lqirupdwlrq1 Rwkhu wkhrulhv irfxv
rq wkh rswlpdolw| surshuwlhv ri frpshwlwlyh pdunhwv +Kduulv dqg Wrzqvhqg
+4<;5,/ Suhvfrww dqg Wrzqvhqg +4<;7,/ \dqqholv +4<<4,/ P|huvrq +4<<6,/
Nrxwvrxjhudv dqg \dqqholv +4<<6,/ Nudvd dqg \dqqholv +4<<7,/ Mhuh} +4<<<,,1
Wkh wzr dssurdfkhv vkrxog eh wkrxjkw ri dv frpsohphqwdu|1 Wkhuh lv qr vlq0
joh sdudgljp ri frpshwlwlyh pdunhwv zlwk lqfrpsohwh lqirupdwlrq1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Wkh edvlf prgho ri dq
hfrqrp| zlwk lqfrpsohwh lqirupdwlrq lv suhvhqwhg lq Vhfwlrq 5/ zkhuh htxl0
oleulxp lv gh�qhg dqg d uh�qhphqw ri htxloleulxp lv lqwurgxfhg1 Wklv uh�qh0
phqw lv vkrzq wr lpsrvh uhvwulfwlrqv rq eholhiv derxw pdwfklqj suredelolwlhv1
Lq Vhfwlrq 6 wkhvh uhvwulfwlrqv duh dssolhg wr dq hfrqrp| zlwk RVX1 Xqghu
frqglwlrqv wkdw duh zhdnhu wkdq wkh vwdqgdug Vshqfh0Pluuohhv prqrwrqlf0
lw| frqglwlrqv/ wkh rqo| nlqg ri htxloleulxp wkdw vdwlv�hv wkh uh�qhphqw lv
d vhsdudwlqj htxloleulxp1 Dq hfrqrp| zlwk WVX lv dqdo|}hg lq Vhfwlrq 7/
zkhuh wzr vhwv ri vx!flhqw frqglwlrqv iru vhsdudwlrq duh glvfxvvhg1 Surriv
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duh jdwkhuhg lq Vhfwlrq 81

5 Dq Hfrqrp| zlwk Lqfrpsohwh Lqirupdwlrq
Wkh hfrqrp| frqvlvwv ri wzr pxwxdoo| h{foxvlyh fodvvhv ri djhqwv zkr duh
frqyhqwlrqdoo| uhihuuhg wr dv ex|huv dqg vhoohuv1 Wkhuh lv d �qlwh qxpehu ri
gl�huhqw w|shv ri djhqwv1 Ohw g ' 7 ^ A ghqrwh wkh vhw ri w|shv/ zkhuh 7
ghqrwhv wkh vhw ri vhoohu w|shv dqg A ghqrwhv wkh vhw ri ex|hu w|shv1 Hdfk
w|sh & 5 g frqvlvwv ri d qrq0dwrplf frqwlqxxp ri lghqwlfdo djhqwv zkrvh
phdvxuh lv �E&� : f1

Wkh remhfwv wudghg lq wklv hfrqrp| duh frqwudfwv1 Wkh vhw ri doo srvvleoh
frqwudfwv lv ghqrwhg e| X1 Lqlwldoo|/ X lv dvvxphg wr eh �qlwh1 Odwhu wkh
wkhru| lv h{whqghg wr dq lq�qlwh vhw ri frqwudfwv1

Frqwudfwv duh h{fkdqjhg ehwzhhq ex|huv dqg vhoohuv/ zlwk rqh ex|hu dqg
rqh vhoohu iru hdfk frqwudfw1 Li d vhoohu ri w|sh r dqg d ex|hu ri w|sh | h{fkdqjh
d frqwudfw ri w|sh w/ wkh vhoohu*v sd|r� lv �Ewc rc |� dqg wkh ex|hu*v sd|r� lv
�Ewc rc |�1 Hdfk djhqw lv dvvxphg wr kdyh dq rxwvlgh rswlrq wkdw ghwhuplqhv
klv xwlolw| li kh fkrrvhv qrw wr wudgh d frqwudfw1 Wkh sd|r� ixqfwlrqv duh
qrupdol}hg vr wkdw wkh ydoxh ri hdfk djhqw*v rxwvlgh rswlrq lv htxdo wr f1

Djhqwv duh doorzhg wr wudgh dw prvw rqh frqwudfw1 Xqghu wklv dvvxpswlrq/
wkh htxloleulxp fkrlfhv ri doo wkh djhqwv fdq eh ghvfulehg e| dq doorfdwlrq
s G X�g $ +n/ zkhuh sEwc &� lv wkh phdvxuh ri w|sh0& djhqwv zkr fkrrvh d
frqwudfw w1 Dq doorfdwlrq lv dwwdlqdeoh li lw vdwlv�hv wkh dgglqj0xs frqglwlrq[

w

sEwc &� � �E&�c

iru hyhu| &1 Wkh qxpehu ri djhqwv ri w|sh & zkr fkrrvh qrw wr wudgh lv
�E&��S

w sEwc &� � f1 Ohw 8 ghqrwh wkh vhw ri dwwdlqdeoh doorfdwlrqv1
Wr dyrlg vrph sdwkrorjlfdo fdvhv/ lw lv dvvxphg wkdw wkhuh lv d vpdoo

glvxwlolw| ri sduwlflsdwlqj lq d pdunhw1 Ohw SE&� : f ghqrwh wkh sduwlflsdwlrq
frvw iru djhqwv ri w|sh &1 Qrwh wkdw dq djhqw kdv wr sd| wkh sduwlflsdwlrq
frvw SE&� hyhq li kh lv udwlrqhg dqg xqdeoh wr wudgh1 Rqo| djhqwv zkr fkrrvh
qrw wr sduwlflsdwh dyrlg wklv frvw1

Ohw H ' i7c Ac�c �c �c Sj ghqrwh wkh hfrqrp| zlwk lqfrpsohwh lqirupd0
wlrq1
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514 Htxloleulxp

Wkh ex|huv dqg vhoohuv zkr zdqw wr wudgh frqwudfw w duh udqgrpo| pdwfkhg1
Dq djhqw grhv qrw nqrz wkh w|sh ri djhqw kh zloo eh pdwfkhg zlwk/ exw
kh grhv nqrz wkh suredelolw| ri ehlqj pdwfkhg zlwk dq| sduwlfxodu w|sh ri
djhqw1 Wkh htxloleulxp pdwfklqj suredelolwlhv duh ghvfulehg e| d suredelolw|
dvvhvvphqw > G X � g $ +n/ zkhuh >Ewc |� ghqrwhv wkh suredelolw| wkdw d
vhoohu fkrrvlqj frqwudfw w zloo h{fkdqjh wkh frqwudfw zlwk d w|sh0| ex|hu dqg
>Ewc r� ghqrwhv wkh suredelolw| wkdw d ex|hu fkrrvlqj frqwudfw w zloo h{fkdqjh
wkh frqwudfw zlwk d w|sh0r vhoohu1

Wkh qxpehu ri ex|huv dqg vhoohuv zkr zdqw wr wudgh w pd| qrw eh htxdo1
Lq wkdw fdvh/ wkh pdunhw fohduv wkurxjk udwlrqlqj1 D ex|hu*v suredelolw|
ri wudglqj w lv

S
r >Ewc r�1 Olnhzlvh/ d vhoohu*v suredelolw| ri wudglqj w lvS

| >Ewc |�1 Wkxv/ wkh vhw ri dgplvvleoh suredelolw| dvvhvvphqwv lv

� '

+
> G X�g $ +nm

[
r

>Ewc r� � �c
[
|

>Ewc |� � �

,
�

Wkh suredelolw| ri ehlqj udwlrqhg +xqdeoh wr wudgh, lv � � S
r >Ewc r� � f

iru ex|huv dqg � � S
| >Ewc |� � f iru vhoohuv1 Qrwh wkdw wkh htxloleulxp

suredelolw| dvvhvvphqw > lv frpprq iru doo djhqwv1 Wkxv/ doo vhoohuv kdyh
lghqwlfdo eholhiv derxw wkh wudglqj srvvlelolwlhv rshq wr wkhp dqg doo ex|huv
kdyh lghqwlfdo eholhiv derxw wudglqj srvvlelolwlhv rshq wr wkhp1

Lw lv lpsruwdqw wr glvwlqjxlvk frqwudfwv zklfk duh ghpdqghg e| d srvlwlyh
phdvxuh ri djhqwv iurp wkrvh zklfk duh qrw ghpdqghg e| dq|rqh1 Pdwfk0
lqj suredelolwlhv duh zhoo gh�qhg lq pdunhwv iru frqwudfwv wkdw duh wudghg
lq htxloleulxp/ exw iru qrq0wudghg frqwudfwv wkh pdwfklqj suredelolwlhv fdq
eh pruh ru ohvv duelwudu|1 Vlqfh X lv vxssrvhg wr uhsuhvhqw wkh vhw ri doo
srvvleoh frqwudfwv/ prvw ri wkh frqwudfwv lq X zloo qrw eh dfwlyho| wudghg lq
htxloleulxp1 Wklv phdqv wkdw wkh htxloleulxp suredelolw| dvvhvvphqw > lv wr
d odujh h{whqw duelwudu| dqg wklv duelwudulqhvv fdq jlyh ulvh wr d odujh vhw ri
htxloleuld/ dv zh vkdoo vhh1

Iru dq| dwwdlqdeoh doorfwlrq s / ohw bsEw� phdvxuh wkh orqj vlgh ri wkh
pdunhw iru frqwudfw w/ wkdw lv/

bs Ew� ' 4@ 
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sEwc r�c
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�

Wkh pdunhw iru frqwudfw w lv fdoohg dfwlyh li bsEw� : f1 Rwkhuzlvh/ wkh pdunhw
iru w lv fdoohg lqdfwlyh1 Lq dfwlyh pdunhwv/ eholhiv duh ghwhuplqhg e| udwlrqdo
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h{shfwdwlrqv dqg wkh udqgrp pdwfklqj surfhvv1 Vlqfh wkh udqgrp pdwfklqj
surfhvv wuhdwv doo ex|huv dqg doo vhoohuv v|pphwulfdoo|/ wkh suredelolw| dvvhvv0
phqw >Ewc �� pxvw eh wkh vdph iru doo djhqwv li wkh pdunhw iru w lv dfwlyh1 Li
wkh pdunhw lv lqdfwlyh/ krzhyhu/ wkh djhqwv* eholhiv duh pruh ru ohvv duelwudu|
+l1h1/ qrw ghwhuplqhg e| wkh pdwfklqj whfkqrorj|, dqg khuh wkh dvvxpswlrq
ri frpprq eholhiv uhsuhvhqwv d plog v|pphwu| frqglwlrq1

Wkh pdwfklqj uxohv wuhdw doo djhqwv rq wkh vdph vlgh ri wkh pdunhw lghq0
wlfdoo| dqg pd{lpl}h wkh suredelolw| ri wudgh1 D suredelolw| dvvhvvphqw lv
frqvlvwhqw zlwk dq doorfdwlrq li lw uh hfwv wkh dfwxdo pdwfklqj suredelolwlhv
ghwhuplqhg e| wkh doorfdwlrq lq hdfk dfwlyh pdunhw1 Irupdoo|/ wkh suredelolw|
dvvhvvphqw > lv frqvlvwhqw zlwk wkh doorfdwlrq s li

bsEw�>Ewc &� ' sEwc &�c

iru dq| w dqg dq| &1 Li wkh pdunhw iru w lv dfwlyh/ wkhq bsEw� : f dqg wkh
suredelolw| >Ewc &� lv xqltxho| ghwhuplqhg e| wkh doorfdwlrq s 1 Li bs Ew� ' f/
wkh frqvlvwhqf| frqglwlrq lv dxwrpdwlfdoo| vdwlv�hg dqg grhv qrw sodfh dq|
uhvwulfwlrqv rq wkh htxloleulxp suredelolw| dvvhvvphqw1

Qrz zh duh uhdg| wr gh�qh dq htxloleulxp1 Lqwxlwlyho|/ dq htxloleulxp
uhtxluhv hdfk djhqw wr fkrrvh wkh frqwudfw wkdw pd{lpl}hv klv h{shfwhg xwlolw|/
wdnlqj dv jlyhq wkh suredelolw| dvvhvvphqw/ wkdw lv/ wkh suredelolw| ri wudglqj
hdfk frqwudfw dqg wkh glvwulexwlrq ri w|shv zlwk zkrp kh pd| eh pdwfkhg1
Wkh suredelolw| dvvhvvphqw lv ghwhuplqhg mrlqwo| e| wkh fkrlfhv ri doo wkh
djhqwv1 Irupdoo|/ dq htxloleulxp frqvlvwv ri dq dwwdlqdeoh doorfdwlrq s dqg
d frqvlvwhqw suredelolw| dvvhvvphqw > vxfk wkdw/ iru hyhu| w|sh r dqg dq|
frqwudfw w/ d srvlwlyh phdvxuh sEwc r� : f ri djhqwv fkrrvh w rqo| li lw lv
rswlpdo
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dqg iru hyhu| w|sh | dqg dq| frqwudfw w/ d srvlwlyh phdvxuh sEwc |� : f ri
djhqwv fkrrvh w rqo| li lw lv rswlpdo
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Wkh vljql�fdqfh ri wkh sduwlflsdwlrq frvw lv vlpso| wr hqvxuh wkdw wkh
htxloleulxp sd|r� iurp wudglqj lv srvlwlyh li djhqwv fkrrvh wr sduwlflsdwh1
Wkdw lv/ �WEr� : f li sEwc r� : f iru vrph w dqg �WE|� : f li sEwc |� : f iru
vrph w1
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515 Shuihfwlrq dqg Vwdelolw|

Dv kdv douhdg| ehhq qrwhg/ wkh suredelolw| dvvhvvphqw >Ewc �� lv pruh ru ohvv
duelwudu| zkhq wkh pdunhw iru w lv lqdfwlyh1 Wkh sureohp wklv srvhv iru wkh
wkhru| lv wkdw wkhuh pd| eh pdq| gl�huhqw htxloleulxp doorfdwlrqv vxssruwhg
e| gl�huhqw eholhiv derxw wudglqj suredelolwlhv lq lqdfwlyh pdunhwv1 Vrph
ri wkhvh htxloleuld duh ri olwwoh lqwhuhvw ehfdxvh wkh| ghshqg rq lpsodxvleoh
eholhiv derxw wkh wudglqj srvvlelolwlhv lq lqdfwlyh pdunhwv1 Iru h{dpsoh/ li zh
dvvxph wkdw >Ewfc &� ' f iru vrph �{hg exw duelwudu| wf dqg dq| &/ wkhq lw lv
hdv| wr vhh wkdw qr rqh zloo dwwhpsw wr wudgh wkh frqwudfw wf lq htxloleulxp1
Wkhq sEwfc &� ' f iru hyhu| &/ dqg wkh suredelolw| dvvhvvphqw >Ewfc �� zloo eh
frqvlvwhqw zlwk wkh doorfdwlrq sEwfc ��1 Lq wklv zd| zh fdq �forvh� wkh pdunhw
iru dq| frqwudfw wf zlwkrxw ylrodwlqj wkh htxloleulxp frqglwlrqv1 E| forvlqj
pdunhwv/ zh fdq jhqhudwh d odujh qxpehu ri gl�huhqw htxloleulxp doorfdwlrqv>
exw wkhvh htxloleuld duh qrw yhu| lqwhuhvwlqj1

Wr uxoh rxw vxfk wulyldo htxloleuld/ lw lv xvxdoo| dvvxphg wkdw pdunhwv pxvw
eh rughuo|/ zklfk phdqv wkdw dw prvw rqh vlgh ri wkh pdunhw fdq eh udwlrqhg
lq htxloleulxp +Kdkq dqg Qhjlvkl +4<95,/ Guh}h +4<:8,/ Kdkq +4<:;,,1 Wkh
suredelolw| dvvhvvphqw > lv rughuo| li/ iru hyhu| w/
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Wklv uhvwulfwlrq uxohv rxw vrph htxloleuld/ exw lw grhv qrw holplqdwh wkh pxo0
wlsolflw| ri htxloleuld fdxvhg e| duelwudu| eholhiv lq lqdfwlyh pdunhwv1 Wr uxoh
rxw wkhvh htxloleuld/ d ixuwkhu uhvwulfwlrq ri eholhiv lq lqdfwlyh pdunhwv lv uh0
txluhg1 Wkhuh duh ydulrxv vwudwhjlhv iru uh�qlqj dq htxloleulxp frqfhsw1 Rqh
lv edvhg rq wkh lghd ri wkh cwuhpeolqj kdqg* lqwurgxfhg e| Vhowhq +4<:8,1
Khuh lw lv wkh clqylvleoh kdqg* ri wkh pdunhw wkdw cwuhpeohv*1 Wkh hvvhqwldo
lghd lv wr shuwxue wkh hfrqrp| vr wkdw doo pdunhwv duh dfwlyh/ �qg dq htxl0
oleulxp iru wkh shuwxuehg hfrqrp|/ dqg wkhq ohw wkh shuwxuedwlrq ehfrph
ydqlvklqjo| vpdoo1 Wkh olplw ri wklv vhtxhqfh ri shuwxuehg htxloleuld zloo eh
dq htxloleulxp ri wkh xqshuwxuehg hfrqrp|1

Irupdoo|/ d shuwxuedwlrq lv dq dwwdlqdeoh doorfdwlrq } vxfk wkdw b}Ew� : f
iru doo w1 Iru dq| shuwxuedwlrq }/ ghqrwh wkh vhw ri dwwdlqdeoh doorfdwlrqv ri
wkh shuwxuehg hfrqrp| e| 8 E}�/ zkhuh

8 E}� ' is 5 8 ms � }j1
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Wkh shuwxuehg hfrqrp| lv ghqrwhg e| HE}� ' i7c Ac�c �c �c Sc }j1 Qrwh wkdw
wkh sdudphwhuv duh wkh vdph dv lq wkh ruljlqdo hfrqrp| H > rqo| wkh vhw ri
dwwdlqdeoh doorfdwlrqv 8 E}� kdv fkdqjhg1

Gh�qh dq htxloleulxp iru wkh shuwxuehg hfrqrp| HE}� wr eh dq dwwdlqdeoh
doorfdwlrq s 5 8 E}� dqg d frqvlvwhqw suredelolw| dvvhvvphqw > vxfk wkdw/ iru
hdfk w|sh r/
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D shuihfw htxloleulxp lv wkh olplw Esfc >f� ri d vhtxhqfh ri htxloleuld iEs?c >?�j
zkhuh/ iru hdfk ?/ Es?c >?� lv dq htxloleulxp ri wkh shuwxuehg hfrqrp| HE?3� �
}�1 Vwdqgdug dujxphqwv vx!fh wr vkrz wkdw wkhuh h{lvwv d shuihfw htxloleulxp
iru dq| hfrqrp| H1

Lq wkh shuwxuehg hfrqrp|/ doo pdunhwv duh dfwlyh/ vr wkh htxloleulxp sure0
delolw| > dvvhvvphqw lv xqltxho| ghwhuplqhg e| wkh htxloleulxp doorfdwlrq
s 5 8 E}�1 D shuihfw htxloleulxp/ ehlqj wkh olplw ri shuwxuehg htxloleuld/ kdv
d suredelolw| dvvhvvphqw wkdw lv wkh olplw ri suredelolw| dvvhvvphqwv jhqhudwhg
e| pdwfklqj suredelolwlhv dwwdlqdeoh doorfdwlrqv1

Qrwh wkdw dq htxloleulxp ri d shuwxuehg hfrqrp| lv rughuo| e| frq0
vwuxfwlrq1 Iru dq| w/ bsEw� : f vr wkh frqvlvwhqf| frqglwlrq lpsolhv wkdw
>Ewc &� ' sEwc &�*bsEw� dqg
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D shuihfw htxloleulxp/ ehlqj wkh olplw ri d vhtxhqfh ri rughuo| htxloleuld/ lv
dovr rughuo|1
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Dowkrxjk shuihfwlrq lpsrvhv vrph uhvwulfwlrqv rq wkh htxloleulxp eholhiv/
wkh| duh suhww| plog1 Lq rughu wr uhvwulfw eholhiv ixuwkhu zh kdyh wr xvh d
vwurqjhu uh�qhphqw1 Wklv uh�qhphqw lv uhodwhg wr wkh qrwlrq ri vwudwhjlf
vwdelolw| lqwurgxfhg e| Nrkoehuj dqg Phuwhqv +4<;9,1 D shuihfw htxloleulxp
Esc >� lv urexvw wr d vlqjoh shuwxuedwlrq } lq wkh vhqvh wkdw/ iru dq| 0 : f dqg
hdfk ? vx!flhqwo| odujh/ wkhuh lv dq htxloleulxp ri wkh shuwxuehg hfrqrp|
HE?3� �}� zklfk lv 00forvh wr Esc >�1 Wkh Nrkoehuj0Phuwhqv qrwlrq ri vwdelolw|
uhtxluhv wklv nlqg ri urexvwqhvv lq wkh idfh ri doo srvvleoh shuwxuedwlrqv1 Lw
pd| qrw eh srvvleoh wr �qg d vlqjoh htxloleulxp wkdw kdv vxfk d surshuw|/
vr zh frqvlghu vhwv ri htxloleuld1 Fdoo 7 d vwdeoh vhw li lw lv d plqlpdo vhw ri
htxloleuld zlwk wkh surshuw| wkdw=

iru dq| shuwxuedwlrq } dqg dq| 0 : f wkhuh h{lvwv d qxpehu
?f : f vxfk wkdw iru dq| ? : ?f wkhuh h{lvwv dq htxloleulxp ri
wkh shuwxuehg hfrqrp| HE?3� � }� wkdw lv 00forvh wr 71

Rqh uhdvrq zk| zh qhhg wr frqvlghu vhwv ri htxloleuld lv wkdw e| fkrrvlqj
gl�huhqw shuwxuedwlrqv zh jhqhudwh gl�huhqw suredelolw| dvvhvvphqwv lq wkh
lqdfwlyh pdunhwv1 Vr vhtxhqfhv ri htxloleuld fruuhvsrqglqj wr gl�huhqw shu0
wxuedwlrqv pd| kdyh gl�huhqw olplwlqj suredelolw| dvvhvvphqwv1 Krzhyhu/ wklv
pd| eh wkh rqo| gl�huhqfh ehwzhhq wkh htxloleuld ehorqjlqj wr wkh vwdeoh vhw1
Lq wkdw fdvh/ wkhuh lv d xqltxh doorfdwlrq wkdw vdwlv�hv wkh vwdelolw| fulwhulrq1
Li doo wkh htxloleuld lq 7 kdyh wkh vdph doorfdwlrq s wkhq s lv fdoohg d xqltxh
vwdeoh doorfdwlrq1 Zkhq wkhuh lv qr ulvn ri dpeljxlw| zh uhihu wr s dv d vwdeoh
doorfdwlrq iru vkruw1

Wkh h{lvwhqfh ri d xqltxh vwdeoh doorfdwlrq lv hvwdeolvkhg iru jhqhulf
hfrqrplhv zlwk lqfrpsohwh lqirupdwlrq lq Jdoh +4<<5,1

516 Vwdeoh Eholhiv

Zkhq dq hfrqrp| lv shuwxuehg/ wkh suredelolw| dvvhvvphqwv duh irufhg wr
fkdqjh1 Li wkh suredelolw| dvvhvvphqwv fkdqjh lq d zd| wkdw pdnhv vrph
xqxvhg frqwudfw w pruh dwwudfwlyh/ lw pd| fdxvh d odujh qxpehu ri djhqwv wr
ghyldwh wr w/ lq zklfk fdvh wkh ruljlqdo htxloleulxp lv ghhphg wr kdyh ehhq
qrq0urexvw ru xqvwdeoh1 Rq wkh rwkhu kdqg/ li wkh qxpehu ri djhqwv ghyldwlqj
wr w lv vpdoo dqg li wkh suredelolw| dvvhvvphqw fkdqjhv lq vxfk d zd| wkdw qr
rqh vwulfwo| suhihuv w wr wkh htxloleulxp sd|r�/ wkhq d vpdoo shuwxuedwlrq kdv
ohg wr d vpdoo fkdqjh lq wkh htxloleulxp dqg wkh htxloleulxp lv frqvlghuhg
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urexvw1 Lq rwkhu zrugv/ li dq doorfdwlrq lv vwdeoh wkhq dq| shuwxuedwlrq fdq eh
vwdelol}hg e| wkh hqgrjhqrxv uh0doorfdwlrq ri d vpdoo qxpehu ri djhqwv1 Wklv
sulqflsoh sod|v d fuxfldo uroh lq zkdw iroorzv1 Wkh qh{w vwhs lv wr fkdudfwhul}h
h{dfwo| zkdw wklv phdqv iru eholhiv lq d vwdeoh htxloleulxp1

Ohw s eh d vwdeoh doorfdwlrq dqg ohw } eh d �{hg exw duelwudu| shuwxuedwlrq1
Wkhuh lv d vhtxhqfh ri htxloleuld iEs?c >?�j/ zkhuh Es?c >?� lv dq htxloleulxp
ri wkh shuwxuehg hfrqrp| HE?3� � }� iru hdfk ? dqg

*�4
?<"

Es?c >?� ' Esc >� 5 71

Dv zdv qrwhg deryh/ wkh suredelolw| dvvhvvphqw > pd| ghshqg rq wkh sdu0
wlfxodu vhtxhqfh iEs?c >?�j1 Ohw �WE&� ghqrwh wkh htxloleulxp sd|r� ri w|sh
& lq wkh olplwlqj htxloleulxp Esc >�1 Vxssrvh wkdw iru vrph �{hg exw duel0
wudu| frqwudfw w�/ �WEr� :

S
| >Ew�c |��Ew�c rc |�1 Vlqfh wkh sd|r� ixqfwlrqv

duh frqwlqxrxv/ 4@ w
S

| >
?Ewc |��Ewc rc |� :

S
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?Ew�c |��Ew�c rc |�/ iru doo ?
vx!flhqwo| odujh dqg wklv lpsolhv wkdw qr djhqw ri w|sh r yroxqwdulo| fkrrvhv
frqwudfw w�/ l1h1/ s?Ew�c r� ' ?3� � }Ew�c r�/ iru doo ? vx!flhqwo| odujh1 D v|p0
phwulf frqfoxvlrq krogv iru ex|huv1 Wkxv/ zh kdyh hvwdeolvkhg wkdw/ iru dq|
frqwudfw w/%
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iru doo ? vx!flhqwo| odujh1 Wdnlqj olplwv dv ? $ 4 lpphgldwho| suryhv wkh
iroorzlqj uhvxow1

Wkhruhp 4 Vxssrvh wkdw s lv d xqltxh vwdeoh doorfdwlrq dqg } lv d �{hg
exw duelwudu| shuwxuedwlrq1 Wkhq wkhuh h{lvwv d suredelolw| dvvhvvphqw > vxfk
wkdw Esc >� lv dq htxloleulxp dqg/ iru dq| frqwudfw w dqg iru vrph frqvwdqw
�Ew� � f/ %
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iru dq| ex|hu w|sh |1

Wr vxp xs/ d shuwxuedwlrq fkdqjhv wkh htxloleulxp suredelolw| dvvhvv0
phqw/ exw h{dfwo| krz lw fkdqjhv ghshqgv rq wkh htxloleulxp uhvsrqvhv ri
wkh djhqwv1 Vr wkh uhodwlrqvkls ehwzhhq wkh htxloleulxp suredelolw| dvvhvv0
phqw dqg wkh shuwxuedwlrq lq wkh pdunhw iru d frqwudfw w ghshqgv rq zkhwkhu
djhqwv �qg lw rswlpdo wr fkrrvh wkdw frqwudfw lq htxloleulxp1 Lq sduwlfxodu/ li
qr rqh �qgv lw rswlpdo wr fkrrvh w lq htxloleulxp/ wkhq s?Ewc �� ' ?3�}Ewc ��
dqg wkh suredelolw| dvvhvvphqw >?Ewc �� lv ghwhuplqhg e| wkh shuwxuedwlrq
?3�}Ewc ��1 Rq wkh rwkhu kdqg/ li wkh shuwxuedwlrq }Ewc �� e| lwvhoi zrxog kdyh
pdgh w dwwudfwlyh wr vrph w|shv +zrxog jlyh wkhp d sd|r� kljkhu wkdq wkhlu
htxloleulxp sd|r�, wkhq lq htxloleulxp d vpdoo qxpehu ri djhqwv pxvw eh
hqgrjhqrxvo| uh0doorfdwhg wr w lq rughu wr pdnh w ohvv dwwudfwlyh dqg suhyhqw
d odujh ghyldwlrq e| rwkhu djhqwv1 Vr rqh zd| wr vkrz wkdw dq doorfdwlrq lv
qrw vwdeoh lv wr �qg d shuwxuedwlrq } wkdw fdqqrw eh vwdelol}hg e| d vpdoo
uh0doorfdwlrq ri djhqwv1

517 Jhqhudo Frqwudfw Vsdfhv

Hyhq lq �qlwh jdphv/ wkh gh�qlwlrq ri d shuwxuedwlrq uhtxluhv vrph fduh +vhh
Nrkoehuj dqg Phuwhqv +4<;9,,1 Wkhuh lv qr frpsdudeoh ghyhorsphqw ri wkh
wkhru| iru lq�qlwh jdphv ru hfrqrplhv zlwk dq lq�qlwh qxpehu ri frqwudfwv1
Vlploduo|/ wkh h{lvwhqfh ri htxloleulxp lq dq hfrqrp| zlwk d �qlwh qxpehu ri
frqwudfwv lv vwudljkwiruzdug pdwwhu +lw xvhv d vwdqgdug �{hg srlqw dujxphqw,
exw wkh h{lvwhqfh ri d xqltxh vwdeoh doorfdwlrq lv pruh gl!fxow +vhh Jdoh
+4<<5,,1 Djdlq/ wkh wkhru| kdv qrw ehhq ghyhorshg wr ghdo zlwk dq lq�qlwh
qxpehu ri frqwudfwv1

Wkh dvvxpswlrq ri d �qlwh qxpehu ri frqwudfwv lv d frqyhqlhqw vlpsol�0
fdwlrq/ exw iru vrph sxusrvhv lw lv pruh frqyhqlhqw wr kdyh d frqwlqxxp ri
frqwudfwv1 Lq sduwlfxodu/ zkhq lw frphv wr fkdudfwhul}lqj wkh ghjuhh ri vhsd0
udwlrq lq htxloleulxp lw lv qlfh wr eh deoh wr frqvlghu qhljkerulqj frqwudfwv1
Wkh wkhru| fdq eh h{whqghg iurp d �qlwh wr dq lq�qlwh vhw ri frqwudfwv e|
wdnlqj olplwv +wklv zdv wkh dssurdfk wdnhq lq Jdoh +4<<5,,/ exw iru vlpsolflw|
dq dowhuqdwlyh dssurdfk lv dgrswhg khuh1 L wdnh dv d gh�qlwlrq ri vwdelolw| wkh
fkdudfwhul}dwlrq ri vwdeoh eholhiv ghulyhg lq Wkhruhp 41 Iurp qrz rq lw lv
dvvxphg wkdw X lv dq rshq vxevhw ri vrph �qlwh0glphqvlrqdo Hxfolghdq vsdfh
hqgrzhg zlwk wkh xvxdo wrsrorj|1 Wkh sd|r� ixqfwlrqv �E�c rc |� dqg �E�c rc |�
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duh dvvxphg wr eh frqwlqxrxvo| gl�huhqwldeoh ixqfwlrqv ri w rq X/ iru hyhu|
sdlu Erc |�1

Zkhq wkh frqwudfw vsdfh lv lq�qlwh/ dq doorfdwlrq lv uhsuhvhqwhg e| d
phdvxuh1 Wr nhhs wklqjv vlpsoh +dqg lw uhdoo| grhv qrw pdnh pxfk gl�huhqfh
wr wkh dqdo|vlv wr iroorz,/ zh dvvxph wkdw wkh qxpehu ri frqwudfwv wudghg lq
htxloleulxp lv �qlwh1 Lq wkdw fdvh/ zh fdq frqwlqxh wr gh�qh dq doorfdwlrq dv
d ixqfwlrq s G X�g $ +n zlwk �qlwh vxssruw/ zkhuh sEwc &� lv wkh qxpehu
ri djhqwv ri w|sh & wkdw fkrrvh w 5 X1 Wkh doorfdwlrq s lv dwwdlqdeoh li[

w

sEwc &� � �E&�c;&�

Dq rughuo| suredelolw| dvvhvvphqw lv d phdvxudeoh ixqfwlrq > G X�g $ +n

vxfk wkdw

4@ 

+[
|

>Ewc |�c
[
r

>Ewc r�

,
' �c ;w�

Wkh suredelolw| dvvhvvphqw > lv frqvlvwhqw zlwk dq dwwdlqdeoh doorfdwlrq s li

bs Ew�>Ewc &� ' sEwc &�

iru hyhu| w/ zkhuh bsEw� ' f iru doo exw d �qlwh qxpehu ri frqwudfwv w1
Dq dwwdlqdeoh doorfdwlrq s lv vdlg wr eh vwdeoh li lw vdwlv�hv wkh frqglwlrq

wkdw

iru dq| dwwdlqdeoh doorfdwlrq }/ wkhuh h{lvwv dq rughuo| suredelolw|
dvvhvvphqw > frqvlvwhqw zlwk s vxfk wkdw iru dq| frqwudfw w dqg
vrph frqvwdqw �Ew� � f/%

�WEr� :
[
|

>Ewc |��Ewc rc |�

&
', d>Ewc r� ' �Ew�}Ewc r�o +4,

iru dq| vhoohu w|sh r dqg%
�WE|� :

[
r

>Ewc r��Ewc rc |�

&
', d>Ewc |� ' �Ew�}Ewc |�o +5,

iru dq| ex|hu w|sh |/ zkhuh �WEr� dqg �WE|� duh wkh sd|r�v ri
w|shv r dqg | uhvshfwlyho| lq wkh doorfdwlrq s 1
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6 Vhsdudwlrq zlwk Rqh0Vlghg Xqfhuwdlqw|
Sdudooholqj wkh idploldu vljqdolqj prghov lq wkh olwhudwxuh/ zh �uvw frqvlghu wkh
vshfldo fdvh ri dq hfrqrp| lq zklfk wkhuh lv d vlqjoh w|sh ri ex|hu A ' i|fj1
Wklv lv d vshfldo fdvh ri rqh0vlghg xqfhuwdlqw| +RVX,14 Zh fdq vxssuhvv
wkh uhihuhqfh wr wkh ex|huv* w|sh dqg zulwh wkh sd|r� ixqfwlrqv dv �Ewc r�
dqg �Ewc r�1 Qrupdol}h wkh qxpehu ri ex|huv wr �1 Wkhq wkh hfrqrp| H '
i7c�cXc �E��c �E��c SE��j lv gh�qhg e| wkh vhw ri vhoohu w|shv 7/ wkh glvwulexwlrq
ri vhoohu w|shv �Er�/ wkh vhw ri frqwudfwv X/ wkh sd|r� ixqfwlrqv �Ewc r� dqg
�Ewc r�/ dqg wkh sduwlflsdwlrq frvw ixqfwlrq SE&�1

Wkh uhvxow suhvhqwhg lq wklv vhfwlrq jlyhv frqglwlrqv wkdw duh vx!flhqw
wr uxoh rxw srrolqj ri gl�huhqw w|shv ri vhoohuv dw d vlqjoh frqwudfw li wkh
doorfdwlrq lv vwdeoh1 Zh duh rqo| lqwhuhvwhg lq frqwudfwv wkdw duh dfwxdoo|
wudghg lq htxloleulxp/ vr wkhuh lv qr orvv ri jhqhudolw| lq irfxvlqj dwwhqwlrq
rq d frqwudfw wf vxfk wkdw[

r

sEwfc r� : f dqg sEwfc |f� : f�

Ohw 7f ghqrwh wkh vhw ri vhoohu w|shv wkdw �qg wf rswlpdo/ wkdw lv/

7f ' ir 5 7m>Ewfc |f��Ewfc r� ' �WEr�j�

Wkhq lw lv dvvxphg wkdw wkhuh lv d vlqjoh w|sh rf lq 7f wkdw lv prvw suhihuuhg
e| wkh ex|huv/ wkdw lv/

�Ewfc rf� : �Ewfc r�c ;r 5 7fc r 9' rf1

4Dq hfrqrp| lv fkdudfwhul}hg e| RVX +rqh0vlghg dgyhuvh vhohfwlrq, li wkh djhqwv rq rqh
vlgh ri wkh pdunhw/ vd| wkh vhoohuv/ duh lqgl�huhqw derxw ehlqj pdwfkhg zlwk gl�huhqw w|shv
ri ex|huv1 Li wkhuh lv rqo| rqh w|sh ri ex|hu/ wklv frqglwlrq lv dxwrpdwlfdoo| vdwlv�hg/ exw lw
zrxog dovr eh vdwlv�hg zkhq wkhuh duh khwhurjhqhrxv w|shv ri ex|huv/ dv orqj dv vhoohuv gr
qrw fduh zklfk w|sh ri ex|hu wkh| duh pdwfkhg zlwk1 Irupdoo|/ RVX uhtxluhv x+�> v> w, @
x+�> v> w3, iru hyhu| �> v> w dqg w31 Vlqfh vhoohuv gr qrw fduh derxw wkh ex|huv* w|shv/ wkh| gr
qrw idfh dq dgyhuvh vhohfwlrq sureohp dqg wklv vlpsol�hv wkh dqdo|vlv frqvlghudeo|1 Wkh
h{lvwhqfh ri khwhurjhqhrxv w|shv ri ex|huv pd| vwloo eh lpsruwdqw lq htxloleulxp/ krzhyhu1
Ehfdxvh gl�huhqw ex|hu w|shv kdyh gl�huhqw suhihuhqfhv ryhu frqwudfwv dqg w|shv ri vhoohuv/
wkh| zloo w|slfdoo| fkrrvh gl�huhqw frqwudfwv lq htxloleulxp1 Jdoh +4<<5, vkrzv krz wklv
fdq ohdg wr srvlwlyh dvvruwdwlyh pdwfklqj lq htxloleulxp1 Wklv skhqrphqrq/ zklfk fdqqrw
dulvh zkhq doo ex|huv duh lghqwlfdo/ looxvwudwhv rqh zd| lq zklfk wkh prgho hqfrpsdvvhv
d ulfkhu vhw ri htxloleulxp srvvlelolwlhv wkdq wkh fodvvlfdo vljqdolqj jdph/ hyhq zkhq wkh|
duh vxshu�fldoo| vlplodu1
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Wklv frqglwlrq phuho| uxohv rxw wlhv dqg dyrlgv vrph frpsolfdwlrqv wkdw gr
qrw vhhp wr eh lpsruwdqw lq wkh jhqhudo dqdo|vlv1 Wkh pdlq frqglwlrq lq wkh
wkhruhp lv wkdw wkhuh h{lvwv d frqwudfw w� wkdw lv duelwudulo| forvh wr wf dqg
wkdw lv suhihuuhg e| w|sh rf dqg qrw e| dq| w|shv r 5 7fc r 9' rf=

E7�� �Ew�c rf� : �Ewfc rf�
E72� �Ew�c r� 	 �Ewfc r�c ;r 5 7fc r 9' rf�

Wklv frqglwlrq lv pxfk zhdnhu wkdq wkh idprxv vlqjoh0furvvlqj surshuw|/ do0
wkrxjk lw lv lpsolhg e| wkh odwwhu1 Lw uhtxluhv rqo| wkdw zh fdq �qg vrph
glphqvlrq ri wkh frqwudfw dqg vrph gluhfwlrq lq wkdw glphqvlrq wkdw lv suh0
ihuuhg e| w|sh rf dqg rqo| e| wkdw w|sh1 Eh|rqg wklv/ wkh dujxphqw lv pxfk
wkh vdph dv lq wkh vwdqgdug dqdo|vlv/ h{fhsw wkdw lw zrunv wkurxjk shuwxu0
edwlrqv ri wkh jdph dqg kdv wr wdnh dffrxqw ri wkh srvvleolw| ri udwlrqlqj/
zklfk grhv qrw dsshdu lq prghov zlwk pdunhw0fohdulqj sulfhv1

Xqghu wkhvh frqglwlrqv/ lw lv lpsrvvleoh iru wzr w|shv ri vhoohuv wr srro
dw d frqwudfw wf1 Wkh irupdo surri lv ohiw xqwlo Vhfwlrq 81 D khxulvwlf surri
iroorzv1 Iluvw/ frqvlghu d shuwxuedwlrq ri wkh jdph wkdw dvvljqv rqo| w|sh
rf wr frqwudfwv wkdw duh qrw xvhg lq wkh vwdeoh doorfdwlrq s 1 Li qr w|sh �qgv
w� zhdno| rswlpdo/ wkhq ex|huv pxvw eholhyh wkdw rqo| w|sh rf zloo h{fkdqjh
frqwudfw w�1 E| dvvxpswlrq/ vhoohuv ri w|sh rf suhihu w� wr wf dqg/ iru w� forvh
wr wf/ ex|huv zloo dozd|v suhihu wr wudgh w� zlwk rf udwkhu wkdq wudgh wf zlwk
d pl{wxuh ri rf dqg ohvv ghvludeoh w|shv1 Vlqfh pdunhwv duh rughuo|/ vrph
djhqwv fdq wudgh w� zlwk suredelolw| rqh dqg wklv frqwudglfwv wkh gh�qlwlrq
ri vwdelolw|1 Vr dw ohdvw rqh w|sh ri vhoohu rwkhu wkdq rf pxvw �qg w� zhdno|
rswlpdo/ exw wkhq frqglwlrq E7�� lpsolhv wkdw rf vwulfwo| suhihuv w� wr wf/
djdlq frqwudglfwlqj wkh vwdelolw| frqglwlrq1

Wklv suryhv wkh iroorzlqj uhvxow1

Wkhruhp 5 Ohw s eh d vwdeoh doorfdwlrq dqg ohw wf eh d frqwudfw lq X wkdw
lv wudghg lq htxloleulxp= sEwfc r� : f iru vrph r dqg sEwfc |f� : f1 Vxssrvh
+l, wkdw wkhuh lv d xqltxh ehvw w|sh rf 5 7f ' ir G >Ewfc |f��Ewfc r� ' �WEr� �
SEr�j/ dqg +ll, wkdw iru dq| 0 : f wkhuh lv d frqwudfw w� wkdw lv 00forvh wr wf
dqg vdwlv�hv frqglwlrqv E7�� dqg E72�1 Wkhq sEwfc r� ' f iru dq| r 9' rf1

Zkloh Wkhruhp 5 surylghv frqglwlrqv xqghu zklfk dw prvw rqh w|sh
fkrrvhv wf/ lw zloo riwhq eh wkh fdvh wkdw wf zloo eh rswlpdo iru pruh wkdq rqh
w|sh1 Lq rwkhu zrugv/ wkh vhoi0vhohfwlrq frqvwudlqw lv elqglqj lq htxloleulxp1
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614 Glvfxvvlrq

Wkh prgho dqdo|}hg lq wklv vhfwlrq lv d vshfldo fdvh ri wkh prgho ghvfulehg
lq Jdoh +4<<5,1 Lq sduwlfxodu/ Jdoh +4<<5, doorzv iru sulydwh lqirupdwlrq rq
rqh vlgh ri wkh pdunhw dqg khwhurjhqhrxv djhqwv rq erwk vlghv1 Krzhyhu/
wkh dvvxpswlrqv xvhg lq Jdoh +4<<5, wr suryh vhsdudwlrq duh pxfk vwurqjhu
wkdq wkh dvvxpswlrqv ri Wkhruhp 51 Lq sduwlfxodu/ lq rughu wr suryh wkdw doo
sulydwh lqirupdwlrq lv uhyhdohg lq d vwdeoh htxloleulxp/ Jdoh +4<<5, dvvxphv
wkdw suhihuhqfhv vdwlvi| wkh Vshqfh0Pluuohhv ru vlqjoh0furvvlqj frqglwlrq1

Wkh vhsdudwlrq frqglwlrqv E7�072� vd| wkdw/ iru dq| frqwudfw wf/ zh fdq
�qg d qhdue| frqwudfw w� wkdw lv ehwwhu iru rf dqg zruvh iru hyhu| w|sh
r 5 7fc r 9' rf1 Vlqfh 7f lv ghwhuplqhg hqgrjhqrxvo|/ frqglwlrqv E7�072� duh
qrw dq dvvxpswlrq derxw sulplwlyhv1 Krzhyhu/ lw lv hdv| wr �qg d frqglwlrq
rq sulplwlyhv wkdw lv vx!flhqw iru frqglwlrqv E7�072�1 Vd| wkdw r 	 rf li
�Ewfc r� 	 �Ewfc rf�1 Wkhq dvvxph wkdw iru dq| rf dqg doo r 	 rf wkhuh h{lvwv
d frqwudfw w� duelwudulo| forvh wr wf vxfk wkdw

�Ew�c rf� : �Ewfc rf�

dqg
�Ew�c r� 	 �Ewfc r�c;r 	 rf�

Wklv frqglwlrq fdq eh lqwhusuhwhg dv d frqglwlrq rq wkh culfkqhvv* ri wkh
frqwudfw vhw X1 Pruh suhflvho|/ lw lv d mrlqw frqglwlrq rq wkh udqn ri wkh
Mdfreldq pdwul{ �

Y�Ewfc r�

Yw

�
dqg wkh glphqvlrq ri wkh frqwudfw vsdfh X1 Li wkh glphqvlrq ri X lv juhdwhu
wkdq m7m dqg wkh Mdfreldq pdwul{ kdv ixoo udqn/ wkhq wkh frqglwlrqv E7�072�
zloo eh vdwlv�hg1 Zh fdq wkxv vhh wkh frqglwlrqv E7�072� dv d frpelqdwlrq
ri d uhjxodulw| dvvxpswlrq dqg dq dvvxpswlrq rq wkh uhodwlyh glphqvlrqv ri
X dqg 71 Wklv glvfxvvlrq lv irupdol}hg lq wkh iroorzlqj uhvxow1

Fruroodu| 6 Ohw s eh d vwdeoh doorfdwlrq dqg ohw wf eh d frqwudfw lq X wkdw
lv wudghg lq htxloleulxp= sEwfc r� : f iru vrph r dqg sEwfc |f� : f1 Vxssrvh
+l, wkdw wkhuh lv d xqltxh ehvw w|sh rf 5 7f ' ir G >Ewfc |f��Ewfc r� ' �WEr� �
SEr�j/ dqg +ll, wkh glphqvlrq ri X lv juhdwhu wkdq m7m dqg wkh Mdfreldq pdwul{
kdv ixoo udqn1 Wkhq sEwfc r� ' f iru dq| r 9' rf1
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Qrwh wkdw lw lv qrw hqrxjk wr dvvxph wkdw X lv celj* ehfdxvh vrph glphq0
vlrqv ri X pd| qrw eh sd|r� uhohydqw1 Wkdw lv zk| wkh uhjxodulw| +ixoo udqn,
frqglwlrq kdv wr eh dgghg1

7 Vhsdudwlrq zlwk Wzr0Vlghg Xqfhuwdlqw|
Uhwxuqlqj wr wkh cjhqhudo* prgho ri dq hfrqrp| zlwk wzr0vlghg xqfhuwdlqw|
+WVX,/ lw lv lqwhuhvwlqj wr vhh krz wkh frqglwlrqv iru vhsdudwlrq fkdqjh1
Wkhruhp 5 vkrzv wkdw frqglwlrqv rq suhihuhqfhv ryhu frqwudfwv duh vx!flhqw
iru htxloleulxp vhsdudwlrq ri w|shv1 Pruh suhflvho|/ frqglwlrqv rq suhihuhqfhv
ryhu frqwudfwv hqvxuh wkdw rf lv pruh olnho| wr fkrrvh w� wkdq dq| rwkhu w|sh
ri vhoohu dqg wklv hqvxuhv wkdw wkh srrolqj htxloleulxp lv ghvwdelol}hg zkhq d
vpdoo phdvxuh ri w|sh rf duh dvvljqhg wr w�1

Lq dq hfrqrp| zlwk WVX/ wklqjv duh pruh frpsolfdwhg1 Iru doo djhqwv/
wkh sd|r� wr d frqwudfw w� 9' wf ghshqgv rq erwk wkh frqwudfw w� dqg wkh
glvwulexwlrq ri w|shv >Ew�c �� dvvrfldwhg zlwk w�1 Orrnlqj dw lw iurp wkh srlqw
ri ylhz ri vhoohuv/ rqh fdqqrw vd| zklfk w|sh ri vhoohu zloo eh dwwudfwhg wr
w� xqwlo rqh nqrzv wkh glvwulexwlrq ri ex|huv wkdw duh h{shfwhg wr wudgh w�1
Vlploduo|/ rqh fdqqrw vd| zklfk w|sh ri ex|hu zloo eh dwwudfwhg wr w� xqwlo rqh
nqrzv wkh glvwulexwlrq ri vhoohuv wkdw duh h{shfwhg wr wudgh w�1 Hyhq li vhoohuv
ri w|sh rf suhihu w� wr wf/ rwkhu wklqjv ehlqj htxdo/ wkh suredelolw| dvvhvvphqw
>Ew�c |� fdq pdnh wf pruh dwwudfwlyh wkdq w�1 Ixuwkhupruh/ Wkhruhp 4 whoov
xv wkdw d uhdvrqdeoh suredelolw| dvvhvvphqw >Ew�c |� ghshqgv rq zklfk w|shv
ri ex|huv �qg lw rswlpdo wr fkrrvh w�1 Iru wklv uhdvrq/ rqh fdqqrw ghwhuplqh
zkdw lv d uhdvrqdeoh suredelolw| dvvhvvphqw >Ewc �� e| orrnlqj dw rqh vlgh ri
wkh pdunhw rqo|1 Wr ghwhuplqh zkdw lv d uhdvrqdeoh eholhi rqh pxvw orrn dw
erwk vlghv ri wkh pdunhw vlpxowdqhrxvo|1

714 Wkh Lqfoxvlrq Sulqflsoh

Wr jhqhudol}h wkh vhsdudwlrq frqglwlrq xvhg lq wkh fdvh ri RVX/ zh qhhg wr
eh deoh wr pdnh wkh iroorzlqj nlqg ri vwdwhphqw= li rf fkrrvhv d frqwudfw wf
wkhq wkhuh h{lvwv d qhdue| frqwudfw w� vxfk wkdw zkhqhyhu d ohvv ghvludeoh
w|sh r 	 rf �qgv w� zhdno| rswlpdo/ rf zloo �qg w� vwulfwo| rswlpdo1 Lq rwkhu
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�

Li wklv lv wuxh iru doo frqwudfwv w� duelwudulo| forvh wr wf wkhq/ jlyhq wkh frq0
wlqxlw| ri wkh sd|r� ixqfwlrqv/ zh fdq wdnh wkh olplw dv w� $ wf wr jhw%[

|

d6E|�� >Ewfc |�o�Ewfc rc |� � f

&
+6,

',
%[

|

d6E|�� >Ewfc |�o�Ewfc rfc |� � f

&
c

zkhuh 6E|� uhsuhvhqwv wkh olplw ri wkh suredelolw| dvvhvvphqwv >Ew�c |� dv
w� $ wf1 Vlqfh zh kdyh olwwoh lqirupdwlrq derxw wkh suredelolw| dvvhvvphqwv
wkdw pljkw rewdlq lq htxloleulxp/ li zh zdqw wkh lpsolfdwlrq +6, wr krog lq
htxloleulxp zh zloo kdyh wr dvvxph wkdw lw krogv iru doo srvvleoh suredelolw|
dvvhvvphqwv1 Wkdw lv/ iru dq| yhfwru ri zhljkwv b ' EbE|�� zh pxvw dvvxph
wkdw %[

|

bE|��Ewfc rc |� � f

&
',

%[
|

bE|��Ewfc rfc |� � f

&
� +7,

Wkh lpsolfdwlrq +7, lv jhqhudoo| ydolg li dqg rqo| li �Ewfc rc �� lv d srvlwlyh
vfdodu pxowlsoh ri �Ewfc rfc ��/ wkdw lv/

�Ewfc rc |� ' kEwfc r��Ewfc rfc |�c ;|c
iru dq| r 	 rf dqg iru vrph frqvwdqw kEwfc r� : f1

Li wklv uhodwlrqvkls krogv iru hyhu| frqwudfw w dqg hyhu| w|sh r +krz hovh
fdq zh jxdudqwhh wkdw lw zloo krog lq htxloleulxp dv uhtxluhgB,/ wkhq wkh
sd|r� ixqfwlrqv fdq eh zulwwhq lq wkh irup

�Ewc rc |� ' @Ewc r�KEwc |�c;Ewc rc |� 5 X� 7 � A�

Lq rwkhu zrugv/ wkh suhihuhqfhv duh vhsdudeoh dqg hdfk w|sh ri vhoohu kdv
lghqwlfdo pdujlqdo suhihuhqfhv ryhu gl�huhqw w|shv ri ex|huv1 Wklv lv d vwurqj
exw qdwxudo frqglwlrq wkdw lv vx!flhqw iru h{whqglqj wkh dujxphqw xvhg lq
Vhfwlrq 6 wr wkh fdvh ri WVX1 Odwhu/ zh frqvlghu wkh h{whqw wr zklfk wklv
frqglwlrq pljkw eh qhfhvvdu| dv zhoo1
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715 Vhsdudwlrq zlwk Vhsdudeoh Suhihuhqfhv

Dvvxph wkdw doo wkh djhqwv rq rqh vlgh ri wkh pdunhw kdyh vlplodu suhihuhqfhv
ryhu wkh w|shv ri djhqwv rq wkh rwkhu vlgh dqg ylfh yhuvd/ wkdw lv/

�Ewc rc |� ' @Ewc r�KEwc |�

�Ewc rc |� ' SEwc |�_Ewc r��

Ohw s eh d vwdeoh doorfdwlrq dqg wf d frqwudfw wkdw lv wudghg lq s 1 Ohw
7f ' irmS| >Ewfc |��Ewfc rc |� ' �WEr� � SEr�j eh wkh vhw ri vhoohu w|shv iru
zklfk wf lv dq rswlpdo fkrlfh1 Zh dvvxph wkdw wkhuh lv d xqltxh ehvw w|sh
rf 5 7f1 Wkhq r 5 7f dqg r 9' rf lpso| wkdw _Ewfc r� 	 _Ewfc rf�1 Zh vkdoo
dovr dvvxph wkdw _Ewfc rf� 9' _Ewfc r� iru dq| r *5 7f1 Wkh vhsdudwlrq frqglwlrq
lv wkh iroorzlqj= iru dq| 0 : f wkhuh lv d frqwudfw w� wkdw lv 00forvh wr wf dqg
vdwlv�hv

E7�� @Ew�crf�
@Ewfcrf�

: @Ew�cr�
@Ewfcr�

c ;|c ;r 6 _Ewfc r� 	 _Ewfc rf��

Qrwh wkdw wkh vhsdudwlrq frqglwlrq +7�, uhvwulfwv wkh suhihuhqfhv ri doo wkh
w|shv r wkdw duh ohvv dwwudfwlyh wkdq rf wr ex|huv/ dqg qrw mxvw wkh w|shv
r 5 7fc r 9' rf1 D vlplodu frqglwlrq lv uhtxluhg iru wkh rwkhu vlgh ri wkh
pdunhw=

E7e� SEw�crf�
SEwfcrf�

: SEw�cr�
SEwfcr�

c ;rc ;| 6 KEwfc r� 	 KEwfc rf��

Qrwh wkdw +7�07e, grhv qrw uhtxluh wkdw w� lv suhihuuhg wr wf e| w|shv rf dqg
|f rwkhu wklqjv ehlqj htxdo1 Wklv zrxog eh dq lpsodxvleoh frqglwlrq jlyhq wkh
qdwxuh ri wudgh1 Udwkhu/ lw uhtxluhv wkdw w|shv rf dqg |f glvolnh w� uhodwlyho|
ohvv wkdq w|shv r 	 rf dqg | 	 |f/ uhvshfwlyho|1

Zlwk wkhvh dvvxpswlrqv zh fdq vkrz wkdw d vwdeoh doorfdwlrq pxvw eh
vhsdudwlqj1

Wkhruhp 7 Vxssrvh wkdw wkh sd|r� ixqfwlrqv kdyh wkh dgglwlyho| vhsdudeoh
irup

�Ewc rc |� ' @Ewc r�KEwc |�

�Ewc rc |� ' SEwc |�_Ewc r��

Ohw s eh d vwdeoh doorfdwlrq dqg wf d frqwudfw ehorqjlqj wr wkh lqwhulru ri
X wkdw lv wudghg lq htxloleulxp1 Ohw 7f +uhvs1 Af, ghqrwh wkh vhw ri vhoohu
w|shv +uhvs1 ex|hu w|shv, wkdw �qg wf rswlpdo lq htxloleulxp1 Ohw rf +uhvs1
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|f, ghqrwh wkh ehvw w|sh lq 7f +uhvs1 Af,1 Dvvxph wkdw _Ewfc r� 9' _Ewfc rf� li
r 9' rf +uhvs1 KEwfc |� 9' KEwfc |f� li | 9' |f, dqg wkdw iru dq| 0 : f zh fdq �qg
d frqwudfw w� wkdw lv 00forvh wr wf dqg vdwlv�hv +7�07e,1 Wkhq sEwfc r� ' f
iru r 5 7fc r 9' rf dqg sEwfc |� ' f iru | 5 Afc | 9' |f1

Surri1 Vhh Vhfwlrq 81
Djdlq/ zh fdq vhh frqglwlrq +7�07e, lv lpsolhg e| wkh mrlqw dvvxpswlrq

wkdw wkh vsdfh ri frqwudfwv X lv vx!flhqwo| ulfk +kdv d kljk glphqvlrq, dqg
wkdw wkh sd|r� ixqfwlrqv duh uhjxodu +wkh Mdfreldq pdwul{ kdv ixoo udqn,1

Fruroodu| 8 Vxssrvh wkdw wkh sd|r� ixqfwlrqv kdyh wkh dgglwlyho| vhsdudeoh
irup dqg ohw s eh d vwdeoh doorfdwlrq dqg wf d frqwudfw ehorqjlqj wr wkh lqwhulru
ri X wkdw lv wudghg lq htxloleulxp1 Ohw rf +uhvs1 |f, ghqrwh wkh ehvw w|sh lq
7f +uhvs1 Af,/ wkh w|shv ri vhoohuv +uhvs1 ex|huv, wkdw �qg wf rswlpdo lq
htxloleulxp1 Dvvxph wkdw _Ewfc r� 9' _Ewfc rf� li r 9' rf +uhvs1 KEwfc |� 9'
KEwfc |f� li | 9' |f,1 Li X kdv d vx!flhqwo| kljk glphqvlrq dqg wkdw wkh sd|r�
ixqfwlrqv duh uhjxodu +wkh Mdfreldq pdwul{ kdv ixoo udqn, wkhq sEwfc r� ' f
iru r 5 7fc r 9' rf dqg sEwfc |� ' f iru | 5 Afc | 9' |f1

Vhsdudelolw| lv d qdwxudo dvvxpswlrq wr pdnh lq wklv frqwh{w lq rughu
wr h{whqg wkh dujxphqw xvhg lq wkh RVX fdvh1 Qrqhwkhohvv/ vhsdudelolw| lv
uhvwulfwlyh vr lw lv lpsruwdqw wr dvn krz idu rqh fdq uhod{ wklv dvvxpswlrq
dqg vwloo jxdudqwhh vhsdudwlrq ri w|shv lq d vwdeoh doorfdwlrq1

716 Vhsdudwlrq zlwkrxw Vhsdudelolw|

Zlwkrxw vhsdudelolw|/ wkhuh lv qr krsh ri dsso|lqj wkh jhqhudo olqh ri dujx0
phqw xvhg deryh/ exw wkhuh lv dgglwlrqdo vwuxfwxuh wkdw pljkw eh xvhg wr
dujxh wkdw sulydwh lqirupdwlrq zloo eh ixoo| uhyhdohg hyhq li suhihuhqfhv duh
qrw vhsdudeoh1 Wr looxvwudwh wkh sureohpv dqg srvvlelolwlhv ri wklv dssurdfk/
frqvlghu wkh fdvh zkhuh wkhuh duh wzr w|shv rq hdfk vlgh ri wkh pdunhw/
7 ' ir�c r2j dqg A ' i|�c |2j1

Wr vlpsoli|/ wkh w|shv duh udqnhg lq rughu ri dwwudfwlyhqhvv wr wkh rwkhu
vlgh ri wkh pdunhw1 W|shv r2 dqg |2 duh wkh cjrrg* w|shv dqg r� dqg |� duh
wkh cedg* w|shv1 Wklv phdqv wkdw/ iru dq| frqwudfw w/ dqg iru dq| vhoohu w|sh
r

�Ewc rc |�� 	 �Ewc rc |2�c
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dqg iru dq| ex|hu w|sh |

�Ewc r�c |� 	 �Ewc r2c |��

Vxssrvh wkdw s lv d vwdeoh doorfdwlrq dqg ohw wf eh d wudghg frqwudfw1 Ohw 7f

dqg Af ghqrwh wkh w|shv ri vhoohuv dqg ex|huv/ uhvshfwlyho|/ iru zkrp wf lv dq
rswlpdo fkrlfh1 Li 7f dqg Af duh vlqjohwrqv/ wkhuh lv qrwklqj wr suryh> li rqh
ri wkhp lv d vlqjohwrq/ wkh dujxphqw xvhg lq Vhfwlrq 6 zloo vx!fh wr hvwdeolvk
vhsdudwlrq1 Vr/ zlwkrxw orvv ri jhqhudolw|/ zh fdq dvvxph wkdw 7f ' ir�c r2j
dqg Af ' i|�c |2j1

Vxssrvh wkhq/ frqwudu| wr zkdw zh zdqw wr suryh/ wkdw sEwfc r�� : f
dqg sEwfc |�� : f1 Ohw w� eh dq duelwudu| frqwudfw wkdw lv yhu| forvh wr wf1
Frqvlghu d shuwxuedwlrq } vxfk wkdw }Ew�c r2� ' }Ew�c |2� : f dqg }Ew�c r�� '
}Ew�c |�� ' f1 Ohw Esc >� eh wkh htxloleulxp vdwlvi|lqj +405, uhodwlyh wr wkh
shuwxuedwlrq }1

Pdunhwv duh rughuo|/ vr dw prvw rqh vlgh ri wkh pdunhw lv udwlrqhg1 Vxs0
srvh wkdw wkh ex|huv duh frqvwudlqhg lq wkh pdunhw iru wkh frqwudfw w� +wkh
rwkhu fdvh lv h{dfwo| v|pphwulfdo,1 Wkhq wkh vhoohuv duh xqfrqvwudlqhg dqg
wkhlu suredelolw| ri wudgh lv

S
| >Ew�c |� ' �1

Iru dq| w� vx!flhqwo| forvh wr wf/ wkh frqwlqxlw| ri wkh sd|r� ixqfwlrqv
dqg wkh dvvxpswlrq wkdw w|sh |2 lv ehwwhu +pruh ghvludeoh, wkdq w|sh |�
lpsolhv wkdw

�Ew�c r2c |2� :
[
|

>Ewfc |��Ewfc r2c |�

' �WEr2��

Vr wkh rswlpdolw| frqglwlrqv uhtxluh wkdw >Ew�c |2� 	 � dqg >Ew�c |�� : f1
Jlyhq wkh frqvwuxfwlrq ri wkh shuwxuedwlrq } dqg wkh vwdelolw| frqglwlrq +5,
wklv fdq rqo| eh wuxh li

�WE|�� '
[
r

>Ew�c r��Ew�c rc |��� +8,

Wkhuh duh wzr fdvhv wr frqvlghu1

Fdvh 41 Iluvw/ vxssrvh wkdw w� lv qrw rswlpdo iru vhoohuv ri w|sh r�1 Wkhq
+4, dqg wkh frqvwuxfwlrq ri } lpso| wkdw >Ew�c r�� ' f1 Wkhq wkh rswlpdolw|
frqglwlrq +8, uhgxfhv wr[

r

>Ewfc r��Ewfc rc |�� ' >Ew�c r2��Ew�c r2c |���
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dqg wkh rswlpdolw| frqglwlrq iru ex|huv ri w|sh |2 fdq eh zulwwhq[
r

>Ewfc r��Ewfc rc |2� � >Ew�c r2��Ew�c r2c |2��

Glylglqj wkhvh frqglwlrqv e| �Ew�c r2c |�� dqg �Ew�c r2c |2� uhvshfwlyho| dqg
ohwwlqj w� frqyhujh wr wf jlyhv

>Ewfc r��
�Ewfc r�c |��

�Ewfc r2c |��
n >Ewfc r2� ' 6Er2�

dqg

>Ewfc r��
�Ewfc r�c |2�

�Ewfc r2c |2�
n >Ewfc r2� � 6Er2�c

zkhuh6Er� ghqrwhv wkh olplwlqj ydoxh ri >Ew�c r� dv w� $ wf1 Wkhvh frqglwlrqv
duh pxwxdoo| lqfrqvlvwhqw li wkh uhodwlyh yduldwlrq lq sd|r�v iru w|sh |� lv
juhdwhu wkdq iru w|sh |2=

�Ewc r�c |2�

�Ewc r2c |2�
:

�Ewc r�c |��

�Ewc r2c |��
c ;w� +9,

Wkxv/ frqglwlrq +9, lv vx!flhqw wr uxoh rxw srrolqj lq wklv fdvh1

Fdvh 51 Wkh vhfrqg fdvh dvvxphv wkdw w� lv rswlpdo iru vhoohuv ri w|sh r�1
Wkhq [

|

>Ew�c |��Ew�c r�c |� '
[
|

>Ewfc |��Ewfc r�c |�� +:,

Zh qhhg wr vkrz wkdw frqglwlrq +:, lpsolhv wkdw vhoohuv ri w|sh r2 zloo vwulfwo|
suhihu wkh frqwudfw w�1 Wkh iroorzlqj wzr frqglwlrqv zloo eh vkrzq wr eh
vx!flhqw1 Wkh �uvw frqglwlrq lv wkdw w|sh r2 lv pruh vhqvlwlyh wkdq w|sh r�
wr wkh w|sh ri ex|hu kh lv pdwfkhg zlwk=

�Ewc r2c |2�� �Ewc r2c |�� : �Ewc r�c |2�� �Ewc r�c |�� +;,

iru dq| frqwudfw w1 Wkh vhfrqg frqglwlrq lv wkdw w|sh r� kdv d vwurqjhu
uhodwlyh suhihuhqfh iru wf ryhu w� wkdq grhv w|sh r2=

f 	 �Ewfc r�c |�� �Ew�c r�c |� : �Ewfc r2c |�� �Ew�c r2c |�c ;|� +<,

Wkh frqglwlrq +:, fdq eh uhzulwwhq dv[
|

d>Ew�c |�� >Ewfc |�o�Ew�c r�c |� '
[
|

>Ewfc |� d�Ewfc r�c |�� �Ew�c r�c |�o �

+43,
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Wkh uljkw kdqg vlgh ri +43, lv srvlwlyh +frqglwlrq +<, vd|v wkdw r� suhihuv wf wr
w�� vr wkh ohiw kdqg vlgh pxvw eh srvlwlyh dqg wklv lpsolhv wkdw wkh suredelolw|
glvwulexwlrq >Ew�c |� sxwv pruh zhljkw rq w|sh |2 uhodwlyh wr >Ewfc |�=

>Ew�c |2�� >Ewfc |2� : f : >Ew�c |��� >Ewfc |���

Wkhq frqglwlrq +;, lpsolhv wkdw[
|

d>Ew�c |�� >Ewfc |�o �Ew�c r2c |� :
[
|

d>Ew�c |�� >Ewfc |�o �Ew�c r�c |�

dqg frqglwlrq +<, lpsolhv wkdw[
|

>Ewfc |� d�Ewfc r�c |�� �Ew�c r�c |�o :
[
|

>Ewfc |� d�Ewfc r2c |�� �Ew�c r2c |�o �

Frpelqlqj wkhvh frqglwlrqv zlwk +43, jlyhv[
|

d>Ew�c |�� >Ewfc |�o �Ew�c r2c |� :
[
|

d>Ew�c |�� >Ewfc |�o �Ew�c r�c |�

'
[
|

>Ewfc |� d�Ewfc r�c |�� �Ew�c r�c |�o

:
[
|

>Ewfc |� d�Ewfc r2c |�� �Ew�c r2c |�o c

zklfk suryhv wkh w� lv vwulfwo| suhihuuhg wr wf e| w|sh r2/ frqwudglfwlqj wkh
rswlpdolw| frqglwlrqv1

D v|pphwulf dujxphqw dssolhv iru wkh fdvh lq zklfk wkh vhoohuv duh frq0
vwudlqhg lq wkh pdunhw iru w�/ exw qrwh wkdw lq rughu wr ghdo zlwk erwk fdvhv
zh qhhg wr �qg d vlqjoh frqwudfw w� wkdw vdwlv�hv wkh frqglwlrq +9, iru wkh
ex|huv dqg wkh dqdorjxh iru vhoohuv/ dqg wkdw vdwlv�hv frqglwlrqv +;, dqg +<,
iru vhoohuv dqg wkhlu dqdorjxhv iru wkh ex|huv1 Wkhvh duh qrw lqqrfxrxv frqgl0
wlrqv exw wkh| duh qrw h{wuhpho| uhvwulfwlyh hlwkhu1 Wkh| duh/ krzhyhu/ pxfk
pruh uhvwulfwlyh wkdq wkh frqglwlrqv uhtxluhg lq Vhfwlrq 61

Wkhruhp 9 Vxssrvh wkdw wkhuh duh wzr w|shv ri ex|huv dqg vhoohuv/ 7 '
ir�c r2j dqg A ' i|�c |2j/ dqg wkdw wkh w|shv fdq eh udqnhg dv iroorzv=

�Ewc rc |�� 	 �Ewc rc |
2
�c;rc

�Ewc r�c |� 	 �Ewc r2c |�c ;|�
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Ohw s eh d vwdeoh doorfdwlrq dqg wf d frqwudfw ehorqjlqj wr wkh lqwhulru ri X
wkdw lv wudghg lq htxloleulxp1 Dvvxph wkdw iru dq| frqwudfw w

�Ewc r�c |2�

�Ewc r2c |2�
:

�Ewc r�c |��

�Ewc r2c |��
c

�Ewc r2c |��

�Ewc r2c |2�
:

�Ewc r�c |��

�Ewc r�c |2�
c

dqg wkdw

�Ewc r2c |2�� �Ewc r2c |�� : �Ewc r�c |2�� �Ewc r�c |��

�Ewc r2c |2�� �Ewc r�c |2� : �Ewc r2c |��� �Ewc r�c |���

Iru dq| 0 : f vxssrvh wkdw wkhuh lv d frqwudfw w� wkdw lv 00forvh wr wf dqg
wkdw

f 	 �Ewfc r�c |�� �Ew�c r�c |� : �Ewfc r2c |�� �Ew�c r2c |�c ;|c
f 	 �Ewfc rc |��� �Ew�c rc |�� : �Ewfc rc |2�� �Ew�c rc |2�c ;r�

Wkhq li wf lv rswlpdo iru w|shv r2 dqg |2/ lw lv qrw wudghg e| w|shv r� dqg |�/
wkdw lv/ sEwfc r�� ' f ' sEwfc |��1

717 Glvfxvvlrq

Iru wkh fdvh ri RVX/ Wkhruhp 5 vkrzv wkdw frqglwlrqv rq suhihuhqfhv ryhu
frqwudfwv +7�072, duh vx!flhqw iru vhsdudwlrq ri w|shv lq d vwdeoh doorfdwlrq1
Zlwk wkh dvvxpswlrq ri vhsdudelolw|/ lw lv srvvleoh wr h{whqg wklv uhvxow wr wkh
fdvh ri WVX1 Wkhruhp 7 vkrzv wkdw vhsdudwlrq ri w|shv lq d vwdeoh doorfdwlrq
lv lpsolhg e| wkh frqglwlrqv E7�07e�/ zklfk rqo| uhihu wr djhqwv* suhihuhqfhv
ryhu frqwudfwv1 Ixuwkhupruh/ wkhvh frqglwlrqv rq suhihuhqfhv ryhu frqwudfwv
fdq eh lqwhusuhwhg dv uhtxlulqj wkdw wkh frqwudfw vsdfh eh �vx!flhqwo| ulfk�1

Vhsdudelolw| lv d qdwxudo frqglwlrq wr lpsrvh li zh zdqw wr h{whqg wkh
vhsdudwlrq dujxphqw iurp RVX wr WVX1 Dw wkh vdph wlph lw lv uhvwulfwlyh
dqg vr lw zrxog eh qlfh wr uhod{ lw1 Wkh 2�2 h{dpsoh vxjjhvwv wkdw vx!flhqw
frqglwlrqv iru ixoo uhyhodwlrq ri sulydwh lqirupdwlrq zloo kdyh wr eh pxfk
vwurqjhu xqghu WVX zlwkrxw vhsdudelolw| wkdq xqghu RVX ru xqghu WVX
zlwk vhsdudelolw|1 Hvvhqwldoo|/ zh kdyh vhhq wkdw zlwk RVX d vwdeoh doorfdwlrq
zloo eh ixoo| uhyhdolqj dv orqj dv wkh frqwudfw vsdfh lv vx!flhqwo| ulfk1 Zlwk
WVX/ d orw pruh vwuxfwxuh kdv wr eh sodfhg rq wkh suhihuhqfhv ri wkh djhqwv
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wr hqvxuh wkdw d vwdeoh doorfdwlrq lv vhsdudwlqj1 Lq sduwlfxodu/ zh qhhg wr sxw
uhvwulfwlrqv rq wkh lqwhqvlw| ri djhqwv* suhihuhqfhv ryhu wkh gl�huhqw w|shv ri
djhqwv rq wkh rwkhu vlgh ri wkh pdunhw1

Wkh frqglwlrqv rewdlqhg vr idu duh vx!flhqw exw qrw qhfhvvdu|1 Krzhyhu/
wkh uhvwulfwlyhqhvv ri wkh vx!flhqw frqglwlrqv grhv vxjjhvw wkdw ixoo uhyhodwlrq
pd| eh ohvv olnho| xqghu WVX zlwkrxw vhsdudelolw| wkdq lq wkh rwkhu fdvhv1

8 Surriv
Surri ri Wkhruhp 5
Ohw w� eh d frqwudfw duelwudulo| forvh wr wf wkdw vdwlv�hv frqglwlrqv E7�� dqg
E72�1 Ohw } ghqrwh d shuwxuedwlrq vxfk wkdw iru dq| fkrlfh ri w� forvh wr wf

}Ew�c r� '

�
B : f r ' rf
f r 9' rf

�

Iurp wkh gh�qlwlrq ri d vwdeoh doorfdwlrq/ wkhuh h{lvwv dq htxloleulxp Esc >�
zkrvh suredelolw| dvvhvvphqw vdwlv�hv frqglwlrqv +405,1

L fodlp wkdw >Ew�c r� ' f iru dq| r 9' rf1 Wr suryh wklv/ zh vwduw e| qrwlqj
wkdw wkh htxloleulxp frqglwlrq iru rf lpsolhv wkdw

>Ew�c |f��Ew�c rf� � >Ewfc |f��Ewfc rf�1 +44,

Iurp frqglwlrqv +7�072,/ zh nqrz wkdw �Ew�c rf� : �Ewfc rf� : f/ vr lqhtxdo0
lw| +44, lpsolhv wkdw

>Ew�c |f� 	 >Ewfc |f�� +45,

Wklv idfw lv hqrxjk wr vkrz wkdw w� lv qrw rswlpdo iru dq| r *5 7f1 Wr vhh wklv/
zh frqvlghu wzr fdvhv1 Li >Ew�c |f��Ew�c r� 	 f/ wkh frqfoxvlrq lv reylrxv vr
vxssrvh wkdw f � >Ew�c |f��Ew�c r� � >Ewfc |f��Ew�c r�1 Li wf lv qrw rswlpdo iru
r/ wkhq hlwkhu vrph rwkhu frqwudfw lv vwulfwo| suhihuuhg ru qr wudgh lv vwulfwo|
suhihuuhg=

>Ewfc |f��Ewfc r�� SEr� 	 4@ i�WEr�� SEr�c fj� +46,

Wkhq +45, dqg +46, lpso| wkdw

>Ew�c |f��Ew�c r�� SEr� 	 4@ i�WEr�� SEr�c fj
ehfdxvh �Ew�c r� lv dssur{lpdwho| htxdo wr �Ewfc r� iru w� duelwudulo| forvh wr
wf1 Lq rwkhu zrugv/ w� lv qrw dq rswlpdo fkrlfh iru r *5 7f/ dv fodlphg1
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Qrz frqvlghu wkh w|shv r 5 7fc r 9' rf1 Wr vkrz wkdw w� lv qrw dq rswlpdo
fkrlfh iru r wkhuh duh wkuhh fdvhv wkdw qhhg wr eh frqvlghuhg1 Li >Ew�c |f� ' f
wkhuh lv qrwklqj wr suryh vlqfh �WEr� : f1 Li >Ew�c |f� : f dqg �Ew�c r� 	 f wkhq
djdlq wkhuh lv qrwklqj wr suryh vlqfh >Ew�c |f��Ew�c r� 	 f ylrodwhv lqglylgxdo
udwlrqdolw|1 Vr zh duh ohiw zlwk wkh fdvh zkhuh >Ew�c |f� : f dqg �Ew�c r� � f1
Wkhq >Ew�c |f� 	 >Ewfc |f� dqg �Ew�c r� 	 �Ewfc r� lpso| >Ew�c |f��Ew�c r� 	
>Ewfc |f��Ewfc r� dv uhtxluhg1

Zh kdyh vkrzq wkdw w� lv qrw dq rswlpdo fkrlfh iru dq| r 9' rf li w� lv
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hlwkhu

S
| >Ew�c |� ' � ru

S
r >Ew�c r� ' �1 Wkhq iru vrph w� vx!flhqwo| forvh

wr wf/ vrph w|shv zloo vwulfwo| suhihu w� wr wf/ frqwudglfwlqj wkh htxloleulxp
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