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Abstract

We study the effect of relative risk aversion on optimal capital structure

in a general-equilibrium model of intermediation with incomplete markets.
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1 Introduction

Since the inception of the first Basel Accord, capital regulation has been one

of the main policy tools used by central bankers to control financial instability.
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There are two main functions of bank capital. The first is the incentive func-

tion. Because of the debt-like nature of their liabilities, banks have an incentive

to engage in risk shifting or asset substitution, that is, to take on excessive risk

knowing that the downside risk is born by their creditors (depositors). Requiring

banks to hold a minimum ratio of capital to assets reduces the bank’s incentive

to take risk. The second function of bank capital is the risk sharing function.

Capital acts like a buffer that may offset the losses of the creditors (depositors)

and allows for the orderly liquidation and disposal of assets in the event of finan-

cial distress.

Even if these two functions explain why banks hold capital, they do not

explain why bank capital should be regulated. Gale (2003) has argued that the

benefits of improved incentives and risk sharing can and will be internalized by

the bank. More precisely, to the extent that bank capital improves the bank’s

incentives to choose the correct level of risk or improves risk sharing between

shareholders and depositors, competition for customers will lead the bank to

choose the capital structure that optimizes the depositors’ welfare.

It is sometimes argued, by contrast, that the existence of deposit insurance

provides a relevant externality and a rationale for regulation. To the extent that

the provision of deposit insurance encourages excessive risk taking, it may be

efficient for the regulator to require higher capital levels to offset this distortion.

This is, at best, a weak argument in favor of capital regulation. As Gale (2003)

has pointed out, two wrongs don’t make a right, and it would be better to

eliminate the distortionary effects of deposit insurance than to use it as an excuse
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for further regulation.

In order to find an externality that will justify the imposition of capital reg-

ulation, one has to go beyond the microeconomic analysis of a single bank and

consider the efficiency of risk sharing in the financial sector or the economy as

a whole. Financial fragility provides one possible justification. The failure of

one bank imposes costs on other banks, either directly in terms of default on its

obligations or indirectly through its effect on asset prices. To the extent that

this pecuniary externality is not internalized by the bank, there may be an argu-

ment for intervention. One has to be very careful, of course, because pecuniary

externalities do not necessarily impose deadweight costs. Allen and Gale (2004)

provide an analogue of the classical theorems of welfare economics for a general-

equilibrium model of financial intermediation and financial markets — they show

that the incidence of financial crises is constrained efficient as long as markets for

aggregate risk are complete — so the existence of pecuniary externalities does

not imply a role for welfare-improving intervention by the central bank.

The model of Allen and Gale (2004) does not contain a role for bank capital,

but Gale (2003) shows how it can easily be incorporated in a model of banking.

Gale (2004) extends this model to consider the efficiency of bank capital under

conditions analogous to Allen and Gale (2004). Briefly, one can summarize the

conclusions as follows:

• With complete markets, the equilibrium capital structure is efficient and in-

determinate. This is a variant of the Modigliani-Miller Theorem: complete
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markets are a perfect substitute for capital, so there are many Pareto-

optimal capital structures.

• When markets for capital are incomplete, the capital structure is determi-

nate but may still be Pareto-optimal, for example, if there is a representa-

tive intermediary, that is, each intermediary serves a representative sample

of the population. Essentially, each intermediary acts as a central planner

and achieves first-best risk sharing in autarky.

• When markets for capital are incomplete and intermediaries are ex post

heterogeneous, the missing markets are essential and the equilibrium capi-

tal structure is constrained-inefficient. This result is analogous to the well

known result that general equilibrium with incomplete markets is generi-

cally constrained-inefficient (Geanakoplos and Polemarchakis, 1986).

Thus, incomplete markets can in principle provide us with a rationale for cap-

ital regulation. However, there is an important difference between demonstrating

the existence of a potentially welfare-improving policy intervention and identi-

fying or characterizing the welfare-improving policy. What is the central bank

supposed to do? General equilibrium models are complex and even in simple

cases the interaction of general-equilibrium effects may contradict our intuitions,

which tend to be based on partial-equilibrium reasoning. Gale (2004) makes this

point concretely, by analyzing an example in which depositors have a degree of

risk aversion equal to unity, i.e., logarithmic utility functions. Our intuition tells

us that, because banks do not take into account the effect of their actions on
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financial fragility or asset price volatility, they should be forced to hold more

capital. This is the “axiom” that lies at the heart of the Basel system. Gale

(2004) shows, by contrast, that, whereas the laisser-faire equilibrium with in-

complete markets has a capital ratio that is lower than the first best, in order to

improve welfare it is necessary to lower the capital stock still further. In other

words, there is too much capital not too little.

How are we to make sense of this counter-intuitive result and under what cir-

cumstances, if any, would minimum capital requirements be welfare-improving?

The answers to these two questions are the subject of this paper.

The remainder of the paper is organized as follows. Section 2 sketches the

model from Gale (2004). Section 3 describes the equilibrium and the bank’s con-

tracting problem. Section 4 contains the results of our simulations, which show

the dependence of the comparative statics properties on the degree of relative

risk aversion.

2 A model of risk

As a vehicle for our analysis we use a variant of the model found in Gale (2003).

Time is divided into three periods or dates denoted by t = 0, 1, 2. At each

date there is a single all-purpose good that can be used for consumption or for

investment. There are two assets, a short-term asset that matures after one

period and a long-term asset that matures after two periods.

• The short asset is represented by a storage technology: one unit of the
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good invested at date t yields one unit at date t + 1.

• The long asset is represented by a constant-returns-to-scale investment

technology: one unit invested at date 0 yields R > 1 units at date 2 (and

nothing at date 1).

In choosing the optimal combination of the two assets, there is a tradeoff be-

tween liquidity and the rate of return. The short asset provides greater liquidity

(immediate access to returns), but the long asset provides a higher return per

unit invested. These properties of the assets play a critical role when markets

are incomplete.

The economic agents in this economy are divided into two groups: risk-averse

consumers who provide a demand for liquidity and risk-neutral investors who

supply the capital. There is a continuum of identical, risk-neutral investors with

unit mass. Although investors are risk neutral, we assume that their consumption

must be non-negative at each date. Otherwise, it is impossible to make sense of

limited liquidity. The investor’s utility function is defined by

u(c0, c1, c2) = ρc0 + c1 + c2,

where ct ≥ 0 denotes the investor’s consumption at date t = 0, 1, 2. The con-

stant ρ > R represents the investor’s opportunity cost of funds. An investor’s

endowment consists of an unboundedly large amount of the good at date 0 and

nothing at dates 1 and 2.

There is a continuum of identical, risk-averse consumers with unit mass. Each

consumer has an endowment of one unit of the good at date 0 and nothing at
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dates 1 and 2. At date 1, each consumer receives a preference shock: with

probability λ he becomes an early consumer, who only values consumption at

date 1, and with probability 1−λ he becomes a late consumer, who only values

consumption at date 2. A consumer’s period utility function U : R+→ R is twice

continuously differentiable and satisfies the usual neoclassical properties,

U ′(c) > 0, U ′′(c) < 0, lim
c↘0

U ′(c) = ∞.

The consumer’s risk aversion, together with his uncertainty about the preference

shock (early or late), creates a demand for insurance. By pooling these risks, it

is possible to provide liquidity to consumers at date 1 while holding a smaller

amount of the short asset.

We assume that the fraction of early consumers is equal to the probability λ

that an individual agent turns out to be an early consumer. The probability λ

is a random variable satisfying

λ =





λH w. pr. 0.5

λL w. pr. 0.5,

where 0 < λL < λH < 1. This is the only source of aggregate uncertainty.

We assume the simplest form of heterogeneity among intermediaries: at date

1 all the consumers in a particular intermediary are of the same type, early or

late. Then the proportion of early consumers in intermediary i is denoted by λi

and defined by

λi =





1 w. pr. λs

0 w. pr. 1− λs
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in states s = H, L.

We assume that there are only spot markets for the good and for assets. The

good serves as the numeraire at each date. The price of any asset in positive net

supply is equal to unity at date 0, since assets are produced then. At date 1,

there is a spot market for the long asset.

All uncertainty is resolved at the beginning of date 1, when the state of nature

λ is observed and each agent discovers whether he is an early or late consumer.

3 Equilibrium

A consumer deposits his entire endowment with a single intermediary who offers

him a consumption contract c = {(c1s, c2s) : s = H, L} in exchange, where c1s

is consumption offered to an early consumer at date 1 in state s and c2s is the

consumption offered to a late consumer at date 2 in state s.

The intermediary writes a contract e = {(e0, e1s, e2s) : s = H, L} with in-

vestors, where e0 ≥ 0 is the amount of capital invested at date 0, e1s ≥ 0 is the

amount of the good promised to investors in state s if all the depositors are early

consumers and e2s ≥ 0 is the amount of the good promised in state s if all the

depositors are late consumers. There is no loss of generality in assuming that the

payments to investors are made at date 2.

Since there is a perfectly elastic supply of capital, the investors do not get

any surplus, but the contract e must satisfy the participation constraint

∑

s=H,L

1
2
{λse1s + (1− λs)e2s} ≥ ρe0, (1)
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which says that the expected utility of future consumption offered by the inter-

mediary must equal the utility of the capital supplied at date 0.

Free entry ensures that the intermediaries receive no profit. Competition

among intermediaries forces them to maximize the expected utility of the typical

depositor,

∑

s=H,L

{λsU(c1s) + (1− λs)U(c2s)} (2)

subject to the intermediary’s budget constraints and the investors’ participation

constraint.

At date 0 the intermediary has 1 + e0 of the good to invest in short and long

assets. We denote the investment in the short asset by θ and the investment

in the long asset by 1 + e0 − θ. There are no short sales, so the intermediary’s

budget constraint is satisfied if 0 ≤ θ ≤ 1 + e0.

Let ps denote the implicit price of future consumption in state s at date 1,

so the value of the long asset is psR. In each state s = H,L, the intermediary’s

budget constraint at date 1 is

c1s + pse1s = θ + ps(1 + e0 − θ)R (3)

if the depositors are early consumers and

ps (c2s + e2s) = θ + ps(1 + e0 − θ)R (4)

if the depositors are late consumers. In both cases, the left hand side is the

present value of the consumption promised to the depositors and investors and

the right hand side is the liquidated value of the intermediary’s portfolio.
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The intermediary’s decision problem is to choose (c, e, θ) to maximize the

objective function (2) subject to the participation constraint (1) and the budget

constraints (3) and (4).

Market clearing at dates 0 and 2 is guaranteed by intermediary’s budget

constraint and the fact that there is essentially one good. Market clearing at date

1 requires ps ≤ 1. If ps > 1, the short asset dominates the long asset between

dates 1 and 2, no one will be willing to hold the long asset, and the market for the

long asset cannot clear. Note that ps < 1 implies that the long asset dominates

the short asset between date 1 and date 2, so no one will hold the short asset.

This is compatible with market clearing if the demand for consumption is equal

to the supply of the short asset. If demand for the good is strictly less than the

supply of the short asset, some intermediaries must be willing to hold the short

asset between dates 1 and 2. It will be optimal to hold the short asset if ps = 1.

In short, market-clearing requires that either

λsc1s + (1− λs)c2s = θ and ps ≤ 1 (5)

or

λsc1s + (1− λs)c2s < θ and ps = 1. (6)

We define an equilibrium to consist of a contract (c, e, θ) and a price vector

p = (pH , pL) such that (c, e, θ) solves the intermediary’s decision problem, given

the price vector p, and the market-clearing conditions (5) and (6) are satisfied.

A necessary condition for (c, e, θ) to be a solution to the intermediary’s deci-

sion problem is that, for the given values of θ and e0, the consumption allocation
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(c, e) solves the problem:

max
∑

s=H,L λsU(ws − pse1s) + (1− λs)U
(

ws
ps
− e2s

)

s.t.
∑

s=H,L λse1s + (1− λs)e2s ≥ 2ρe0,

(7)

where ws ≡ θ + (1 + e0 − θ)R. The necessary and sufficient conditions for a

solution to (7) are

U ′(ws − pse1s)ps ≥ µ, s = H, L (8)

with equality if e1s > 0, and

U

(
ws

ps
− e2s

)
≥ µ, s = H, (9)

with equality if e2s > 0. Note that in the case where ps = 1, we will have c1s = c2s

and e1s = e2s.

4 Results

To illustrate the equilibrium properties of the model, we use a parametric exam-

ple. The period utility U(c) is assumed to satisfy

U(c) =
1

1− σ
c1−σ,

where the constant σ > 0 is the degree of relative risk aversion. The liquidity

shocks are assumed to be λH = 0.6 and λL = 0.4. The opportunity cost of funds

for the investors is ρ = 2 and the return on the long asset is R = 1.8. These

parameter values produce results that are typical of other simulations. Our main

interest here is in tracing the effects of the degree of relative risk aversion on the
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equilibrium values of the endogenous variables. These relationships are described

in Figures 1 through 4.

Figure 1 shows the equilibrium consumption allocation (c1H , c2H , c1L, c2L)

for different values of σ. As expected, when σ is small, there is a large variation

in consumptions across aggregate states and intermediary types. As σ increases,

consumption levels gradually converge. For values of σ above 2.5, the distribution

of consumption has a two-point support c1H < c2H = c1L = c2L. As σ increases

further, these two values gradually converge to a single point. Consumption is at

its lowest level for early consumers in state H. The more risk averse consumers

are, the more important it is to raise the value of c1H . An intermediary does this

by adjusting its portfolio and changing its capital structure as σ increases. There

is a cost, of course, which is that the other consumption level c2H = c1L = c2L

declines.

Figure 2 shows the equilibrium returns to capital (e1H , e2H , e1L, e2L) /e0 for

different values of σ. Although in principle ets can be positive for any type t and

state s, in practice we see that most of the payments are very small. For small

values of σ, most of the repayment to the investors comes from e1H . Since c1H is

the lowest consumption level, we can see that the capital structure is increasing

consumption risk. For high values of σ, the risk-sharing effect is dominant, and

the repayment is largely coming from e2H , which corresponds to the highest

consumption state c2H .

Figure 3 shows us the level of capital e0 for different values of σ. The striking

feature of the graph is how rapidly the level of capital increases for values of σ
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greater than 2.5. Figure 3 also shows the first-best level of “capital,” that is, the

date-0 contribution from risk neutral investors in a Pareto-efficient allocation.

The equilibrium and Pareto-optimal levels are both in the neighborhood of 0.05

for small values of σ but diverge for larger values of σ. For very high values of

σ, the first-best level of capital declines toward zero: since fluctuations in capital

are being eliminated by holding more of the short asset, there is no need for

capital to provide insurance.

Figure 4 shows us the equilibrium asset prices associated with different values

of σ. The value of the long asset is highest when the demand for liquidity is low.

As σ increases, the amount of liquidity in the economy increases and this raises

prices in both aggregate states. For values of σ above 2.5, there is so much

liquidity at date 1 that pL = 1 and some intermediaries hold the short asset

between dates 1 and 2.

The equilibrium described in these figures is inefficient because markets are

incomplete. In particular, intermediaries would like to insure against liquidity

shocks. Instead, intermediaries that need liquidity at date 1 are forced to sell

their long assets at the random price ps which is low when they are most likely

to need liquidity (λs is high) and high when they are least likely to need it (λs

is low). This is the opposite of what efficient risk sharing requires. Now it is

neither surprising nor especially interesting that an equilibrium with incomplete

markets is Pareto-inefficient. The more interesting fact is that an equilibrium

with incomplete markets is constrained-inefficient : even if a central planner is

constrained to use the available markets to allocate resources at dates 1 and
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2, by changing the agents’ decisions at date 0 the planner make some agents

better off without making others worse off. How is this possible? To be sure, the

intermediaries, consumers and investors are making individually optimal choices

in equilibrium, but they do so taking the equilibrium prices (pH , pL) as given.

The planner, by manipulating the choices of agents at date 0 is able to change

the equilibrium prices and this will have some impact on welfare. When markets

are complete, these pecuniary externalities sum to zero, that is, they cannot

make everyone better off. But when markets are incomplete, agents do not

have the same marginal rates of substitution and it is generically possible to

generate pecuniary externalities that do make everyone better off (Geanakoplos

and Polemarchakis, 1986).

The scope for welfare-improving capital regulation depends on the ability of

the regulator to manipulate prices in a way that makes consumers better off. Sup-

pose that the regulator can dictate the amount of capital e0 raised by each inter-

mediary. The intermediaries take the level of capital e0 and the market-clearing

prices (pH , pL) as given and choose the optimal repayments (e1H , e2H , e1L, e2L)

and consumption plan (c1H , c2H , c1L, c2L), subject to their budget constraints

and the investors’ participation constraint. For each value of e0, there will be

an equilibrium in which intermediaries are maximizing the representative con-

sumers’ expected utility and markets clear at the prices (pH , pL). In this model,

welfare is unambiguously measured by the expected utility of the representative

consumer, since investors receive no surplus and intermediaries earn zero profits

in equilibrium. Then the regulator will vary the required level of capital e0 in
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order to maximize the consumers’ expected utility. We refer to this capital level

and the corresponding values of the endogenous variables (e1H , e2H , e1L, e2L),

(c1H , c2H , c1L, c2L), and (pH , pL) as a constrained optimum.

The graph in Figure 3 shows the value of e0 that maximizes welfare (con-

sumers’ expected utility) for each value of σ. Strikingly, while the constrained-

optimal value of e0 is close to the equilibrium value for values of σ less than 2.5,

the two values diverge for large values of σ and the constrained-optimal value of

e0 is less than the equilibrium value. In other words, there is too much capital

in the incomplete-markets equilibrium.

We can get more insight into the reasons why it makes sense to reduce the

amount of capital by looking at Figure 4, which shows the prices corresponding

to the the constrained optimum. For values of σ greater than 2.5, where pL = 1,

the reduction in capital increases the asset price in state H and thus increases

the consumption of the early consumers, ceteris paribus. For values of σ less

than 2.5, the constrained optimal value of e0 does not differ greatly from the

equilibrium value, but prices are reduced in both states. So there appears to be

a critical value of σ above which it is optimal to increase asset prices and below

which it is optimal to reduce asset prices.

The change in prices is critical for understanding the change in welfare. In

equilibrium, the contracts e and c are chosen optimally from the point of view

of consumers’ welfare so the envelope theorem tells us that the change in e and

c in response to a change in e0 does not have a first-order impact on welfare.

Only price changes have a first-order impact on welfare. Allen and Gale (2004)
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study the effects of regulation on welfare in the context of a model that has a

similar structure but does not allow for bank capital and show that an increase

(decrease) in asset prices increases welfare if and only if the degree of relative

risk aversion is greater (less) than one. Here the presence of capital complicates

the analysis and presumably explains why the critical value of σ is greater than

one, so that a reduction in prices is called for in the interval between 1 and 2.5.

To understand why a reduction in capital is required to increase asset prices

(for values of σ greater than 2.5), note that reducing the level of capital reduces

the total amount of assets held by the intermediaries but if we look at the com-

position of the portfolio we see that it decreases the amount of the long asset by

more than the amount of the short asset. Thus, it increases the liquidity of the

market and raises prices in the bad state (Allen and Gale, 1994).

We are left with a counter-intuitive result: in order to improve risk sharing

one needs to restrict the capital levels of the intermediaries. It ceases to be

surprising that reducing capital can improve welfare, however, once one realizes

that this is simply a means of controlling intermediaries’ portfolios and that,

because of general equilibrium effects, one cannot predict in general whether the

relative proportions of long- and short-term assets will increase or decrease as

capital ratios are raised. This observation also suggests that directly regulating

the proportions of short- and long-term assets in the intermediaries’ portfolios

might be a more effective and more easily predictable policy than regulating

levels of capital.

A final caveat to this analysis is that the changes in welfare from implementing
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the optimal policy are small. Assuming that banks can only use incomplete

contracts, such as deposit contracts, would introduce the possibility of default

and that might increase the deadweight cost of incomplete markets. This would

not necessarily change the qualitative features of the analysis. Changes in prices

are still critical to the determination of the welfare impact of capital regulation,

so unless the relationship between the change in e0 and changes in prices turns

out to be much simpler in a model with the added complexity of default, one

would not expect to be able to predict the direction of the welfare-improving

policy.
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