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4 Lqwurgxfwlrq
Jdoh dqg Urvhqwkdo +4<<<, ^khuhdiwhu JU` dqdo|}hv d prgho lq zklfk d srs0
xodwlrq ri djhqwv iroorzv dgdswlyh ehkdylrudo uxohv1 Wkhvh ehkdylruv duh uh0
ihuuhg wr dv h{shulphqwdwlrq dqg lplwdwlrq1 Rqh ri wkh djhqwv lv dq h{shu0
lphqwhu > wkh uhvw duh lplwdwruv1 Wkh h{shulphqwhu udqgrpo| vhohfwv d qhz
dfwlrq iurp d qhljkerukrrg ri klv suhylrxv dfwlrq dqg revhuyhv zkhwkhu wkh
sd|r� iurp wkh qhz dfwlrq lv kljkhu wkdq wkh sd|r� iurp klv suhylrxv df0
wlrq/ jlyhq wkh fxuuhqw dfwlrqv ri klv rssrqhqwv1 Li wkh sd|r� lv kljkhu/ wkh
h{shulphqwhu dgrswv wkh qhz dfwlrq> li qrw/ kh uhwxuqv wr klv suhylrxv dfwlrq1
Dq lplwdwru dgmxvwv khu dfwlrq wrzdug wkh dyhudjh dfwlrq dgrswhg e| khu
rssrqhqwv1

Lq wkh edvlf prgho/ djhqwv sod| d rqh0vkrw jdph uhshdwhgo|1 Dq djhqw*v
dfwlrq lq wkh rqh0vkrw jdph lv d uhdo qxpehu1 Hdfk djhqw kdv d frpprq
sd|r� ixqfwlrq ZE%c +� ' �E%��+�2/ zkhuh % lv wkh djhqw*v dfwlrq dqg + lv
wkh dyhudjh ri klv rssrqhqw*v dfwlrqv1 Zkhq � : f/ wkh sod|huv* dfwlrqv duh

�Zh wkdqn Plnh Kduulvrq iru whfkqlfdo dgylfh dqg wkh Qdwlrqdo Vflhqfh Irxqgdwlrq iru
�qdqfldo dvvlvwdqfh1
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vwudwhjlf frpsohphqwv> zkhq � 	 f/ wkhlu dfwlrqv duh vwudwhjlf vxevwlwxwhv1
Wkh jdph kdv d xqltxh v|pphwulf htxloleulxp/ lq zklfk hyhu| djhqw fkrrvhv
f1

Qrwh wkdw wkh lplwdwruv* ehkdylru grhv qrw ghshqg rq sd|r�v/ vr wkh vshf0
l�fdwlrq ri sd|r� ixqfwlrqv iru lplwdwruv grhv qrw sod| d uroh lq wkh dqdo|vlv1
Krzhyhu/ lplwdwlyh ehkdylru lv lpsolflwo| prwlydwhg e| wkh dvvxpswlrq wkdw
wkh lplwdwruv* sd|r� ixqfwlrqv duh vlplodu wr wkdw ri wkh h{shulphqwhu1 Dovr/
wkh wzr qrwlrqv ri �htxloleulxp��Qdvk htxloleulxp ri d jdph dqg uhvw srlqw
ri d pdwkhpdwlfdo g|qdplf�frqyhqlhqwo| frlqflgh lq rxu prgho zkhq wkh lp0
lwdwruv* sd|r� ixqfwlrqv duh wkh vdph dv wkh h{shulphqwhu*v dqg wkh g|qdplfv
duh dv ghvfulehg1

Wkh jdph lv sod|hg dw d vhtxhqfh ri gdwhv | ' �c 2c ���1 Wkh vwdwh ri wkh
jdph dw gdwh | lv ghvfulehg e| dq rughuhg sdlu E%|c +|� 5 +�+/ zkhuh %| lv
wkh h{shulphqwhu*v dfwlrq dqg +| lv wkh dyhudjh ri wkh lplwdwruv* dfwlrqv1 +Wkh
htxloleulxp fruuhvsrqgv wr wkh ruljlq ri wkh vwdwh vsdfh�� Wkh lqlwldo vwdwh lv
ghqrwhg e| E%fc +f�1 Zlwk wkh vshfl�hg g|qdplfv/ wkh +vwrfkdvwlf, hyroxwlrq
ri sod| lv ghvfulehg e| d Pdunry fkdlq x ' iEf|c t|�j1 JU dqdo|}hv wkh
vwdelolw| surshuwlhv ri wkh Pdunry fkdlq x dqg suryhv wkh iroorzlqj uhvxowv
iru wkh edvlf prgho=4

� Zkhq � : �/ wkh prgho lv/ lq dq lqwxlwlyh vhqvh/ �h{sorvlyh1�

� Zkhq � 	 �/ wkh prgho lv �vwdeoh lq wkh odujh� lq wkh vhqvh wkdw/ iru
vrph frpsdfw vhw g frqwdlqlqj wkh ruljlq dqg dq| lqlwldo frqglwlrq
E%fc +f�/ wkh fkdlq uhdfkhv g zlwk suredelolw| rqh lq �qlwh wlph1 Rqfh
wkh vwdwh g lv uhdfkhg/ x uhpdlqv wkhuh iruhyhu1

� Zkhq f 	 � 	 �/ wkh prgho lv �vwdeoh lq wkh vpdoo� lq wkh vhqvh wkdw/
iurp hyhu| lqlwldo frqglwlrq E%fc +f�/ wkh fkdlq frqyhujhv doprvw vxuho|
wr wkh v|pphwulf htxloleulxp Efc f�15

� Zkhq � 	 f dqg m�m lv vx!flhqwo| odujh/ wkh prgho lv �xqvwdeoh lq
wkh vpdoo� lq wkh vhqvh wkdw/ iru dq| vx!flhqwo| vpdoo qhljkerukrrg
� ri wkh ruljlq/ dqg dq| lqlwldo frqglwlrq E%fc +f� 5 � zlwk %f 9' f/
wkh fkdlq x ohdyhv wkh qhljkerukrrg � lq �qlwh wlph zlwk suredelolw|

4D nh| dvvxpswlrq wkdw glvwlqjxlvkhv wkh uhvxowv iru wkh edvlf prgho ri JU iurp wkrvh
iru vrph ri lwv yduldqwv lv wkdw wkh vl}h ri wkh h{shulphqwhu*v vhdufk zlqgrz lv frqvwdqw1

5Zkhq E @ 4> wkh surfhvv qhlwkhu h{sorghv qru frqyhujhv wr wkh htxloleulxp +lq dq|
vhqvh,1
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rqh> krzhyhu/ wkh prgho lv �qrw wrr xqvwdeoh� lq wkh vhqvh wkdw/ iru
dq| lqlwldo frqglwlrq E%fc +f�/ wkh fkdlq frqyhujhv lq suredelolw| wr wkh
ruljlq16

H{fhsw iru wkh fdvh zkhuh vwudwhjlf frpsohphqwv duh �wrr vwurqj� +� :
�,/ wkh prgho lv vwdeoh lq wkh odujh1 Li vwudwhjlf frpsohphqwv duh qrw wrr
vwurqj +f 	 � 	 �,/ wkh prgho lv vwdeoh lq wkh vpdoo dv zhoo1 Wkh prvw
lqwhuhvwlqj fdvh lv wkh rqh lq zklfk djhqwv* dfwlrqv duh vwudwhjlf vxevwlwxwhv1
Khuh vwdelolw| lq wkh odujh fr0h{lvwv zlwk lqvwdelolw| lq wkh vpdoo/ exw wkh
lqvwdelolw| lv ri d vwudqjh nlqg ehfdxvh rq dyhudjh wkh fkdlq dsshduv wr vshqg
prvw ri lwv wlph qhdu wkh ruljlq1

Wkh fkdudfwhul}dwlrq ri wkh fkdlq*v vwdelolw| surshuwlhv lq wkh suhvhqfh ri
vwudwhjlf vxevwlwxwhv lv lqfrpsohwh/ krzhyhu/ ehfdxvh erwk uhvxowv/ �xqvwdeoh
lq wkh vpdoo� dqg �qrw wrr xqvwdeoh�/ duh rqo| suryhg iru � 	 f exw m�m
vx!flhqwo| odujh1 Wkh sxusrvh ri wklv qrwh lv wr frpsohwh wkh fkdudfwhul}dwlrq
e| �oolqj wkdw jds1 Vshfl�fdoo|/ zh vkrz wkdw wkhuh h{lvwv d frqvwdqw �W 	 f
vxfk wkdw=

� Li �W 	 � � f/ wkh prgho lv �vwdeoh lq wkh vpdoo�

� Li � 	 �W/ wkh prgho lv �xqvwdeoh lq wkh vpdoo� exw �qrw wrr xqvwdeoh�1

Wkh vhfrqg uhvxow dfwxdoo| iroorzv gluhfwo| iurp uhvxowv lq JU1 Zkhqhyhu
� 	 �W/ d gluhfw fdofxodwlrq jhqhudwhv wkh frqfoxvlrq ri Ohppd 7 ri JU/
dqg wkh surriv ri Wkhruhpv 5 +xqvwdeoh, dqg 9 +qrw wrr xqvwdeoh, dsso|
zlwkrxw fkdqjh1 Wklv qrwh lv wkhuhiruh ghyrwhg wr hvwdeolvklqj doprvw0vxuh
frqyhujhqfh ri x zkhq �W 	 � � f1

Wkh phwkrg ri surri xvhg wr hvwdeolvk doprvw0vxuh frqyhujhqfh lq wklv
sdshu lv txlwh gl�huhqw iurp wkh rqh JU jlyhv iru wkh fdvh ri vwudwhjlf frp0
sohphqwv1 Zkhq dfwlrqv duh vwudwhjlf frpsohphqwv/ lw fdq eh vkrzq wkdw
hdfk vdpsoh sdwk ri wkh fkdlq frqyhujhv prqrwrqlfdoo| +lq d vhqvh, wr wkh
ruljlq1 Zkhq dfwlrqv duh vwudwhjlf vxevwlwxwhv/ wkh g|qdplfv duh pxfk pruh
frpsolfdwhg1 Lq idfw/ wkh frqyhujhqfh surri wkdw zh jlyh khuh kdv d vwurqjhu
vlplodulw| wr wkh surri ri lqvwdelolw| jlyhq lq JU1 Erwk ghshqg rq h{sorlwlqj
wkh �guliw� ri wkh fkdlq1 Wkh dujxphqw suhvhqwhg khuh dovr h{sorlwv d yhuvlrq
ri wkh Vwurqj Odz ri Odujh Qxpehuv iru ghshqghqw yduldeohv dssolhg wr wkh

6Zkhq +{3> |3, @ +3> 3,> wkhuh lv/ ri frxuvh/ qr pryhphqw1 Zkhq {3 @ 3 exw |3 9@ 3>
wkh fkdlq ohdyhv Q zlwk suredelolw| vwulfwo| ehwzhhq 3 dqg 4=
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orjdulwkp ri wkh udwlr ri wkh devroxwh ydoxh ri vxffhvvlyh dfwlrqv ri wkh h{0
shulphqwhu1 JU/ e| frqwudvw/ xvhv wkh Vwurqj Odz iru lqghshqghqw udqgrp
yduldeohv dqg d vwrfkdvwlf grplqdqfh dujxphqw wr suryh lqvwdelolw| lq wkh
vpdoo1

Vhfwlrq 5 suhvhqwv wkh prgho/ d irupdo vwdwhphqw ri wkh uhvxow/ dqg vrph
lqwxlwlrq iru wkh surri1 Vhfwlrq 6 frqwdlqv wkh surri1 Zh uhihu wkh uhdghu wr
JU iru prwlydwlrq dqg uhvxowv rq uhodwhg prghov1

5 Prgho dqg Frqyhujhqfh Uhvxow
Zh uhwdlq wkh qrwdwlrq ri JU1 Wkh Pdunry fkdlq x ' iEf|c t|�j"|'f lv gh�qhg
dv iroorzv1 Ohw

Effc tf� ' E%fc +f�

zkhuh E%fc +f� lv d jlyhq lqlwldo vwdwh1 Ohw i�/|j"|'� eh dq l1l1g1 vhtxhqfh ri
udqgrp yduldeohv/ zkhuh hdfk udqgrp yduldeoh �/| lv glvwulexwhg xqlirupo| rq
wkh lqwhuydo d��c �o1 Wkh h{shulphqwhu*v dfwlrq iroorzv wkh +vwrfkdvwlf, odz
ri prwlrq=

f| '

�
f|3� n �/| li f|3� n �/| 5 �Ef|3�c t|�
f|3� rwkhuzlvh

c

zkhuh
�E%c +� � i%�m E%� ��+�2 � E%��+�2j

lv wkh vhw ri �ehwwhu uhvsrqvhv�1 Wkh dyhudjh lplwdwru*v dfwlrq iroorzv wkh
�sduwldo0dgmxvwphqw� odz ri prwlrq=

t| ' bf|3� n E�� b�t|3�c

iru vrph frqvwdqw f 	 b 	 �1 Zh fdq wklqn ri wkh udqgrp yduldeohvf| dqg t|

dv gh�qhg rq d suredelolw| vsdfh ElcI c��/ zkhuh l frqvlvwv ri uhdol}dwlrqv
/ ' E/�c /2c ���� ri wkh udqgrp vhtxhqfh i�/|j1

Ohw �W eh wkh xqltxh vroxwlrq wr wkh htxdwlrq

2� � 2 n E�� 2�� *?E�� 2�� ' f

Wkh qxpehu �W lv dssur{lpdwho| 0415<881 Wkh pdlq uhvxow ri wklv sdshu lv
wkh iroorzlqj wkhruhp1
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Wkhruhp 4 Li �W 	 � � f/ wkhq iru dq| lqlwldo frqglwlrq E%fc +f� wkh
Pdunry fkdlq x frqyhujhv wr Efc f� zlwk suredelolw| rqh1

Lqwxlwlrq= Wkh fkdlq x ylvlwv dq| qhljkerukrrg ri wkh ruljlq lq�qlwho|
riwhq> vr lw lv vx!flhqw wr vkrz wkdw x frqyhujhv wr wkh ruljlq zlwk suredelolw|
rqh zkhq wkh lqlwldo vwdwh E%fc +f� lv forvh wr wkh ruljlq1 Iru vwdwhv E%c +� yhu|
forvh wr wkh ruljlq/ wkh h{shulphqwhu*v vhdufk zlqgrz d%� �c % n �o lv pxfk
odujhu wkdq �E%c +�/ vr wkh suredelolw| ri �qglqj d �ehwwhu uhvsrqvh� lq dq|
wuldo lv yhu| vpdoo1 Iru wklv uhdvrq/ wkhuh duh olnho| wr eh orqj vwulqjv ri idloxuhv
ehwzhhq rffdvlrqdo vxffhvvhv1 Gxulqj d vwulqj ri idloxuhv wkh h{shulphqwhu
vwdqgv vwloo exw wkh lplwdwruv frqwlqxh wr forvh wkh jds ehwzhhq % dqg +1 Dv
d uhvxow/ wkh fkdlq lv yhu| olnho| wr eh forvh wr wkh gldjrqdo i% ' +j zkhq d
vxffhvv hyhqwxdoo| rffxuv1

Vxssrvh wkh h{shulphqwhu kdv d vxffhvv zkhq wkh fxuuhqw vwdwh lv Ef|c t|� '
E%c %� dqg % lv qhdu f1 Iurp vxfk d vwdwh/ wkh glvwulexwlrq ri mf|n�m * mf|m/
frqglwlrqdo rq vxffhvv/ lv lqghshqghqw ri %1 Ixuwkhupruh/ gluhfw fdofxod0
wlrq vkrzv wkdw lq wklv fdvh wkh frqglwlrqdo phdq ri wkh udqgrp yduldeoh
*? Emf|n�m * mf|m� lv qhjdwlyh li dqg rqo| li � : �W1 Lq wklv vhqvh/ wkh vwrfkdv0
wlf surfhvv imf|mj kdv qhjdwlyh �guliw�1

Lq JU zh zhuh deoh wr vkrz wkurxjk dq dssur{lpdwlrq dujxphqw wkdw
zkhq wkh phdq ri *? Emf|n�m * mf|m� lv srvlwlyh +frqglwlrqdo rq vxffhvv dqg
vwduwlqj iurp wkh gldjrqdo qhdu wkh ruljlq,/ wkh guliw ri wkh surfhvv imf|mj lv
srvlwlyh dqg wkh surfhvv iEf|c t|�j wkhuhiruh �guliwv� dzd| iurp wkh ruljlq17

Wklv lv wkh hvvhqfh ri wkh lqvwdelolw| dujxphqw1 Khuh zh zrxog olnh wr vkrz
wkdw wkh guliw ri wkh surfhvv iEf|c t|�j lv wrzdug wkh ruljlq zkhqhyhu �W 	
� � f dqg xvh wklv idfw wr vkrz wkdw wkh surfhvv frqyhujhv wr wkh ruljlq zlwk
suredelolw| rqh1

Wkhuh duh wzr gl!fxowlhv wr ryhufrph lq fduu|lqj rxw wklv sodq1 Iluvw/ wkh
dssur{lpdwlrq dujxphqw idlov zkhqhyhu m+m*m%m lv vx!flhqwo| odujh/ qr pdwwhu
krz forvh E%c +� lv wr wkh ruljlq/ dqg vxfk vwdwhv fdq dulvh zlwk srvlwlyh sure0
delolw| zkhqhyhu E%fc +f� 9' Efc f�1 Vhfrqg/ wkh surfhvv fdq hvfdsh iurp dq|
vx!flhqwo| vpdoo qhljkerukrrg ri wkh ruljlq zlwk srvlwlyh suredelolw|/ dqg
wklv djdlq lqydolgdwhv wkh dssur{lpdwlrq dujxphqw1 Rxu zd| durxqg wkhvh
gl!fxowlhv lv wr dqdo|}h surshuwlhv ri dq hpehgghg vxesurfhvv iEf�? c t�?�j
ri iEf|c t|�j revhuyhg diwhu vxffhvvhv zkhq mf�? m lv forvh wr }hur dqg zkhq
mt�?
m*mf�?

m lv ehorz vrph frqvwdqw1 Zh �uvw xvh dq dssur{lpdwlrq dujxphqw

7Wkh dssur{lpdwlrq dujxphqw lv ydolg dv orqj dv { lv qrw h{dfwo| 3/ exw vwdwhv kdylqj
ydoxhv { @ 3 rffxu zlwk suredelolw| }hur dv orqj dv {3 9@ 3=
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wr vkrz wkdw wklv hpehgghg surfhvv frqyhujhv doprvw vxuho| wr wkh ruljlq
dqg wkhq xvh wkdw uhvxow wr vkrz wkdw wkh ruljlqdo surfhvv dovr frqyhujhv wr
wkh ruljlq1

6 Surri ri wkh Wkhruhp
Lw lv frqyhqlhqw wr gh�qh wkh vwdwh vsdfh ri wkh fkdlq x ' iEf|c t|�j wr eh
E+qifj� � +1 Wklv hqwdlov qr hvvhqwldo orvv ri jhqhudolw| ehfdxvh/ iru dq|
lqlwldo frqglwlrq E%fc +f� vxfk wkdw %f 9' f/ wkh suredelolw| ri f| ' f iru dq|
| lv }hur> dqg zkhq %f ' f dqg f| ' f iru doo |c wkh d1v1 frqyhujhqfh ri
iEf|c t|�j lv reylrxv1

Zlwkrxw orvv ri jhqhudolw|/ zh fdq dvvxph wkdw wkh lqlwldo frqglwlrq eh0
orqjv wr vrph frpsdfw vhw g frqwdlqlqj wkh ruljlq +JU/ Wkhruhp 4,1 D vhw
7 � g lv xqlirupo| dffhvvleoh li wkhuh h{lvwv d frqvwdqw B : f vxfk wkdw/
iru dq| lqlwldo frqglwlrq E%fc +f� 5 g/ wkh suredelolw| wkdw x uhdfkhv 7 lq
�qlwh wlph lv dw ohdvw B1 Li wkh vhw 7 lv xqlirupo| dffhvvleoh/ wkhq x ylvlwv
7 lq�qlwho| riwhq zlwk suredelolw| rqh +Ph|q dqg Wzhhglh/ 4<<6/ Wkhruhp
<1614,1 Wklv idfw zloo eh xvhg wr suryh wkh iroorzlqj uhvxow1

Iru dq| E0c @� Efc f�/ ohw

�E0� � iE%c +� 5 g G f 	 m%m � 0j (

�E@� � iE%c +� G m+m � @m%mj (
dqg

{E0c @� ' �E0� _ �E@��

Ohppd 5 Iru dq| 0 : f dqg dq| @ : �/ Ef|c t|� 5 {E0c @� lq�qlwho| riwhq
zlwk suredelolw| rqh1

Surri1 Iluvw/ gh�qh

� �E0� �
q
E%c +� 5 �E0� G

0

2
� m%m � 0 zkhqhyhu %+ : f

r
�

Vr �E0�q� �E0� frqvlvwv ri d vwuls lq hdfk ri wkh �uvw dqg wklug txdgudqwv ri
+2�

Vhfrqg/ iru vrph �{hg & dqg dq| lqlwldo vwdwh lq � �E0�/ d vwulqj ri &
vxffhvvlyh idloxuhv wdnhv wkh fkdlq lqwr {E0c @�/ dqg wklv hyhqw kdv suredelolw|
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dw ohdvw �*2&1 Wklug/ lw lv hdv| wr vhh wkdw iru vrph B� : f vx!flhqwo| vpdoo/
iurp dq| lqlwldo vwdwh lq gq�E0� dq hyhqw frqvlvwlqj ri d vwulqj ri vxffhvvlyh
vxffhvvhv fdq eh frqvwuxfwhg kdylqj suredelolw| dw ohdvw B� wkdw wdnhv wkh
fkdlq lqwr � �E0� lq �qlwh wlph1 Ilqdoo|/ iurp dq| lqlwldo vwdwh lq �E0�q� �E0�c
vlqfh wkh suredelolw| ri d vxffhvv lq �qlwh wlph lv rqh dqg wkh suredelolw|
lv dw ohdvw rqh0kdoi wkdw wkh �uvw vxffhvv wdnhv wkh fkdlq dfurvv wkh yhuwlfdo
d{lv dqg khqfh lqwr � �E0�c zh fdq vhw B � �

�*2&
�
4�?i�*2c B�j dqg xqlirup

dffhvvlelolw| lv hvwdeolvkhg1

Vxssrvh wkh fxuuhqw vwdwh lv E%c %�/ vr wkdw wkh fkdlq uhpdlqv lq wkh vdph
vwdwh diwhu d idlohg vhdufk/ dqg vxssrvh wkdw m%m : f lv vpdoo hqrxjk wkdw wkh
gldphwhu ri wkh ehwwhu uhvsrqvh vhw �E%c %� lv ohvv wkdq rqh1 Wkhq gluhfw fdo0
fxodwlrq vkrzv wkdw li f � ghqrwhv wkh uhdol}hg rxwfrph ri wkh qh{w vxffhvvixo
vhdufk/ wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri ' ' *? Emf �m*m%m� lv

ME5� '

;?
=

2e5

232�
li 5 	 f

�ne5

232�
li f � 5 	 *?E�� 2��

� li 5 � *?E�� 2��
c

lqghshqghqwo| ri %� Gluhfw fdofxodwlrq dovr vkrzv wkdw wkh h{shfwdwlrq ri wkh
udqgrp yduldeoh ' lv vwulfwo| qhjdwlyh li �W 	 � � f/ dv zh dvvxph iurp
qrz rq1

Ohppd 6 Fkrrvh B : f vpdoo hqrxjk vr wkdw .d'o 	 �2B dqg fkrrvh @ : f
dqg K � *?E�� 2��1 Gh�qh �'E/� e| sxwwlqj

h'E/� � �
'E/� zkhqhyhu � *?E@� 	 'E/� � K
-E/� rwkhuzlvh

zkhuh -E/� 5 E� *?E@�c Ko doprvw vxuho|1 Wkhq wkhuh h{lvwv d qxpehu 7@ : f
vxfk wkdw

.d h'o 	 �2Bc
iru doo @ 5 E7@c4�1

Surri1 Ohw � ' i/ G ' 5 E� *?E@�c Koj dqg �S ' i/ G ' *5 E� *?E@�c Koj1
Iurp wkh gh�qlwlrq ri �'/
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Iru dq| @ vx!flhqwo| odujh/ K�h d' 	 � *?E@�o lv duelwudulo| forvh wr f dqg

. d' m� *?E@� 	 ' o �h d� *?E@� 	 'o r .d'o 	 �2B�

Ohppd 7 Iru dq| h' vdwlvi|lqj wkh k|srwkhvhv ri Ohppd 6/ ydu
k h'l

�
*?2E@3��1

Surri1 Gluhfw fdofxodwlrq1

Ohw B dqg 7@ vdwlvi| wkh frqglwlrqv ri Ohppd 6 dqg �{ @ 5 E4@ i�c 7@jc4�1
Ohw 7% : f eh d �{hg exw duelwudu| qxpehu dqg gh�qh Pdunry vwrsslqj wlphv
� � dqg � e| sxwwlqj � �E/� htxdo wr wkh wlph ri wkh �uvw vxffhvvixo h{shulphqw
dqg

�E/� ' �?u i| � � �E/� G Ef|c t|�E/� 5 {E%c @�j �
Lq zrugv/ zh zdqw wr �revhuyh� wkh Pdunry fkdlq wkh �uvw wlph � lw lv lq
{E7%c @� diwhu d vxffhvv1

Ohppd 8 Wkhuh h{lvwv d frqvwdqw % : f vxfk wkdw/ iru dq| lqlwldo frqglwlrq
E%fc +f� 5 {E%c @�/
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Surri1 Zlwk suredelolw| rqh/ d vxffhvv rffxuv lq �qlwh wlph1 Iru dq| 7% : f/
lw iroorzv iurp Ohppd 5 wkdw{E%c @� lv uhdfkhg lq �qlwh wlph zlwk suredelolw|
rqh1 Wklv vkrzv wkdw � 	4 zlwk suredelolw| rqh1

Wkhq li % lv vpdoo hqrxjk/ wkh phdq ri wkh glvwulexwlrq ri *? Emf� �m*m%fm�
lv dssur{lpdwhg e| wkdw ri 'c dqg vr
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Qrz � � � �c dqg li wkhuh duh qr dgglwlrqdo vxffhvvhv ehwzhhq wkhvh wzr wlphv/
wkhq f� ' f� � dqg wkhuh lv qrwklqj pruh wr vkrz1 Rq wkh rwkhu kdqg/ li
wkhuh lv dq dgglwlrqdo vxffhvv ehwzhhq wkh wzr wlphv/ hlwkhu mf� �m : % ru
mt� � m : @mf� � m1 Wkh suredelolw| ri wkh odwwhu hyhqw lv vpdoo hqrxjk wkdw hyhq

;



li doo lwv suredelolw| zhuh uhdvvljqhg wr wkh hyhqw mf� m ' %/ wkh vljq ri wkh
frqglwlrqdo h{shfwdwlrq lq txhvwlrq zrxog qrw eh fkdqjhg/ dv lq Ohppd 61
Wr kdqgoh wkh iruphu hyhqw/ vhw K ' *?E%*m%fm� dqg dsso| Ohppd 6 djdlq1

Lq wkh oljkw ri Ohppd 8/ zh fdq gh�qh dq hpehgghg fkdlq x e| revhuylqj
wkh Pdunry fkdlq x wkh �uvw wlph lw lv lq {E7%c @� diwhu d vxffhvv1 Gh�qh wkh
vwrsslqj wlph � � e| sxwwlqj

� �E/� ' �?u i| G Ef|c t|�E/� 5 {E7%c @�j �
Wkhq gh�qh wkh vwrsslqj wlphv � �

?n� dqg �?n� uhfxuvlyho| dv iroorzv=
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Wkhq zlwk d voljkw dexvh ri qrwdwlrq zh fdq gh�qh wkh fkdlq x ' ix?j e|
sxwwlqj

x?E/� ' Ef?c t?�E/� ' Ef�?E/�c t�?E/��E/�c ? ' �c 2c ����

Xvlqj Ohppd 5 dqg wkh revhuydwlrq wkdw dq lq�qlwh qxpehu ri vxffhvvhv
rffxuv zlwk suredelolw| rqh/ wkh hpehgghg fkdlq lv zhoo gh�qhg1 Iru wklv
fkdlq/ gh�qh d vhtxhqfh ri udqgrp yduldeohv i~?j e| sxwwlqj
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iurp Ohppd 81
Vr idu/ zh kdyh vkrzq wkdw wkh orj0udwlr ri wkh hpehgghg fkdlq kdv qhjd0

wlyh �guliw1� Wr pdnh xvh ri wklv uhvxow/ zh xvh d yhuvlrq ri wkh Odz ri Odujh
Qxpehuv iru ghshqghqw udqgrp yduldeohv1

Vwurqj Odz ri Odujh Qxpehuv iru Ghshqghqw Udqgrp Yduldeohv=
^Orhyh +4<:;,/ s1 458/ Wkhruhp 651H` Vxssrvh wkdw i~?j lv d vhtxhqfh ri
udqgrp yduldeohv vdwlvi|lqj [
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Ohppd 9 Wkh vhtxhqfh iydud~?oj lv xqlirupo| erxqghg1

Surri1 Lpphgldwh iurp Ohppd 71

Ohppd : if?j $@�r� f1

Surri1 AIurp Ohppdv 8 dqg 9/ dqg wkh Vwurqj Odz ri Odujh Qxpehuv iru
ghshqghqw udqgrp yduldeohv/ wkhuh h{lvwv d qxpehu � : f vxfk wkdw
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Khqfh if?j $@�r� f1

Wr frpsohwh wkh surri ri Wkhruhp 4/ zh qhhg wr vkrz wkdw Ef|c t|�$ f
doprvw vxuho|1 E| Ohppd :/ if?j $@�r� f1 Wkh rqo| zd| wkdw if|j $@�r� f
fdq idlo lv li wkhuh lv srvlwlyh suredelolw| ri dq lq�qlwh vhtxhqfh ri vxffhvvhv
dw qrqhpehgghg wlphv | dqg wkh fruuhvsrqglqj ydoxhv ri f| gr qrw frqyhujh
wr f1 Wr uxoh wklv rxw/ wdnh dq| frqyhujlqj vdpsoh sdwk if?E/�j ri wkh fkdlq
x( vr iru dq| 0 : f dqg vrph 6 vx!flhqwo| odujh/ mf?E/�m 	 0 iru doo ? : 61
Vlqfh Ef?c t?�E/� 5 {E7%c @�/ zh kdyh mt?E/�m 	 @0 dqg m�t?E/�m 	 @0m�m1
Wkxv/ li | lv wkh wlph ri wkh qh{w vxffhvv diwhu Ef?c t?�E/� lw pxvw eh wkdw

mf|E/�m 	 2 Emf?E/�mn m�t?E/�m� 	 2 E0n @0m�m� �
Iru 0 : f vx!flhqwo| vpdoo/ mf|E/�m 	 7%1 Exw vlqfh | lv qrw dq hpehgghg
wlph/ lw pxvw eh wkh fdvh wkdw Ef|c t|�E/� *5 �E@�1 Ixuwkhupruh/ vlqfh @ : �/
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mfrE/�m � mf?E/�m iru dv orqj dv wkh fkdlq uhpdlqv lq �E7%�q�E@�1 Ilqdoo|/
zkhq wkh fkdlq ohdyhv �E7%�q�E@� lw fdq rqo| gr vr e| uh0hqwhulqj {E7%c @�c
surgxflqj wkh hpehgghg wlph �?n�1 Wkxv/

mf|E/�m � mf?E/�m ;| 5 E�?E/�c �?n�E/��c ;?

zlwk suredelolw| rqh1 Wkxv/ if|j $ f doprvw vxuho|1 Wkh doprvw0vxuh frq0
yhujhqfh ri it|j iroorzv lpphgldwho|1
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