
Suxghqwldo Uhjxodwlrq ri Edqnv

Ghfhpehu </ 5333

Wkh vwuxfwxuh ghyhorshg lq Vhfwlrq : ri �Edqnlqj dqg Pdunhwv� +EP,
fdq eh dgdswhg wr vwxg| wkh suxghqwldo uhjxodwlrq ri edqnv1 Zlwk hduo|0
frqvxphu/ odwh0frqvxphu suhihuhqfhv/ zh fdq uhvwulfw rxu dwwhqwlrq wr ghsrvlw
frqwudfwv r�hulqj ghsrvlwruv d fkrlfh ri _� xqlwv ri frqvxpswlrq dw gdwh
� ru _2 xqlwv dw gdwh 21 Zh fdq dvvxph _2 ' 4/ zlwkrxw hvvhqwldo orvv ri
jhqhudolw|/ wr hqvxuh wkdw odwh frqvxphuv uhfhlyh zkdwhyhu lv ohiw dw gdwh 21 Lq
zkdw iroorzv/ zh zulwh _ lq sodfh ri _� dqg uhihu wr _ dv wkh ghsrvlw frqwudfw1

Dv ehiruh/ vlqfh h{ dqwh w|shv duh v|pphwulf zh fdq uhvwulfw dwwhqwlrq wr
v|pphwulf htxloleuld/ lq zklfk hyhu| edqn ri w|sh � fkrrvhv wkh vdph ghsrvlw
frqwudfw _� ' _ dqg sruwirolr +� ' +1 Wkh sulfh ri ixwxuh frqvxpswlrq dw
gdwh � lv qrq0vwrfkdvwlf1

Edqn uhjxodwlrq fdq eh dqdo|}hg xvlqj whfkqltxhv vlplodu wr wkrvh lq EP1
Wkh pdlq gl�huhqfh lv wkdw lqwhuphgldulhv gr qrw idfh wkh ulvn ri ghidxow/
zkhuhdv edqnv fdq ghidxow1 Wkh ghsrvlw frqwudfw surplvhv hduo| frqvxphuv
_ xqlwv ri wkh jrrg dw gdwh � dqg lqfhqwlyh frpsdwlelolw| uhtxluhv wkh odwh
frqvxphuv jhw dw ohdvw _ xqlwv dw gdwh 21 Vr ghidxow fdq eh dyrlghg li dqg
rqo| li wkh edqn fdq jlyh erwk hduo| dqg odwh frqvxphuv dw ohdvw _ xqlwv1
Wkh edqnuxswf| srlqw lv jlyhq e| d fulwlfdo sursruwlrq ri hduo| frqvxphuv jW

vxfk wkdw wkh edqn fdq mxvw d�rug wr jlyh erwk w|shv _ xqlwv ri frqvxpswlrq1
Irupdoo|/ jW lv lpsolflwo| gh�qhg e| wkh frqglwlrq wkdw

jW_n RE�� jW�_ ' + n RoE�� +��

Wkh edqn fdq d�rug wr jlyh hduo| dqg odwh frqvxphuv dw ohdvw _ xqlwv ri
frqvxpswlrq li dqg rqo| li j& � jW1 Qrwh wkdw _ � +n RoE�� +� lpsolhv wkdw
jW � �1 Fohduo|/ wkh edqn fdq dozd|v d�rug wr r�hu hduo| dqg odwh frqvxphuv
_ � + n RoE� � +� xqlwv ri frqvxpswlrq/ iru dq| ydoxh ri j&1 Wkxv/ ghidxow
rqo| rffxuv li _ : + n RoE�� +�1

4



Wkh edqn*v rswlpl}dwlrq sureohp lv wr fkrrvh E_c +� wr pd{lpl}h wkh re0
mhfwlyh ixqfwlrq

[
&

b& ij&LE%�Ej&�� n E�� j&�LE%2Ej&��j

vxemhfw wr wkh �exgjhw frqvwudlqwv�

%�Ej&� '

+
_ ;j& � jWc
+ n RoE�� +� ;j& : jW

%2Ej&� '

+
oE+nRoE�3+�3j&_�

E�3j&�
;j& � jWc

+ n RoE�� +� ;j& : jW
�

Li wkh edqn grhv qrw ghidxow/ wkh hduo| frqvxphuv uhfhlyh %�Ej&� ' _ dw gdwh
� dqg wkh odwh frqvxphuv uhfhlyh wkh uhpdlqghu

E�� j&�%2Ej&� ' oE+ n RoE�� +�� j&%�Ej&��

' oE+ n RoE�� +�� j&_�

dw gdwh 21 Li wkh edqn ghidxowv/ hyhu| ghsrvlwru uhfhlyhv +n RoE�� +� dw gdwh
�1

D v|pphwulf edqnlqj htxloleulxp frqvlvwv ri dq duud| ERc _c +� vxfk wkdw
E_c +� lv rswlpdo iru wkh edqn dw wkh htxloleulxp sulfh R dqg wkh pdunhw0
fohdulqj frqglwlrqv

Sg
&'� b&j&%�Ej&� ' ?+cSg
&'� b&E�� j&�%2Ej&� ' ?oE�� +��

duh vdwlv�hg1 +E| d suhylrxv dujxphqw/ wkh htxloleulxp sulfh R ' RW ' �*o1
Qrwh wkdw R ' RW lpsolhv wkdw qrqh ri wkh vkruw dvvhw lv khog ehwzhhq gdwh �
dqg gdwh 21 Wkxv/ frqvxpswlrq dw gdwh � lv htxdo wr wkh uhwxuqv rq wkh vkruw
dvvhw dqg frqvxpswlrq dw gdwh 2 lv htxdo wr wkh uhwxuqv rq wkh orqj dvvhw1,

Sursrvlwlrq 4 Ohw _ eh dq rswlpdo fkrlfh iru wkh edqn/ iru d jlyhq ydoxh ri
ERc +�1 Wkhq _ 	 + n RoE� � +� li wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv ohvv
wkdq rqh dqg _ : +nRoE��+� li wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv juhdwhu
wkdq rqh1
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Surri1 Vhh Vhfwlrq 41
Wkxv/ ghidxow lv srvvleoh rqo| li wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv juhdwhu
wkdq rqh1

Lq dqdo|}lqj suxghqwldo uhjxodwlrq/ wkhuh duh wzr fdvhv wr frqvlghu1 Zkhq
wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv ohvv wkdq �/ wkh htxloleulxp ghsrvlw
frqwudfw vdwlv�hv _ 	 � dqg wkhuh lv qr srvvlelolw| ri ghidxow1 Lq wklv fdvh/ zh
fdq xvh d idploldu dujxphqw wr vkrz wkdw udlvlqj R ghfuhdvhv wkh h!flhqf|
ri ulvn vkdulqj dqg uhgxfhv zhoiduh1 Li wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq
lv juhdwhu wkdq �/ wkh htxloleulxp ghsrvlw frqwudfw vdwlv�hv _ : � dqg wkhuh
lv wkh srvvlelolw| ri ghidxow +edqn uxqv,1 Wkh dqdo|vlv ri wkh h�hfw ri dq
lqfuhdvh lq R lv pruh frpsolfdwhg lq wklv fdvh1 Lq vwdwhv zkhuh wkh edqn lv
vroyhqw/ wkh dqdo|vlv ri d fkdqjh lq R lv hvvhqwldoo| wkh vdph dv lq wkh fdvh ri
qr ghidxow1 Wkh lqfuhdvh lq R zloo uhgxfh wkh zhoiduh ri wkh odwh frqvxphuv
exw ohdyh xqfkdqjhg wkh zhoiduh ri wkh hduo| frqvxphuv/ vr wkh qhw h�hfw rq
zhoiduh lv qhjdwlyh1 Krzhyhu/ zh pxvw dovr wdnh lqwr dffrxqw wkh h�hfw rq
zhoiduh lq vwdwhv zkhuh ghidxow rffxuv1 Khuh wkh zhoiduh h�hfw ri dq lqfuhdvh
lq R lv fohduo| srvlwlyh/ vlqfh +n RoE�� +� lv lqfuhdvlqj lq R dqg lqghshqghqw
ri + zkhq R ' RW1 Wkxv zh kdyh wzr r�vhwwlqj h�hfwv zklfk/ rq wkhlu idfh/
duh dpeljxrxv1 Krzhyhu/ zh nqrz wkdw wkh srvlwlyh dqg qhjdwlyh h�hfwv duh
wkh uhvxow ri d wudqvihu iurp lqglylgxdov zlwk kljk frqvxpswlrq wr wkrvh zlwk
orz frqvxpswlrq1 Lw fdq eh vkrzq wkdw wklv uhvxowv lq dq lqfuhdvh lq ryhudoo
zhoiduh1

Gh�qh d uhjxodwhg edqnlqj htxloleulxp wr eh dq duud| ERc _c +� vxfk wkdw _
lv wkh rswlpdo fkrlfh ri ghsrvlw frqwudfw iru wkh jlyhq ydoxh ri ERc +� dqg wkh
pdunhw0fohdulqj htxdwlrqv duh vdwlv�hg1 Dv ehiruh/ li ERc _c +� lv d uhjxodwhg
edqnlqj htxloleulxp/ wkhq E_c +� zloo eh wkh rswlpdo fkrlfh iru wkh edqnv
vxemhfw wr d orzhu erxqg rq + li R : RW dqg dq xsshu erxqg li R 	 RW1 Wkh
qh{w uhvxow fkdudfwhul}hv wkh lpsdfw ri suxghqwldo uhjxodwlrq lq wkh devhqfh
ri ghidxow1

Sursrvlwlrq 5 Dvvxph wkdw wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv ohvv wkdq
rqh1 Iru dq| ydoxh ri R vx!flhqwo| forvh wr RW wkhuh h{lvwv d xqltxh uhjxodwhg
edqnlqj htxloleulxp ERc _c +� dqg iru R 	 RW vx!flhqwo| forvh wr RW wkh h{shfwhg
xwlolw| ri wkh w|slfdo ghsrvlwru lv juhdwhu wkdq lq wkh edqnlqj htxloleulxp1

Surri1 Vhh Vhfwlrq 41
Zlwk wkh srvvlelolw| ri ghidxow/ wkh dqdo|vlv ri suxghqwldo uhjxodwlrq eh0

frphv pruh frpsolfdwhg1 Zh uhvwulfw dwwhqwlrq wr uhjxodu htxloleuld/ lq zklfk
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jW 9' j& iru dq| &1 Ohw

�ERc +� � + n RoE�� +�

dqg ohw (ERc +� ghqrwh wkh rswlpdo ghsrvlw frqwudfw jlyhq wkh ydoxh ERc +�1
Wkhq (ERc +� pd{lpl}hv

[
j&	j

W

b&

+
j&LE_� n E�� j&�L

#
�ERc +�� j&_

RE�� j&�

$,
�

Wkh vwulfw frqfdylw| ri wkh xwlolw| ixqfwlrqv jxdudqwhhv wkdw (ERc +� lv zhoo
gh�qhg dqg vdwlv�hv wkh �uvw0rughu frqglwlrq=

[
j&	j

W

b&j&

+
L �E(ERc +��� L �

#
�ERc +�� j&(ERc +�

RE�� j&�

$
�

R

,
' f +4,

iru doo ERc +� vx!flhqwo| forvh wr ERWc +W�1 Vlqfh (ERWc +W� : � dq lqfuhdvh lq
j& uhgxfhv frqvxpswlrq dw wkh vhfrqg gdwh dqg lqfuhdvhv pdujlqdo xwlolw|1
Khqfh/ wkh whup lq eudfhv ghfolqhv zlwk j&1 Wklv lpsolhv wkdw

[
j&	j

W

b&

+
L �E(ERWc +W��� L �

#
�ERc +�� j&(ERWc +W�

RWE�� j&�

$
�

RW

,
� f� +5,

Wklv lqhtxdolw| zloo eh xvhg lq wkh vhtxho1
Uhvwulfwlqj dwwhqwlrq wr vwdwhv lq zklfk wkh edqn lv vroyhqw/ j& 	 jW/ wkh

dqdo|vlv ri d fkdqjh lq R lv hvvhqwldoo| wkh vdph dv lq wkh fdvh ri qr ghidxow1
Wkh lqfuhdvh lq R zloo uhgxfh wkh zhoiduh ri wkh odwh frqvxphuv exw ohdyh
xqfkdqjhg wkh zhoiduh ri wkh hduo| frqvxphuv/ vr wkh qhw h�hfw rq zhoiduh lv
qhjdwlyh1

Krzhyhu/ zh pxvw dovr wdnh lqwr dffrxqw wkh h�hfw rq wkh zhoiduh lq
vwdwhv zkhuh ghidxow rffxuv1 Khuh wkh zhoiduh h�hfw ri dq lqfuhdvh lq R lv
fohduo| srvlwlyh/ vlqfh �ERc +� lv lqfuhdvlqj lq R dqg lqghshqghqw ri + zkhq
R ' RW1 Wkxv zh kdyh wzr r�vhwwlqj h�hfwv zklfk/ rq wkhlu idfh/ duh dp0
eljxrxv1 Krzhyhu/ zh nqrz wkdw wkh srvlwlyh dqg qhjdwlyh h�hfwv duh wkh
uhvxow ri d wudqvihu iurp lqglylgxdov zlwk kljk frqvxpswlrq wr wkrvh zlwk
orz frqvxpswlrq1 Wklv uhvxowv lq dq lqfuhdvh lq ryhudoo zhoiduh1

Sursrvlwlrq 6 Dvvxph wkdw wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv juhdwhu
wkdq rqh1 Ohw ERWc _Wc +W� eh d uhjxodu edqnlqj htxloleulxp lq zklfk ghidxow
rffxuv zlwk srvlwlyh suredelolw|1 Iru dq| R vx!flhqwo| forvh wr RW wkhuh h{lvwv d
xqltxh uhjxodwhg edqnlqj htxloleulxp ERc _c +� dqg zhoiduh lv kljkhu lq ERc _c +�
wkdq lq ERWc _Wc +W� li dqg rqo| li R : RW1
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Surri1 Vhh Vhfwlrq 41
Uhpdun= Edqnv dqg lqwhuphgldulhv oltxlgdwh dvvhwv e| vhoolqj wkhp rq wkh
pdunhw1 H{ srvw/ oltxlgdwlrq grhv qrw lpsrvh ghdgzhljkw frvwv dqg htxl0
oleulxp lv h!flhqw1 Suxghqwldo uhjxodwlrq lqfuhdvhv zhoiduh e| lpsurylqj h{
dqwh ulvn vkdulqj/ qrw e| uhgxflqj wkh suredelolw| ri d fulvlv1 H{ dqwh ulvn
vkdulqj lv lqh!flhqw ehfdxvh ri wkh lqfrpsohwhqhvv ri pdunhwv1 Rqh ri wkh
lpsruwdqw ohvvrqv ri wklv zhoiduh dqdo|vlv lv wkdw h!flhqf| grhv qrw uhtxluh
wkh suhyhqwlrq ri fulvhv shu vh1 Lw vlpso| uhtxluhv rswlpdo doorfdwlrq ri ulvn
ehdulqj1

4 Surriv

414 Surri ri Sursrvlwlrq 4

Vxevwlwxwlqj wkh gh�qlwlrq ri %|Ej&� iurp wkh exgjhw frqvwudlqwv lqwr wkh
remhfwlyh ixqfwlrq/ zh rewdlq

[
&

b&

+
j&LE_� n E�� j&�L

#
+ n RoE�� +�� j&_

RE�� j&�

$,
�

Frqvlghu wkh uhod{hg sureohp ri fkrrvlqj _ wr pd{lpl}h wklv h{suhvvlrq/
wdnlqj ERc +� dv jlyhq dqg ljqrulqj wkh lqfhqwlyh frqvwudlqw1 Ehfdxvh wkh
remhfwlyh ixqfwlrq lv frqfdyh lq _/ wkh �uvw0rughu frqglwlrq

[
&

b&j&

+
L �E_�� L �

#
+ n RoE�� +�� j&_

RE�� j&�

$
�

R

,
' f

lv qhfhvvdu| dqg vx!flhqw iru d ihdvleoh ydoxh ri _ wr vroyh wkh uhod{hg sureohp1
Li _ � + n RoE� � +� vroyhv uhod{hg sureohp/ wkhq wkh lqfhqwlyh frqvwudlqw
lv vdwlv�hg dqg _ lv dovr d vroxwlrq wr wkh edqn*v sureohp1 Frqyhuvho|/ li _
vroyhv wkh edqn*v sureohp dqg _ 	 +nRoE��+� wkhq _ vdwlv�hv wkh �uvw0rughu
frqglwlrq dqg vroyhv wkh uhod{hg sureohp1

Li wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv ohvv wkdq rqh/ vhw _ ' +nRoE��+�
dqg fkhfn wkdw

[
&

b&j&

+
L �E_�� L �

#
+ n RoE�� +�� j&_

RE�� j&�

$
�

R

,

'
[
&

b&j&

+
L �E_�� L �

#
_

R

$
�

R

,

	 f�
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Vlqfh wkh remhfwlyh ixqfwlrq lv vwulfwo| frqfdyh lq _/ d vroxwlrq ri wkh �uvw0
rughu frqglwlrq pxvw vdwlvi| _ 	 + n RoE� � +�1 Khqfh/ wkh xqltxh ydoxh
ri _ wkdw vroyhv wkh edqn*v sureohp iru wkh jlyhq ERc +� pxvw vdwlvi| _ 	
+ n RoE�� +�1

Li wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv juhdwhu wkdq rqh/ qrwh wkdw _ �
+ n RoE�� +� lpsolhv

+ n RoE�� +�� j&_

RE�� j&�
� _

R

dqg wkdw

L �E_�� L �

#
+ n RoE�� +�� j&_

RE�� j&�

$
�

R
� L �E_�� L �

#
_

R

$
�

R

: fc

iru hyhu| &1 Khqfh/ d vroxwlrq wr wkh edqn*v sureohp pxvw vdwlvi| _ : + n
RoE�� +�1

Wr vxp xs/ wkh vroxwlrq wr wkh edqn*v sureohp hqwdlov _ � + n RoE�� +�
li wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv ohvv wkdq rqh dqg _ : + n RoE� � +�
li wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv juhdwhu wkdq rqh1

415 Surri ri Sursrvlwlrq 5

Wkh h{lvwhqfh dqg xqltxhqhvv ri d uhjxodwhg edqnlqj htxloleulxp iru R vx!0
flhqwo| forvh wr RW iroorzv e| d idploldu dujxphqw +vhh wkh surri ri Sursrvlwlrq
9 lq EP,1

Frqvlghu d �{hg ydoxh ri R 	 RW forvh wr RW dqg ohw ERc _c +� ghqrwh d
uhjxodwhg htxloleulxp1 Vlqfh wkhuh lv qr ghidxow lq htxloleulxp/ wkh edqn
fkrrvhv _ wr pd{lpl}h

[
&

b&

+
j&LE_� n E�� j&�L

#
+ n RoE�� +�� j&_

RE�� j&�

$,
�

Ohw (ERc +� ghqrwh wkh rswlpdo fkrlfh ri _ iru d jlyhq ydoxh ri ERc +�1 Wkhq
(ERc +� vdwlv�hv wkh qhfhvvdu| dqg vx!flhqw �uvw0rughu frqglwlrq

[
&

b&

+
j&L

�E(ERc +��� j&L
�

#
+ n RoE�� +�� j&(ERc +�

RE�� j&�

$
�

R

,
' f
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dqg e| wkh lpsolflw ixqfwlrq wkhruhp (ERc +� lv zhoo gh�qhg dqg frqwlqxrxvo|
gl�huhqwldeoh iru doo R lq vrph vpdoo qhljkerukrrg ri RW1 Wkh pdunhw0fohdulqj
frqglwlrq fdq eh zulwwhq [

&

b&j&(ERc +� ' ?+c

vlqfh iru doo R forvh wr RW qr rqh zloo krog wkh vkruw dvvhw ehwzhhq gdwh � dqg
gdwh 21 Wr vkrz wkdw wkhuh h{lvwv d uhjxodwhg edqn htxloleulxp ERc _c +� iru
hyhu| R vx!flhqwo| forvh wr RW/ lw lv vx!flhqw wr qrwh wkdw

[
&

b&j&
Y(ERWc +W�

Y+
� ? ' �?

dqg xvh wkh lpsolflw ixqfwlrq wkhruhp1
Ohw +ER� ghqrwh wkh htxloleulxp ydoxh ri + fruuhvsrqglqj wr wkh uhjxodwhg

edqn htxloleulxp1 Vxevwlwxwlqj +ER� lqwr wkh remhfwlyh ixqfwlrq/ wkh zhoiduh
ri wkh w|slfdo ghsrvlwru fdq eh zulwwhq dv d ixqfwlrq ri R=[

&

b& ij&LE(ERc +ER��� n E�� j&�L E%2ERc +ER���j c

zkhuh

%2ERc +ER�� � +ER� n RoE�� +ER��� j&(ERc +ER��

RE�� j&�
�

E| gluhfw fdofxodwlrq/

_

_R

[
&

b& ij&LE(ERc +ER��� n E�� j&�L E%2ERc +ER��j

'
[
&

b&

#
j&L

�E(ERc +ER���� j&L
� E%2ERc +ER��

�

R

$#
Y(

YR
ERc +ER��

n
Y(

Y+
ERc +ER��+�ER�

$
n

[
&

b&L
� E%2ERc +ER��

#
E�� Ro�+�ER�

R
� +ER�

R2

$

'
[
&

b&L
� E%2ERc +ER��

#
�+ER�

R2

$
	 f

zkhq R ' RW1 D fkdqjh lq ERc +� lqgxfhv d fkdqjh lq (ERc +�/ exw wklv kdv qr
h�hfw rq zhoiduh ehfdxvh ri wkh hqyhorsh wkhruhp1 Wkh fkdqjh lq + kdv qr
gluhfw h�hfw rq zhoiduh ehfdxvh dw wkh sulfh RW wkh wzr dvvhwv kdyh wkh vdph
uhwxuqv1 Vr zh duh ohiw zlwk wkh gluhfw h�hfw ri d fkdqjh lq R/ zklfk uhgxfhv
zhoiduh e| uhgxflqj wkh frqvxpswlrq ri wkh odwh frqvxphuv1
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416 Surri ri Sursrvlwlrq 6

Wkh h{lvwhqfh dqg xqltxhqhvv ri wkh uhjxodwhg htxloleulxp iroorz e| d idploldu
dujxphqw +vhh wkh surri ri Sursrvlwlrq 9 lq EP,1

Wkh zhoiduh h�hfw ri d fkdqjh lq R fdq eh ghulyhg e| gl�huhqwldwlqj wkh
remhfwlyh ixqfwlrq dqg dsso|lqj wkh hqyhorsh wkhruhp1 Vxevwlwxwlqj wkh rs0
wlpdo ydoxh ri wkh ghsrvlw (ERc +� lqwr wkh remhfwlyh ixqfwlrq/ zh rewdlq dq
h{suhvvlrq iru h{shfwhg xwlolw| dv d ixqfwlrq ri ERc +�=

` ERc +� � [
j&	j

W

b&

+
j&LE(ERc +�� n E�� j&�L
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�ERc +�� j&(ERc +�
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Vlqfh + lv fkrvhq rswlpdoo|/
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Y+
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dqg vlqfh (ERc +� lv fkrvhq rswlpdoo|/
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ERWc +W� ' � [
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+
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+W � j&(ERWc +W�

ERW�2
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n
[

j&:j
W

b& iL � E�ERWc +W�� oE�� +W�j

: oL � E�ERWc +W��

;?
=� [

j&	j
W

b& E+
W � j&(ERWc +W�� n

[
j&:j

W

b&E�� +W�

<@
> c

zkhuh wkh odvw lqhtxdolw| iroorzv iurp +5, dqg L � E�ERWc +W�� : L �E(ERWc +W�1
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