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4 Wkh prgho
Wkhuh duh wkuhh gdwhv | ' fc �c 2 dqg d vlqjoh jrrg dw hdfk gdwh1 Wkhuh lv
d �qlwh vhw ri vwdwhv ri qdwxuh # 5 M1 Wkh wuxh vwdwh lv uhyhdohg dw wkh
ehjlqqlqj ri gdwh �1 Wkhuh lv d �qlwh vhw ri h{ dqwh w|shv � ' �c ���c ? dqg d
phdvxuh >� : f ri hdfk w|sh1 Iru hdfk h{ dqwh w|sh � wkhuh lv d �qlwh vhw X�

ri h{ srvw w|shv uhyhdohg dw gdwh �1 Wkh phdvxuh ri h{ srvw w|shv w� lq vwdwh
# lv ghqrwhg e| b�Ew�c #�1

Wkh frpprglw| vsdfh f frqvlvwv ri ixqfwlrqv olnh % G X � M $ +2
n1

Hdfk w|sh � lv uhsuhvhqwhg e| d forvhg/ qrq0hpsw|/ frqvxpswlrq vhw f� � f
dqg d frqwlqxrxv xwlolw| ixqfwlrq �� G f� $ +1 Hdfk w|sh � kdv dq lqlwldo
hqgrzphqw ri >� xqlwv ri wkh jrrg dw gdwh f1

Wkhuh duh wzr dvvhwv/ d vkruw dvvhw dqg d orqj dvvhw1 Rqh xqlw ri wkh jrrg
lqyhvwhg lq wkh vkruw dvvhw dw gdwh | surgxfhv rqh xqlw ri wkh jrrg dw gdwh
| n �1 Rqh xqlw ri wkh jrrg lqyhvwhg lq wkh orqj dvvhw dw gdwh f surgxfhv
-E#� : f xqlwv ri wkh jrrg dw gdwh 2 lq vwdwh # +dqg qrwklqj dw gdwh �,1

5 Htxloleulxp
Dq doorfdwlrq vshfl�hv d frqvxpswlrq exqgoh %� 5 f� dqg d sruwirolr +� 5
dfc >�o iru hdfk w|sh � ' �c ���c ?1 D udqgrp doorfdwlrq lv d �qlwh vhw ri qxpehuv
i4�j dqg doorfdwlrqv iE%�
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Qrwh wkdw iE%�c +��j pd| qrw eh dq doorfdwlrq hyhq li hdfk
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Wkhuh duh frpsohwh pdunhwv iru frpprglwlhv glvwlqjxlvkhg e| wkh gdwh ri
gholyhu| gdwh | ' �c 2 dqg e| wkh vwdwh ri gholyhu| # 5 M1 D sulfh v|vwhp
lv d ixqfwlrq R G M $ +2

n/ zkhuh R|E#� lv wkh sulfh ri rqh xqlw ri wkh jrrg
gholyhuhg lq vwdwh # dw gdwh |1 Dq htxloleulxp frqvlvwv ri d sulfh v|vwhp R
dqg dq dwwdlqdeoh udqgrp doorfdwlrq i4�c E%�
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6 Ghpdqg
Dvvxpswlrq= +Orfdo qrq0vdwldwlrq, Iru dq| h{ dqwh w|sh � ' �c ���c ?/ iru
dq| frqvxpswlrq exqgoh %� 5 f�/ dqg iru dq| 0 : f/ wkhuh h{lvwv d exqgoh
%�� 5 f� zlwklq d glvwdqfh 0 ri %� vxfk wkdw ��E%

�

�� : ��E%��1

Dvvxpswlrq= +Qrq0hpsw| lqwhulru, Iru dq| h{ dqwh w|sh � ' �c ���c ?/ iru
dq| frqvxpswlrq exqgoh %� 5 f� dqg sulfh v|vwhp R 5 � / dqg iru dq| 0 : f/
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Dx{loldu| Dvvxpswlrq= Wkh frqvxpswlrq vhwv f� duh frpsdfw iru � '
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ghqrwh wkh vhw ri dgplvvleoh sulfhv dqg ohw C� ghqrwh wkh judsk ri wkh rswlpdo
fkrlfh fruuhvsrqghqfh iru w|sh �/ wkdw lv/ ohw C� lv wkh vhw ri rughuhg wulsohv
ERc %�c +�� vxfk wkdw E%�c +�� vroyhv w|sh �*v rswlpl}dwlrq sureohp iru wkh jlyhq
R1 Wkh vhw C� lv forvhg1 Wr vhh wklv/ ohw iER^c %^

� c +
^
� �j ghqrwh d vhtxhqfh

lq C� frqyhujlqj wr d srlqw ERfc %f� c +
f
� �1 Vlqfh f� lv forvhg dqg wkh exgjhw

frqvwudlqw lv frqwlqxrxv/ wkh fkrlfh E%f� c +
f
� � lv fohduo| ihdvleoh iru wkh jlyhq

Rf1 Li E%f� c +
f
� � lv qrw rswlpdo/ wkhq wkhuh pxvw h{lvw d fkrlfh E	%�c 	+�� wkdw lv

ihdvleoh dw Rf dqg suhihuuhg wr E%f� c +
f
� �1 Iru hdfk ydoxh ri ^ wkh fkrlfh ri +^�

pd{lpl}hv wkh h{suhvvlrq rq wkh uljkw kdqg vlgh ri wkh exgjhw frqvwudlqw/ vr
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E| dvvxpswlrq/ zh fdq �qg d frqvxpswlrq exqgoh �%� 5 f� vxfk wkdw �%� lv
duelwudulo| forvh wr 	%� dqg hlwkhu 	%�|E#� ' f ru f 	 �%�|E#�1 Wkhq �%� lv suhihuuhg
wr %f� dqg
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zklfk phdqv wkdw E�%�c +
f
� � lv ihdvleoh iru R^ dqg ^ vx!flhqwo| odujh1 Vlqfh %^

�

frqyhujhv wr %f� / �%� lv suhihuuhg wr %^
� iru ^ vx!flhqwo| odujh/ d frqwudglfwlrq1

Wklv frqwudglfwlrq suryhv wkdw ERfc %f� c +
f
� � 5 C�/ vr C� lv forvhg1

Wkh rswlpdo h{fhvv ghpdqg fruuhvsrqghqfh iru w|sh � lv ghqrwhg e| l�
dqg gh�qhg e| sxwwlqj l�ER� htxdo wr wkh vhw ri doo yhfwruv 5 ' i5E#�j kdylqj
wkh irup
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iru vrph E%�c +�� vxfk wkdw E%�c +�c R� 5 C�1 Wkh vhw l�ER� lv qrq0hpsw|/ iru
hyhu| R/ ehfdxvh wkh fkrlfh vhw lv frpsdfw dqg wkh remhfwlyh ixqfwlrq lv
frqwlqxrxv1 Vlqfh C� lv forvhg/ wkh judsk ri l � lv forvhg1
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Gh�qh wkh djjuhjdwh h{fhvv ghpdqg e|
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Wkhq l lv zhoo gh�qhg dqg wkh judsk ri l lv forvhg1 Wkh udqjh ri l lv fohduo|
frpsdfw1

7 Htxloleulxp
Ohw ~ ghqrwh d frpsdfw frqyh{ vhw frqwdlqlqj wkh udqjh ri l1 Iru dq| 5 5 ~
ohw
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dqg frqvlghu wkh fruuhvsrqghqfh � G � � ~ � � � ~ gh�qhg e| sxwwlqj

�ERc 5� ' ZE5�� frqy lER�c ;ERc 5� 5 � � ~c

zkhuh frqy lER� ghqrwhv wkh frqyh{ kxoo ri lER�1 Wkhq � vdwlv�hv wkh frq0
glwlrqv ri wkh Ndnxwdql �{hg srlqw wkhruhp dqg wkxv kdv d �{hg srlqw
ERWc 5W� 5 �ERWc 5W�1 Zh fodlp wkdw/ iru dq| vwdwh #/

5W�E#� � f ' 5W2E#�

dqg
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Fohduo|/ zh fdqqrw kdyh 5W�E#� : f vr vxssrvh wkdw 5W�E#� � f iru doo # dqg
wkdw 5W2E#� : f iru vrph # ' #f1 Fkrrvh R vr wkdw R�E#f� ' R2E#f� ' �*2 dqg
RE#� ' f iru # 9' #f1 Wkhq
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d frqwudglfwlrq1 Wkxv/ 5W � f1 Iurp orfdo qrq0vdwldelolw|/ wkh exgjhw frq0
vwudlqw lv elqglqj dw dq rswlpxp/ vr
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Iurp wklv lw iroorzv wkdw RW2E#� ' f li 5W2E#� 	 f/ exw wklv lv lqfrqvlvwhqw zlwk
rswlpdolw|1 Wkxv/ 5W2 ' f1

8 H{whqvlrqv
Wr uhpryh wkh dx{loldu| erxqghgqhvv dvvxpswlrq/ frqvlghu vhtxhqfhv ri hfrqrplhv
zlwk wkh erxqg rq f� judgxdoo| uhod{hg1 Iru hdfk hohphqw ri wkh vhtxhqfh
wkhuh lv dq htxloleulxp dqg wkh vhtxhqfh ri htxloleuld kdv d frqyhujhqw vxevh0
txhqfh1 Wr vkrz wkdw wkh olplw ri wklv vxevhtxhqfh lv wkh ghvluhg htxloleulxp/
rqh xvhv wkh xvxdo dujxphqw iru ����S� ri wkh fkrlfh fruuhvsrqghqfh wr vkrz
wkdw wkh olplwlqj fkrlfh lv rswlpdo iru hdfk w|sh1

Wkh qxpehu ri gl�huhqw rswlpdo fkrlfhv lv �qlwh e| Fdudwkìrgru|*v Wkh0
ruhp +Urfndihoodu/ 4<:3/ s1 488,1 Wklv frpsohwhv wkh surri ri h{lvwhqfh1

Uhihuhqfhv

Urfndihoodu/ U1 +4<:3,1 Frqyh{ Dqdo|vlv1 Sulqfhwrq/ QM= Sulqfhwrq Xqlyhu0
vlw| Suhvv1
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