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1 Economies with production

Suppose there are ¢ commodities indexed h = 1,...,£. The commodity
space is R’. The economy consists of m consumers indexed i = 1,....,m
and n firms indexed j = 1,...,n. Each consumer i is characterized by

a closed, nonempty consumption set X;;
e an endowment e¢; € X;;

a utility function U, : X; — R;

and a portfolio 0; = (041, ..., in) € R of shares in the different firms.

We adopt the convention that there is a total of one share outstanding in
each firm, so 6;; is the fraction of the j-th firm owned by consumer ¢. Each
firm j is characterized by

e a production set Y.

The (m + n)-tuple E¥ = ({(Xi, e;, Ui, 03) 12, . {Y;};_,) is called an econ-
omy with production.



1.1 Equilibrium

An allocation for £ is an ordered pair (z,y) = ((z1,...;Zm), (Y1, -, Yn))
such that z; € X; fori =1,...,m and y; € Y; for j = 1,...,n. An allocation
(x,y) is attainable if

i=1 =1

in = Zei—}—Zyj.
j=1

A (Walrasian) equilibrium for £” consists of an attainable allocation
(x*,y*) and a price vector p* # 0 such that, for every i = 1,...,m, 7 maxi-
mizes U; on the budget set

n
Bi(p',7*) ={mi € X;:p" 2 <p* e+ > _0ym),
j=1
and, for every j = 1,...,n and any production plan y; € Y,
Py <Py =T

We call (z,y) a Walras allocation if (z,y,p) is a Walrasian equilibrium,
for some price vector p # 0.

1.2 Welfare theorems for production economies

Theorem 1 Let (z*,y*,p*) be a Walrasian equilibrium for EP and suppose
that the utility function U; is locally non-satiable at x; fori=1,...,m. Then
(x*,y*) is (strongly) Pareto-efficient.

A quasi-equilibrium for £ consists of an attainable allocation (x*,y*)
and a price vector p* # 0 such that, for every ¢ and z; € X;,

Ui(x;) > Ui(x}) = p* -2y > p* - 2,
and for, every j and y; € Y,
Py <Pty

Theorem 2 Consider an economy with production EP and suppose that Y; is
convex for every j and U; is quasi-concave and locally non-satiable for every
i. Then for every Pareto-efficient allocation (x*,y*) there is a price vector
p* # 0 such that (x*,y*, p*) is a quasi-equilibrium.
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A quasi-equilibrium for £? is called an equilibrium with lump sum
transfers for &7 if

Ui(w;) > Ui(xy) = p* -2 > p* - o}

This condition implies that, for every ¢, the bundle 2} is optimal in the budget
set

{rie Xil p* 2 <p"-ei + Zgz‘jp* Y i),
j=1
where the number ¢; is the lump sum transfer received by agent 7 and the
transfers satisfy

Theorem 3 Let (z*,y*,p*) be a quasi-equilibrium for EP and suppose the X;
1s convex and U; is continuous for all i. If for every i there exists x; € X;
such that p* - x; < p* - xf then (x*,y*,p*) is an equilibrium with lump sum
transfers.

2 Efficient production

Suppose that the prices of the inputs and outputs are represented by the
vector p. The profit generated by a production plan y is defined to be

T=Dp-Y.

Note that taking account of our convention about the signs of inputs and
outputs, this definition corresponds to the usual definition:

profit = revenue — costs.
A production plan y is profit-maximizing at the price vector p if
pry>p-y,Vy ey

A production plan y is efficient if it is impossible to produce more (or use
less) of one good without producing less (or using more) of any other good,
that is, there does not exist a production plan 3" such that

y >y,
where iy > y means iy > y and ' # v.
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Proposition 4 Ifp> 0 andy € Y is profit-maximizing, then y is efficient.
If the production set Y is convex and y € Y 1is an efficient production plan,
then y is profit-maximizing for some p # 0.

Suppose that a firm has a finite number of plants indexed by j =1,...,n
and the technology of each plant j is represented by a production set Y.
The aggregate technology of the firm is represented by the production set Y

where .
vy,
j=1

Note that we are assuming the various production activities are indepen-
dent, which might not be the case if, for example, some managerial or other
functions were performed centrally.

Proposition 5 Given a price vector p, a production plan y € Y 1is profit-
maximizing (respectively efficient) in Y if and only if there exist produc-
tion plans y; € Y; for j = 1,...,n such that y = Z?Zl y; and y; is profit-
mazimizing (respectively efficient) in Y.

Proposition 6 Suppose that p > 0, y € Y is profit maximizing, and y =
Z?Zl y;, wherey; € Y; for each j. Then y; is profit-mazimizing and efficient
in Y; for each j. Suppose Y is convex, y € Y is efficient, and y = Z;”:l Y
where y; € Y; for each j. Then for some price vector p and each j, y; is
profit-maximizing for p in Y.

Note that for the last result we do not need to assume convexity of the
individual production sets Y}, only the convexity of the aggregate set Y.

3 The 2 X 2 model of production

The 2 x 2 model of production, so-called because it assumes two produced
goods and two factors of production, is a mainstay of the neoclassical the-
ory of growth, development and international trade. There are two factors,
capital and labor, and two produced goods, labelled h = 1,2. The total
endowment of the factors, denoted by K and L, is exogenous. Consumers
derive no utility from consumption of capital and labor, so they supply them



inelastically as inputs for production. The production technology is repre-
sented by two neoclassical production functions

Yh - Fh(Kthh)a h = 17 27

where Y}, is the output of good h and K} and L; are the inputs of capital
and labor for production of good h. The production functions Fj exhibit
constant returns to scale:

Fu(tKy, tLy) = tFy(Ky, Ly), t > 0.

This allows us to write output per worker y;, as a function capital per worker
khi
Y, 1 K, Ly
=—=—F(Kp Ly =F,| —,— | = Fj(kp, 1
Yn I L h( h h) h<Lh’Lh> h(h, ),
where k;, = Kj/L,. We denote the output per worker Fj, (kj,1) by the
function fj,(k;) and assume that,

for each h = 1,2, f(+) is a C!, increasing and strictly concave
function, satisfying f,(0) = 0 and f] (ks) — oo as kj — 0.

In what follows we normalize the aggregate labor supply L = 1—there is no
loss of generality in this; it merely amounts to a choice of units—and denote
the amount of labor applied to production of good 1 by 0 < A < 1.

3.1 Efficient production

Suppose that the prices of produced goods are exogenously given p; and
pa. Think of a small open economy in the prices of produced goods are
determined by international trade. Since any amount of the produced goods
can be bought or sold at the prices (pi,p2), the total quantity of goods
available for consumption is a function of the value of goods produced. In
other words, efficient production must maximize the value of output. The
efficient allocation of factors is determined by the following problem:

max  Apifi(k1) + (1 — A) p2fa(k)
st. M+ (1—=Nk <K
k17k2207 OS)\S].



We assume that this problem has an interior solution (£, k3, \*) for the given
values of (p1, p2):
ki, k3 >0,0 <\ <1.

Then the concavity of the objective function and the convexity of the fea-
sible set implies that the following first-order conditions are necessary and
sufficient:

pifi(k]) = = pafs(k3)
prfi(ky) — pafa(ks) = pu (k7 — k3).

Using the first condition to eliminate the Lagrange multiplier p from the
second, the conditions can be be rewritten as

p1fi(k) = p2f5(k3)
p1 (fi(kY) = [L(RDET) = pa (fo(k3) — f2(R3)k3) -
The first condition requires the equality of the marginal revenue product
of capital in each activity; the second requires the equality of the marginal

revenue product of labor in each activity.
Dividing the first equation by the second we get

Ak B(ks) "
wi(ky)  wa (K3)’
where wp, (k) = fr(kn) — f1(kn)kn for h = 1,2. Notice that f}(ky) is decreas-

ing in k;, because the marginal product of capital is decreasing and wy, (k) is
increasing in kj, because

wi (k) = fr(kn) — fo(kn) — fi (kn)bon = — £ (k) o, > 0.

This means that the left and right sides of the equation are decreasing in k;
and ko respectively. So the solutions to this equation have the form ky =
¢(k1), where ¢ is increasing.

Definition 7 We say that good 1 is capital intensive (and good 2 is labor
intensive) if, for any pair k¥ and k% satisfying (1) we have ki > kj.

In what follows we always assume that good 1 is capital intensive. Note
that the first-order conditions only involve the capital-labor ratios and that
once the capital labor ratios are determined, the optimal allocation of labor
is determined by the constraint Ak} + (1 — A) k3 = 1. This recursive structure
is crucial for many of the special properties of the 2 x 2 model.
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3.2 Equilibrium

Now we define a competitive equilibrium for this economy. We can ignore
consumers, because their consumption will not affect the prices p = (p1, p2)
and their supply of factors is inelastic. So we only need to find prices at
which the factor markets clear. We assume that each good is produced by a
large number of competitive firms. Since they produce subject to constant
returns to scale, there are no profits to distribute.

An allocation for this economy is a 4-tuple (ki, {1, ko, {s) € Ri where kj,
is the capital-labor ratio of firms producing good h and ¢, is the demand for
labor from firms producing good h. An allocation (ki, ¢1, ks, {5) is attainable

if
2
Z knly = K
h=1
and

2
> =1
h=1

An equilibrium consists of an attainable allocation (kf, (3, k3, ¢3) and factor
prices (w*,r*) for capital and labor, respectively, such that for each good
h =1,2, (k}, ;) maximizes profits

Prfn(kp)le — 77 kply, — w*ly,.

The necessary and sufficient conditions for profit maximization at an interior
solution

thé(ki) =7
and
prfu(kr) — pufn(ki)ky = w,

are the same as the sufficient conditions for efficiency. Hence there is an equiv-
alence between an efficient allocation and an equilibrium. If (£}, k3, \*) is an
interior efficient allocation then we can define an equilibrium { (£}, k3, 61, 03), (w*, 7*) }

by putting ¢§ = \* and 5 = 1 — \* and putting
r* = pify(kp)

and
w* = pufu(kp,) — putfn(k;) K

7



Conversely, if {(k7, k3, 05, €5), (w*, r*)} is an interior equilibrium, then (7, k3, \*)

is an efficient allocation, where \* = /7.

Several classical results of trade theory are easily derived from this frame-
work. The Rybcszynski Theorem states that, assuming that good 1 is
capital intensive and the equilibria are interior, an increase in the endow-
ment of capital will increase the production of the capital-intensive good
(good 1) and reduce the production of the labor-intensive good (good 2).
This follows directly from the fact that, as long as production of both goods
is positive and both factors are used in both sectors, the capital labor ratios
are independent of the endowment of capital. Hence, the only way to absorb
an increase in capital is to increase the production of good 1 and, since this
means increasing the labor applied to good 1, the production of good 2 must
decrease.

The Stolper-Samuelson Theorem states that, assuming that good 1
is capital intensive and the equilibria are interior, an increase in the price
of the capital-intensive good (good 1) will increase the price of the factor
used intensively in that good (capital) and lower the price of the other factor
(labor). An increase in p; will increase the production of good 1 (this follows
from the fact that the production possibility curve is concave towards the
origin, which in turn is implied by the concavity of the technology and the
capital intensity condition). We have seen that any movement along the
efficient production locus will change k] and k3 in the same direction. Thus,
the constraint A"k} 4+ (1 — A\*)k3 = K implies that

Nedkt + (1 — M)k + (K — k) d\* = 0.

Since (kf — k3) d\* > 0 and dk} and dk} have the same sign, we must have
dk} < 0 and dk3 < 0. The factor prices satisfy

(w",77) = pa (wa(k3), f5 (K3)) ,

so w* will fall and r* will increase as k3 decreases.

Finally, if we think of equilibrium in a two-country world, the Factor
Price Equalization Theorem tells us that, assuming interior equilibria
and the factor intensity assumption, the factor prices (w*,r*) must be the
same in every country. Clearly, the product prices p will be equalized by
free international trade. The capital-labor ratio is a function of the product
prices, so as long as both goods are produced in each country, the capital-
labor ratios for each good must be equalized. From the first-order condi-
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tions the factor prices are uniquely determined by the output prices and the
capital-labor ratios, so factor prices are also equalized across countries.

4 Linear models of production

The material in these notes is based on David Gale’s Theory of Linear Eco-
nomic Models, published by the Rand Corporation (1960) and University of
Chicago Press (1989).

4.1 The simple, linear, production model

There are assumed to be m activities and n goods. The linear production
model is represented by an m X n matrix

A =lagl .. -
The real number a;; represents the net output of good j when activity 7 is
operated at unit intensity. A negative number a;; < 0 indicates that good
J is a net input to activity ¢ and a positive number a;; > 0 indicates that
good j is a net output from activity 7. Each activity in the linear production
model can have many inputs and many outputs.

In the simple linear production model each activity has only one
output and there is precisely one activity that produces each good. Clearly,
the number of activities is the same as the number of goods and we can
number the activities so that activity ¢ produces a net output of good 7. It
is convenient to change the notation slightly. Let a;; > 0 be the amount of
good j that is required to produce one unit of good 7 and let

A = [aij],, .,
denote the consumption matrix of the simple linear production model.
If the vector x = (z1,...,2,) > 0 denotes the intensity vector and y =
(Y1, -, Yn) > 0 the bill of goods or net output, then the net output can be
defined by

y=x—-xA=x(I-A).

Definition 8 The consumption matrix A of the simple linear production
model is said to be productive if there exists an intensity vector X > 0 such
that x > XA.



Theorem 9 If the consumption matriz A is productive, then'y = x (I — A)
has a solution x > 0 for anyy > 0.

Lemma 10 If the consumption matrix A is productive and x > XA, then
x > 0.

Proof. If the claim is not true, there exists an intensity vector x > xA such
that z; < 0 for some activity i. But the definition of productivity implies the
existence of an intensity vector such that X > XA > 0. Let

—Zi —1
f = max - = —,
Z:17...77L xl xl

x =x+0% >0,

say. Let

with ) = 0. But

x' = x4+6% > xA + XA

=x'A >0,
SO
ai
By>x| 1 | >0,
an1

a contradiction. m

Corollary 11 If the consumption matriz A is productive then the matrix
I— A has full rank.

Proof. From the lemma,
x(I-A)=0
— x(I-A)=0
—x>0,—x2>0
—x=0.
This implies that (I — A) is invertible. m
The proof of Theorem 9 now follows easily. For any y > 0 Corollary 11

tell us there is a unique x such that x (I — A) = y, and then since y > 0
Lemma 10 tells us that x > 0. This completes the proof.
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Corollary 12 A consumption matriz A is productive if and only if (I — A)f1 >
0.

Proof. The i-th row of (I— A)™" is a vector x; such that x; (I — A) = e;,
where e; = (0,...,0,1,0,...,0) > 0. Then, as we have just seen, x; > 0.

Conversely, (I—A)™" > 0 implies that x=e(I—A)~' > 0, where
e=(1,..,1). Sox(I—A)=-e > 0, which proves that A is productive.
]

Note: The theory can be extended to deal with semi-productive tech-
nologies. A consumption matrix is said to be semi-productive if there exists
an intensity vector X > 0 such that X > XA. Partition the activities into
two sets, those that can support a positive net output (productive activ-
ities) and those than cannot (non-productive activities). Then it can
be shown that if 7 is a productive activity and j is non-productive, a;; = 0.
In other words, the non-producible goods are not needed as inputs to the
producible goods. One can, in a sense, ignore the non-productive activi-
ties (non-producible goods) and apply the theory to the productive activities
(producible goods).

4.2 The Leontief model

The simple linear production model describes the production of commodities
by means of commodities. There are no primary factors of production. The
Leontief model allows for labor inputs in addition to the use of goods as
inputs. More precisely, the simple Leontief model consists of a simple
linear production model, represented by the consumption matrix A, together
with a vector of labor inputs ag = (ayo, ..., ano) > 0. Without essential loss
of generality, we assume the labor supply equal one unit. This is just a
normalization; because of constant returns to scale, an increase in the labor
supply will just increase the scale of production without changing anything
else.

Theorem 13 Suppose that the consumption matrix of the simple Leontief
model is productive. Then there exists a vector p, unique up to a scalar
multiple, such that the profit of each activity is zero.

Proof. The zero-profit condition is equivalent to

(I-A)p=a,.
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Then
p=(I-A)"a; >0,

because (I — A)f1 is non-negative by Corollary 12. =

A general Leontief model satisfies all the properties of the simple
Leontief model, except that for every good j there is a set of activities S;
that can produce good j. An intensity vector x is an element of R’ and
for any intensity vector x the net ouput vector y = (y1, ..., y,) is defined by

putting
Yi = Zﬂfz - Z%’Clzj
1

1€S; i=

for each good j = 1,...,n. A feasible intensity vector x must satisfy

m
E Tia;p < 1,
=1

of course. The set of feasible net output vectors satisfying this feasibility
constraint is denoted by Y and called the net output space.

Theorem 14 (Non-Substitution) If a general Leontief system is produc-
tive, then there exists a set of activities iy, ..., i, wherei; € S; forj=1,...n,
such that the simple Leontief model formed by these activities has the same
output space as the original model.

Let ) denote the set of net outputs y (not necessarily non-negative) such
that for some intensity vector x > 0

m
yj < sz — inaij, for j=1,...,n,
1

iGSj =

and
Xap S 1.

It is clear that ) is convex, closed and non-empty. Since A is productive,
there exists a net output vector y > 0. By scaling if necessary, we can ensure
that ¥ belongs to the boundary of ) and choose the intensity vector X > 0
so that X minimizes the labor input Xa, required to produce ¥.

Claim 15 There exists a price vector p # 0 such that p-y > p -y for any
y €Y.
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The claim follows directly from the Minkowski Lemma.

For each activity ¢ = 1,...,m let y; denote the net ouput vector (not
necessarily non-negative) that is produced by activity ¢ using all the available
labor. That is, for any good j and activity i € S;, define y; by putting

1

= — (1 — ay;
Yij a(ﬁ( aij)

and

Qif; .
yiw = ——, for k # j.
Qo;

Claim 16 For some non-negative numbers 61, ..., 0m

y= Z 0iyi-
=1

In fact, we can choose §; = Z;aq; for each 7 and this proves

m m
E 51 == E T;a0; = )_(ao =1.
=1 i=1

Claim 17 For each activity i = 1,...m, p-y, < p-yandp-y, <p-y
implies §; = 0.

Proof. Consider the problem

max Y ., 8p-y;
st. 0; >0, Vi, and > " 0; =1L

The Kuhn-Tucker conditions for this problem imply that there exists a mul-
tiplier A > 0 such that
fori=1,...,m, and
i (p-y; —A) =0.

The claim follows immediately from the Kuhn-Tucker conditions once we
realize \=p-y. m

As a corollary, we can use the last claim to show that the activities used to
produce y are optimal. Normalize the price vector p so that p-y = 1. Then
foreachi=1,....,m we have p-y, <1 and p -y, < 1 implies d; = 0. This is
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equivalent to saying that, foreach j =1,...,nand¢ € S, p; —p-a;—a; <0
and p; — p-a; — ap < 0 implies §; = 0. That is, at this price vector p the
activities used (J; > 0) are earning zero profits and the loss making activities
are not used (J; = 0).

Claim 18 Without loss of generality, we can choose the numbers 01, ....,0pm,
so that 0; > 0 for exactly n activities.

This is a simple corollary of the well known Caratheodory Theorem. To
prove the claim, notice that all the activities with positive values of ¢; lie in
the hyperplane H defined by

H={y:p-y=p ¥},

which is isomorphic to R"~!. So Caratheodory’s Theorem implies that ¥ is
a convex combination of at most n of the vectors {y;}.

We can select a set of basic activities B = {1, ..., %, } such that ¢; € S; and
let A denote the simple Leontief model consisting of the n basic activities.
Then A is productive (because it can produce y) and hence can produce any
net output y € Y. It remains to show that the amount of labor used is less
than or equal to 1. But this follows from the optimality of each activity.
In fact, if y is produced using the activities in B then the amount of labor
used is p - y. If the same net output vector is produced using the activities
1=1,...,m at intensity x > 0 then the amount of labor used is

n m

inaio > ZP;‘Z%—Z%P'&H:P'Y?
i—1

j=1 €S, i=1

so if y is in the output space of the generalized Leontief model it must be in
the output space of the simple Leontief model.
This completes the proof of the Non-Substitution Theorem.

5 Appendix: Properties of production sets

A production plan or vector is an element y = (yy,...,y,) € R’ where y;,
represents the net output of commodity h. Thus y, < 0 represents a net input
of —y,, units of commodity h to the production process. A production set
Y C R’ is the set of all production vectors that are technologically feasible
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for an economy or a firm. The production set Y is sometimes described by
a transformation function F(-):

Y ={yeR": F(y) <0}.

It is usually assumed that F'(y) = 0 if and only if y belongs to the bound-
ary of Y. Production sets are often assumed to have some of the following
properties:

Y is nonempty. There is at least one feasible vector y € Y.
Y is closed. If ¢ is feasible and y? — y° as ¢ — oo then 3° is also feasible.

No free lunch. There are no inputs without outputs.

Y NRL C {0}
Possibility of inactivity.
0eY.
Free disposal.
Y -R{ CY.

Non-increasing returns to scale.
ay €Y,Vy € Y,Va € [0,1].
Constant returns to scale.
ay € Y,Vy € Y,Va > 0.

Additivity.
y+1y €Y, Vy,y €Y.

Convexity.
ay+ (1—a)y €Y, Yy, € Y,Va € [0,1].
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