
Fkdswhu 6

Erxqghg Udwlrqdolw|

Lq wkh suhylrxv fkdswhu/ zh dsshdohg wr d ydulhw| ri qrwlrqv ri erxqghg udwlr0
qdolw| dqg vlpsolflw| wr wu| wr mxvwli| wkh vshfldo dvvxpswlrqv qhhghg iru wkh
frpshwlwlyh olplw wkhruhp lq Fkdswhu 41 Wkhvh lqfoxghg wkh Pdunry Surs0
huw| ri htxloleuld xvhg wr fkdudfwhul}h wkh htxloleuld ri �qlwh hfrqrplhv dqg
wkh Frqwlqxlw| Sulqflsoh lpsrvhg rq wkh frpshwlwlyh vhtxhqfhv ri htxloleuld1

Li zh wdnh wkh lghd ri erxqghg udwlrqdolw| vhulrxvo|/ krzhyhu/ wkh frp0
soh{lw| ri wkhvh jdphv lv vwloo yhu| ghpdqglqj1 Ixuwkhupruh/ wkh dvvxpswlrq
wkdw wkh djhqwv nqrz qrw rqo| wkhlu rzq htxloleulxp vwudwhjlhv exw wkrvh ri
wkh rwkhu djhqwv/ lv yhu| ghpdqglqj1 Zkhuh gr wkh| jhw wklv lqirupdwlrqB
Vrphwlphv wkh frpprq nqrzohgjh ri htxloleulxp vwudwhjlhv lv lqwhusuhwhg dv
wkh rxwfrph ri d surfhvv ri lqwurvshfwlyh uhdvrqlqj +Elqpruh +4<<3, fdoov wklv
hgxfwlyh uhdvrqlqj,1 Vrphwlphv lw lv wuhdwhg dv wkh rxwfrph ri d surfhvv ri
ohduqlqj e| wuldo dqg huuru1 Fohduo|/ wkh hgxfwlyh dssurdfk grhv qrw uhgxfh
wkh frpsxwdwlrqdo delolw| uhtxluhg ri wkh djhqwv1 Wkh wuldo0dqg0huuru ds0
surdfk pd| gr vr1 Dgdswlyh/ uxoh0ri0wkxpe ehkdylru lv ohvv ghpdqglqj erwk
lqirupdwlrqdoo| dqg frpsxwdwlrqdoo|1 Li lw ohdgv wr htxloleulxp ehkdylru/ lw
pd| surylgh vrph vxssruw iru wkh qrwlrq wkdw erxqghgo| udwlrqdo lqglylgxdov
fdq dftxluh vwudwhjlhv wkdw duh forvh wr htxloleulxp vwudwhjlhv1

Lq wklv fkdswhu/ L suhvhqw dq h{dpsoh ri wklv nlqg ri uxoh0ri0wkxpe ru
dgdswlyh ehkdylru wkdw ohdgv qrw yhu| euljkw djhqwv wr d frpshwlwlyh htxlole0
ulxp1 Wkhuh duh pdq| h{dpsohv ri uxoh0ri0wkxpe ru dgdswlyh ehkdylru lq wkh
hfrqrplfv olwhudwxuh dqg lw lv qrw p| lqwhqwlrq wr uhylhz wkhp doo khuh> d ihz
uhohydqw sdshuv duh phqwlrqhg lq wkh qh{w vhfwlrq1 Rqh ri wkh sureohpv zlwk
wklv nlqg ri prgho ri erxqghgo| udwlrqdo ehkdylru lv wkdw wkhuh duh vr pdq|
srvvlelolwlhv dqg vr ihz dffhswhg prgholqj sulqflsohv1 Wklv lv zk| wkh fkdujh
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ri �dg krfhu|� lv vr riwhq dqg vr mxvwl�deo| dlphg dw wklv nlqg ri wkhrul}lqj1
Wkhuh lv qr d sulrul ghihqvh djdlqvw wkhvh fkdujhv= wkh surri ri wkh sxgglqj
lv lq wkh hdwlqj1 Li wklv dwwhpsw surylghv vrph lqvljkw ru vrph vxusulvhv/ wkhq
lw pd| qrw kdyh ehhq d zdvwh ri wlph1

614 Lplwdwlrq dqg H{shulphqwdwlrq

Wkh prgho wkdw lv wkh irfxv ri wklv fkdswhu lv edvhg rq lghdv wkdw zhuh �uvw
h{soruhg lq d sdshu L zurwh zlwk Urehuw Urvhqwkdo1 Ehiruh ghvfulelqj wkh
prgho/ L ehjlq zlwk d eulhi vxppdu| ri wkh prgho dqg uhvxowv iurp Jdoh dqg
Urvhqwkdo +4<<;,/ khuhdiwhu uhihuuhg wr dv JU1 JU vwxglhv wkh �ohduqlqj�
ehkdylru ri erxqghgo| udwlrqdo djhqwv zkr sod| d vwudwhjlf jdph uhshdwhgo|
ryhu wlph1 Wkh eurdg remhfwlyh ri wklv olqh ri uhvhdufk lv wr vhh zkhwkhu
erxqghgo| udwlrqdo djhqwv fdq ohduq wr sod| wkh htxloleulxp vwudwhjlhv ri wkh
jdph1 Wkh dqvzhu wr wklv txhvwlrq wxuqv rxw wr eh frpsoh{ dqg vxewoh1 Pxfk
ri wkh lqwhuhvw ri wkh sdshu olhv lq wkh frpsoh{ g|qdplfv wkdw duh jhqhudwhg
e| dssduhqwo| vlpsoh ehkdylrudo uxohv1

Wkh JU prgho fdq eh vhhq dv dq dssolfdwlrq ri erxqghg udwlrqdolw| wr
vrfldo ohduqlqj1 Wkh surfhvv ri ohduqlqj wr sod| wklv jdph lv �vrfldo� lq wzr
vhqvhv1 Iluvw/ ehfdxvh ri vwudwhjlf lqwhudfwlrq wkurxjk wkh jdph/ rqh djhqw*v
ohduqlqj +dgdswdwlrq, d�hfwv wkh ohduqlqj ri wkh rwkhuv1 Vhfrqgo|/ djhqwv fdq
ohduq iurp hdfk rwkhu e| lplwdwlqj wkh ehkdylru wkdw wkh| revhuyh lq wkh uhvw
ri wkh srsxodwlrq1

Wkh vrfldo dvshfw ri ohduqlqj udlvhv d qxpehu ri zhoo nqrzq h!flhqf|
lvvxhv1 Rqh ri wkhvh lv wkh iuhh0ulghu sureohp dvvrfldwhg zlwk lqirupdwlrqdo
h{whuqdolwlhv +Fkdpoh| dqg Jdoh +4<<7, dqg Fdsolq dqg Ohdk| +4<<7,,1 Lq
prghov ri dv|pphwulf lqirupdwlrq/ dq djhqw*v dfwlrqv uhyhdo klv sulydwh lqiru0
pdwlrq1 Ehfdxvh wkh djhqw lv rqo| frqfhuqhg zlwk klv rzq sd|r�/ kh ljqruhv
wkh ydoxh ri wklv lqirupdwlrq wr rwkhu djhqwv1 Wklv h{whuqdolw| w|slfdoo| ohdgv
wr lqh!flhqw ghflvlrqv= lq htxloleulxp/ hlwkhu wrr olwwoh lqirupdwlrq lv uhyhdohg
ru lw lv uhyhdohg wrr vorzo|1

Dqrwkhu dvshfw ri vrfldo ohduqlqj wkdw kdv dwwudfwhg d orw ri dwwhqwlrq lv
wkh skhqrphqrq ri khug ehkdylru1 Lq vrph prghov ri khug ehkdylru/ +h1j1/
Edqhumhh +4<<5, dqg Elnkfkdqgdql/ Kluvkohlihu dqg Zhofk +4<<5,,/ djhqwv
ljqruh wkhlu rzq lqirupdwlrq dqg edvh wkhlu ghflvlrqv rq wkh sxeolf lqirupd0
wlrq uhyhdohg e| wkh dfwlrqv ri wkhlu suhghfhvvruv1 Wklv lqirupdwlrq pd| eh
lqfruuhfw/ lq zklfk fdvh wkh ghflvlrqv edvhg rq lw zloo eh lqh!flhqw1 Pruh
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lpsruwdqwo|/ wkh djhqwv zkr ghflgh wr mrlq wkh khug duh vxssuhvvlqj wkhlu
rzq lqirupdwlrq1 Ehfdxvh wkhlu dfwlrqv duh lqghshqghqw ri wkhlu rzq lqiru0
pdwlrq/ wkh| gr qrw uhyhdo wkhlu sulydwh lqirupdwlrq1 Wkh uhvxow pd| eh
wkdw rqo| d vpdoo iudfwlrq ri wkh lqirupdwlrq dydlodeoh wr wkh djhqwv dv d
jurxs hyhu ehfrphv frpprq nqrzohgjh1 Hyhq lq prghov zkhuh djhqwv qhyhu
ljqruh wkhlu rzq lqirupdwlrq frpsohwho|/ lw fdq eh vkrzq wkdw xqghu fhu0
wdlq flufxpvwdqfhv wkhuh lv dozd|v d srvlwlyh suredelolw| wkdw djhqwv khug rq
wkh lqfruuhfw fkrlfh +Vplwk dqg Vruhqvhq +4<<9,,1 Lq prghov zlwk hqgrjh0
qrxv wlplqj +Fkdpoh| dqg Jdoh +4<<7,/ dqg Jxo dqg Oxqgkrop +4<<5,,/ wkh
lqh!flhqf| ri vrfldo ohduqlqj fdq wdnh wkh irup ri ghod| udwkhu wkdq khug
ehkdylru1

Wkh olwhudwxuh rq vrfldo ohduqlqj dqg khug ehkdylru lv �upo| lq wkh wudgl0
wlrq ri udwlrqdo/ Ed|hvldq/ pd{lpl}lqj ehkdylru +zlwk vrph h{fhswlrqv/ h1j1/
Hoolvrq dqg Ixghqehuj +4<<6/ 4<<8,,1 Lq d prgho ri erxqghg udwlrqdolw|/
wkhuh lv qr h{solflw ghflvlrq wr eh d iuhh ulghu ru wr mrlq d khug1 Wkh ehkdylru
uxohv ri wkh djhqwv duh dvvljqhg h{rjhqrxvo|1 Krzhyhu/ iuhh ulglqj dqg khug
ehkdylru gr kdyh dq dqrorjxh lq wkh lplwdwlyh ehkdylru wkdw lv fuxfldo wr wkh
g|qdplfv ri wkh JU prgho1

Wkh JUprgho irfxvhv rq wzr w|shv ri ehkdylru/ lplwdwlrq dqg h{shulphq0
wdwlrq1 Lplwlwdwruv frs| zkdw wkh| vhh rwkhu djhqwv grlqj1 H{shulphqwhuv
wu| qhz vwudwhjlhv udqgrpo| dqg shuvlvw zlwk wkh vwudwhjlhv wkdw gr ehvw1
Zkloh d vhqvleoh djhqw pljkw hqjdjh lq erwk h{shulphqwdwlrq dqg lplwdwlrq/
JU vlpsol�hv e| dvvxplqj wkdw hdfk djhqw vshfldol}hv lq h{dfwo| rqh ri wkhvh
dfwlylwlhv1 Lq d ixuwkhu vlpsol�fdwlrq/ JU dvvxphv wkdw wkhuh lv rqo| rqh
h{shulphqwhu dqg wkdw wkh uhvw ri wkh djhqwv duh lplwdwruv1

Wkhuh lv d odujh olwhudwxuh ghdolqj zlwk rswlpdo h{shulphqwdwlrq1 Vrph/
vxfk dv Edqnv dqg Vxqgdudp +4<<5, dqg Erowrq dqg Kduulv +4<<;,/ duh prg0
hov ri udwlrqdo ohduqlqj/ udwkhu wkdq uxoh0ri0wkxpe ohduqlqj/ dqg wkh| dv0
vxph wkdw wkh xqghuo|lqj hqylurqphqw lv vwdwlrqdu|1 Rwkhuv/ vxfk dv Djklrq/
Erowrq dqg Kduulv +4<<4,/ duh forvhu lq vslulw wr wkh udqgrp h{shulphqwhu lq
wkh JU prgho1 Wkh prwlydwlrq jlyhq e| JU iru dvvxplqj udqgrp vhdufk lv
wkdw djhqwv kdyh yhu| olwwoh lqirupdwlrq derxw wkh hqylurqphqw lq zklfk wkh|
duh rshudwlqj dqg kdyh yhu| olplwhg delolw| wr surfhvv wkh lqirupdwlrq wkh| gr
kdyh1 Lq wkdw vlwxdwlrq/ wkh ohdvw ghpdqglqj vwudwhj| lv wr vhdufk udqgrpo|1
Wkh idfw wkdw vhdufk lv udqgrp wxuqv rxw wr kdyh lpsruwdqw lpsolfdwlrqv iru
wkh g|qdplfv ri wkh prgho/ dv zh vkdoo vhh1

Dqrwkhu lpsruwdqw ihdwxuh ri wkh prgho lv wkdw wkh vhdufk iru d ehwwhu
vwudwhj| jrhv rq lqgh�qlwho|1 Lq prvw prghov ri ohduqlqj/ wkhuh lv d vlqjoh
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�{hg sdudphwhu wkdw djhqwv wu| wr hvwlpdwh1 Dv wlph sdvvhv/ wkh djhqwv*
eholhiv frqyhujh wr wkh wuxh ydoxh ri wklv sdudphwhu/ wkhlu hvwlpdwhv ehfrph
lqvhqvlwlyh wr qhz lqirupdwlrq/ dqg h{shulphqwdwlrq glhv rxw1 Wklv lv wuxh ri
wkh olwhudwxuh rq ohduqlqj lq jdphv/ iru h{dpsoh/ lqfoxglqj prghov ri �fwlwlrxv
sod| dqg Ed|hvldq ohduqlqj +Ixghqehuj dqg Nuhsv +4<<6,/ Mrugdq +4<<6,/
Ndodl dqg Ohkuhu +4<<6d/e,/ Nulvkqd dqg Vmrvwurp +4<<8,/ Pdulprq +4<<8,/
dqg Ehqdlp dqg Kluvfk +4<<9,,1 Wkh JU prgho/ e| frqwudvw/ dvvxphv wkdw
h{shulphqwdwlrq frqwlqxhv lqgh�qlwho|1

Wkh lqwhuhvw lq wkh fdvh ri shupdqhqw h{shulphqwdwlrq frphv iurp wkh
revhuydwlrq wkdw zh olyh lq d qrq0vwdwlrqdu| hqylurqphqw1 Zkhq wkh hq0
ylurqphqw lv frqvwdqwo| fkdqjlqj/ rqh fdq qhyhu dvvxph wkdw rqh lv forvh
wr wkh htxloleulxp ru wkdw h{shulphqwdwlrq fdq vwrs1 Prghov ri �fwlwlrxv
sod|/ Ed|hvldq ohduqlqj/ dqg dgdswlyh ohduqlqj dvvxph erwk d vwdwlrqdu| hq0
ylurqphqw dqg wkdw djhqwv sodfh ohvv dqg ohvv zhljkw rq uhfhqw h{shulhqfh dv
wlph sdvvhv1 Vxfk lqfuhdvlqj lqhuwld lv hvvhqwldo wr jxdudqwhh frqyhujhqfh1 Lw
pdnhv vhqvh lq d vwdwlrqdu| hqylurqphqw/ zkhuh lqglylgxdo ehkdylru fdq lq
sulqflsoh frqyhujh wr dq htxloleulxp dqg eholhiv fdq frqyhujh wr wkh wuxwk1
Lq d zruog wkdw lv frqvwdqwo| fkdqjlqj/ djhqwv kdyh qr uhdvrq wr dvvxph wkdw
wkh| kdyh uhdfkhg d shupdqhqw vwdwh ri htxloleulxp1 Frqvhtxhqwo|/ wkh| gr
kdyh uhdvrq wr frqwlqxh wr h{shulphqw dqg wr jlyh vljql�fdqw zhljkw wr uhfhqw
h{shulhqfh1 Dowkrxjk JU vwxglhv d vwdwlrqdu| hqylurqphqw lq rughu wr re0
wdlq fohdq dqg wudqvsduhqw uhvxowv/ wkh prgho lv prwlydwhg e| wkh dvvxpswlrq
wkdw djhqwv dozd|v kdyh vrphwklqj wr ohduq1

Lq hdfk shulrg/ wkh lplwdwruv revhuyh wkhlu rzq dfwlrqv dqg wkh dfwlrqv ri
wkh rwkhu djhqwv1 Wkhq wkh| dgmxvw wkhlu dfwlrqv d frqvwdqw iudfwlrq b ri wkh
glvwdqfh ehwzhhq wkhlu suhylrxv dfwlrqv dqg wkh dyhudjh dfwlrq ri wkh rwkhu
djhqwv1 Vlqfh lw lv rqo| wkh dyhudjh ri wkh lplwdwruv* dfwlrqv wkdw pdwwhuv dqg
wkhlu ghflvlrq uxoh lv olqhdu/ wkhuh lv qr orvv ri jhqhudolw| lq uhsodflqj wkhp
zlwk d uhsuhvhqwdwlyh djhqw1

Dw hdfk gdwh | ' �c 2c ��� wkh djhqwv sod| d v|pphwulf qrupdo0irup jdph1
Wkh| duh doo dvxpphg wr kdyh wkh vdph sd|r� ixqfwlrq/ exw rqo| wkh h{shul0
phqwhu pdnhv xvh ri wkh sd|r� wr xsgdwh klv dfwlrq1 Li ^ lv wkh dfwlrq fkrvhq
e| wkh h{shulphqwhu dqg 7̂ lv wkh dyhudjh dfwlrq ri wkh lplwdwruv/ wkhq wkh
h{shulphqwhu*v sd|r� lv

�E^ ��^�2c

� lv wkh vorsh ri hdfk sod|hu*v ehvw0uhvsrqvh olqh1 Zkhq � 	 f/ djhqwv*
dfwlrqv duh vwudwhjlf vxevwlwxwhv/ dv lq wkh vwdqgdug Frxuqrw prgho> zkhq
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� : f/ dfwlrqv duh vwudwhjlf frpsohphqwv1 Zkhq � 9' �c wkh jdph kdv d
xqltxh v|pphwulf htxloleulxp/ lq zklfk doo djhqwv fkrrvh ^ ' f1

Fohduo|/ li wkh lplwdwruv fkrrvh 7̂/ wkh ehvw uhvsrqvh lv � 7̂1 Ehfdxvh ri
wkh txdgudwlf irup ri wkh sd|r� ixqfwlrq/ d vwudwhj| lv ehwwhu iru wkh h{shu0
lphqwhu li dqg rqo| li lw lv forvhu wr wkh ehvw uhvsrqvh � 7̂ wkdq klv fxuuhqw
vwudwhj| ^1 Wkh h{shulphqwhu vhdufkhv udqgrpo| iru d ehwwhu vwudwhj|1 Li wkh
h{shulphqwhu fkrvh d vwudwhj| ^|3� odvw shulrg/ wkhq kh �whvwv� d qhz vwudwhj|
wkdw lv xqlirupo| glvwulexwhg rq wkh lqwhuydo d^|3���c ^|3�n�o1 Qrwh wkdw wklv
lqwhuydo lv fhqwhuhg rq odvw shulrg*v dfwlrq dqg wkdw lwv vl}h grhv qrw fkdqjh
ryhu wlph1 Li wkh udqgrpo| gudzq vwudwhj| idoov lq wkh ehwwhu0uhvsrqvh vhw
wkhq kh dgrswv lw dv ^|1 Rwkhuzlvh/ kh sxwv ^| ' ^|3�1

Ghqrwh e| f| wkh h{shulphqwhu*v dfwlrq dw | dqg e| t| wkh dyhudjh ri
wkh lplwdwruv* dfwlrqv dw |1 Wkhq/ xqghu wkh ehkdylrudo uxohv vshfl�hg deryh/
iru dq| lqlwldo frqglwlrq E%fc +f� wkhvh ehkdylrudo uxohv gh�qh d Pdunry fkdlq
iEf|c t|�j kdylqj vwdwh vsdfh +21

Wklv prgho kdv d qxpehu ri lqwhuhvwlqj g|qdplf surshuwlhv1

� Iluvw/ dvvxplqj � 	 �/ lw lv vwdeoh lq wkh odujh1 Wklv phdqv wkdw iurp
dq| lqlwldo vwdwh E%fc +f� wkh fkdlq frqyhujhv zlwk suredelolw| rqh wr d
frpsdfw qhljkerukrrg ri wkh ruljlq1

� Vhfrqgo|/ iru wkh fdvh ri vwudwhjlf vxevwlwxwhv +� qhjdwlyh dqg vx!0
flhqwo| odujh lq devroxwh ydoxh, wkh v|pphwulf htxloleulxp lv xqvwdeoh
lq wkh vpdoo1 Wklv phdqv wkdw iru dq| vx!flhqwo| vpdoo qhljkerukrrg
ri wkh ruljlq dqg dq| lqlwldo frqglwlrq E%fc +f� lq wkdw qhljkerukrrg
+%f 9' f,/ wkh fkdlq ohdyhv wkh qhljkerukrrg zlwk suredelolw| rqh1

� Ilqdoo|/ iru wkh fdvh ri vwudwhjlf vxevwlwxwhv +� qhjdwlyh dqg vx!flhqwo|
odujh lq devroxwh ydoxh,/ lw lv qrw wrr xqvwdeoh1 Wklv phdqv wkdw/ iru dq|
qhljkerukrrg ri wkh htxloleulxp/ krzhyhu vpdoo/ wkh suredelolw| ri wkh
fkdlq ehlqj lq wkh jlyhq qhljkerukrrg dw gdwh | frqyhujhv wr rqh dv |
dssurdfkhv 41

Dw wkh pdfurvfrslf ohyho/ vwdelolw| lq wkh odujh whoov xv wkdw wkhvh dgdswlyh
uxohv gr zrun/ e| eulqjlqj wkh djhqwv* dfwlrqv wr d frpsdfw qhljkerukrrg ri
wkh htxloleulxp zkhuh wkh| duh dssur{lpdwho| rswlpdo1 Rq wkh rwkhu kdqg/ dw
wkh plfurvfrslf ohyho/ lqvwdelolw| lq wkh vpdoo whoov xv wkdw wkh djhqwv fdq qhyhu
ohduq wkh htxloleulxp vwudwhjlhv h{dfwo|1 Wkhlu dfwlrqv  xfwxdwh shupdqhqwo|
durxqg wkh htxloleulxp ohyhov1 Krz odujh wkhvh  xfwxdwlrqv duh ghshqgv rq
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wkh sdudphwhuv b dqg � dqg wkh vl}h ri wkh vhdufk zlqgrz +khuh qrupdol}hg
wr wzr,1

Wkh wklug uhvxow lv sx}}olqj/ vlqfh lw dsshduv wr frqwudglfw wkh vhfrqg1
Wkh wzr uhvxowv fdq eh uhfrqflohg/ exw wkh h{sodqdwlrq ghshqgv rq dqrwkhu
ihdwxuh ri wkh prgho/ qdpho|/ wkdw wkh fkdlq iEf|c t|�j lv qxoo uhfxuuhqw1
Dowkrxjk wkh fkdlq ohdyhv vx!flhqwo| vpdoo qhljkerukrrgv ri wkh ruljlq zlwk
suredelolw| rqh/ wkh h{shfwhg wlph wklv wdnhv lv lq�qlwh1 Wkh uhdvrq lv wkdw iru
vwdwhv E%c +� yhu| forvh wr wkh ruljlq wkh ehwwhu0uhvsrqvh vhw lv yhu| vpdoo1 Lw lv
kdug wr �qg d ehwwhu uhvsrqvh dqg/ dv d uhvxow/ wkh fkdlq fkdqjhv yhu| vorzo|1
Li dq hfrqrphwulfldq orrnhg dw wkh furvv0vhfwlrqdo iuhtxhqf| glvwulexwlrq ri
d vhw ri vdpsoh sdwkv/ kh pljkw frqfoxgh wkdw wkh surfhvv zdv frqyhujlqj1
Wklv lv d uhvxow ri wkh idfw wkdw doprvw hyhu| sdwk rffdvlrqdoo| frphv forvh wr
wkh ruljlq dqg wkhq wdnhv d yhu| orqj wlph wr jhw dzd|1 Li wkh vdph revhuyhu
orrnhg dw d vlqjoh vdpsoh sdwk/ kh pljkw frph wr d yhu| gl�huhqw frqfoxvlrq1

Qxoo uhfxuuhqfh lv d vwudqjh surshuw|= lw vhhpv wr olh ehwzhhq frqyhujhqfh
dqg lqvwdelolw|1 Lw ghshqgv rq wkh idfw wkdw forvh wr wkh htxloleulxp qrwklqj
pxfk kdsshqv prvw ri wkh wlph/ dowkrxjk zkhq vrphwklqj grhv kdsshq wkh
uhvxow lv �xqvwdeoh�1 Wr whvw wkh urexvwqhvv ri wkh qxoo uhfxuuhqfh uhvxow/ JU
vwxglhv d yhuvlrq ri wkh jdph zlwk vpdoo udqgrp shuwxuedwlrqv wr wkh sd|r�v1
Wkh sd|r� ixqfwlrq ri wkh h{shulphqwhu lq wkh shuwxuehg jdph lv

�E^| ��^| � 0|�
2

iru hyhu| |c zkhuh i0|j lv dq l1l1g1 vhtxhqfh wkdw wdnhv wkh ydoxhv 0 dqg
�0 zlwk suredelolw| �*2 hdfk1 Wkh vkrfn 0| vlpso| vkliwv wkh ehvw uhvsrqvh
ixqfwlrq xs ru grzq e| d vpdoo dprxqw1 Iru vpdoo ydoxhv ri 0 wkh ehkdylru
ri wkh uhvxowlqj fkdlq lv vlplodu wr wkdw ri wkh xqshuwxuehg fkdlq1 Vwdelolw|
lq wkh odujh dqg lqvwdelolw| lq wkh vpdoo frqwlqxh wr krog lq wkh shuwxuehg
prgho/ exw wkh qrw0wrr0xqvwdeoh uhvxow fkdqjhv1 Wkh orqj0uxq ehkdylru ri
wkh fkdlq lv ghvfulehg e| d qrq0ghjhqhudwh lqyduldqw suredelolw| phdvxuh
dqg wkh suredelolw| glvwulexwlrq ri vwdwhv dw gdwh | frqyhujhv wr wkh lqyduldqw
glvwulexwlrq dv | $ 41

Wzr surshuwlhv ri wkh prgho duh fuxfldo iru wkhvh uhvxowv= wkh suhvhqfh ri
vwudwhjlf vxevwlwxwhv dqg wkh qrq0ydqlvklqj vl}h ri wkh vhdufk zlqgrz1 Wr jhw
d ehwwhu vhqvh ri wkh lpsruwdqfh ri vwudwhjlf vxevwlwxwhv/ JU dovr vwxglhv wkh
+xqshuwxuehg, prgho xqghu wkh dvvxpswlrq wkdw wkh jdph h{klelwv vwudwhjlf
frpsohphqwv1 Pruh suhflvho|/ wkh| dvvxph wkdw f 	 � 	 �/ vr wkh vwudwhjlf
frpsohphqwv duh �qrw wrr vwurqj1� Xqghu wklv dvvxpswlrq wkh v|pphwulf
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htxloleulxp lv vkrzq wr eh vwdeoh lq d vwurqj vhqvh= iru dq| lqlwldo frqglwlrq
E%fc +f� wkh fkdlq frqyhujhv wr wkh ruljlq zlwk suredelolw| rqh1

Wr h{dplqh wkh uroh ri wkh qrq0ydqlvklqj zlqgrz vl}h/ JU h{whqg wkh
edvh0fdvh prgho wr doorz iru h{rjhqrxvo| vkulqnlqj vhdufk zlqgrzv1 Irupdoo|/
wkh| dvvxph wkdw wkh h{shulphqwhu fkrrvhv d vwudwhj| udqgrpo| iurp wkh
lqwhuydo d%|3� � _|c %|3� n _|o/ zkhuh _| : f/ iru hyhu| |1 Khuh djdlq wkh| �qg
wkdw wkh htxloleulxp lv vwdeoh lq wkh vdph vwurqj vhqvh zkhq wkh vl}h ri wkh
vhdufk zlqgrz frqyhujhv wr f dv orqj dv lw grhv qrw frqyhujh wrr idvw1 Pruh
suhflvho|/ li

*�4
|<"

_| ' f dqg *�4
A<"

"[
|'�

_| ' 4

wkhq iru dq| lqlwldo frqglwlrq E%fc +f� wkh fkdlq frqyhujhv wr f zlwk suredelolw|
rqh1 Wklv uhvxow krogv zkhqhyhu � 	 �1

Zkdw kdyh zh ohduqhg iurp wkhvh h{huflvhvB

� Wkh �uvw ohvvrq lv wkdw wkh lqwhudfwlrq ri wzr vlpsoh w|shv ri ehkdylrudo
dgdswdwlrq fdq surgxfh hqgrjhqrxv f|fohv1 Wklv pd| wxuq rxw wr eh d
xvhixo zd| ri orrnlqj dw fhuwdlq nlqgv ri pdfurhfrqrplf  xfwxdwlrqv1

� D vhfrqg ohvvrq frqfhuqv wkh urohv ri vwudwhjlf frpsohphqwv dqg vxe0
vwlwxwhv1 Wkhuh kdv ehhq d orw ri lqwhuhvw lq xvlqj prghov zlwk vwudwhjlf
frpsohphqwv wr h{sodlq wkh vhyhulw| ri pdfurhfrqrplf  xfwxdwlrqv1 Lq
vxfk prghov li lqglylgxdo dfwlylw| ohyhov duh vwudwhjlf frpsohphqwv/ hdfk
djhqw*v ehvw uhvsrqvh lv dq lqfuhdvlqj ixqfwlrq ri wkh dfwlylw| ohyhov ri
wkh rwkhuv1 Li dq djhqw lqfuhdvhv klv dfwlylw| ehfdxvh ri dq h{rjhqrxv
vkrfn/ wkh rwkhuv zloo lqfuhdvh wkhlu dfwlrqv wrr1 Lq wklv zd|/ vwudwhjlf
frpsohphqwdulw| pdjql�hv wkh h�hfw ri wkh lqlwdo vkrfn wr wkh hfrqrp|1
Rqh ri wkh lqwhuhvwlqj ihdwxuhv ri rxu prgho lv wkdw vwudwhjlf vxevwlwxwhv
duh qhfhvvdu| iru orfdo lqvwdelolw|/ zkhuhdv zlwk vwudwhjlf frpsohphqwv
wkh prgho lv yhu| vwdeoh1

� D wklug ohvvrq lv wkdw wkh f|fohv lq wkh prghov zlwk vwudwhjlf vxevwlwxwhv
kdyh d kljko| vwuxfwxuhg frpsoh{lw| wkdw grhv qrw dsshdu lq rwkhu
prghov lq wkh olwhudwxuh1 Iru h{dpsoh/ lq vlpxodwlrqv zh �qg wkdw
wkh dpsolwxgh ri wkhvh f|fohv ydulhv ryhu wlph/ vrphwlphv ehlqj yhu|
gdpshg dqg wkhq jurzlqj djdlq> exw wkhvh yduldwlrqv duh uhjxodu lq
wkh vhqvh wkdw wkh dyhudjh dpsolwxgh ri vxffhvvlyh f|fohv lv srvlwlyho|
fruuhodwhg1
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� D irxuwk ohvvrq frqfhuqv wkh uroh ri h{shulphqwdwlrq1 Wkh udqgrpqhvv
lq wkh h{shulphqwhu*v ehkdylru lv hvvhqwldo wr jhqhudwh wkh fkdqjlqj uho0
dwlyh udwhv ri dgdswdwlrq +ehwzhhq h{shulphqwhuv dqg lplwdwruv, wkdw
gulyh wkh g|qdplfv1 Zkhq wkh fkdlq lv forvh wr wkh htxloleulxp/ wkh
h{shulphqwhu uduho| �qgv d ehwwhu vwudwhj| wkdq wkh rqh wkdw kh lv fxu0
uhqwo| xvlqj1 Zkhq wkh fkdlq lv idu iurp wkh htxloleulxp/ kh �qgv d ehw0
whu vwudwhj| uhodwlyho| iuhtxhqwo|1 Wkxv/ dgdswdwlrq lv idvwhu ru vorzhu
iru wkh h{shulphqwhu ghshqglqj rq wkh ghjuhh ri glvhtxloleulxp lq wkh
v|vwhp1 Wkh lplwdwruv/ rq wkh rwkhu kdqg/ duh frqvwdqwo| dgmxvwlqj
wkhlu dfwlrqv wrzdug wkh dyhudjh dfwlrq +khqfh/ rq dyhudjh/ wrzdug wkh
h{shulphqwhu*v dfwlrq, dw d frqvwdqw sursruwlrqdwh udwh1 Wklv phdqv
wkdw wkh uhodwlyh vshhgv ri dgmxvwphqw iru h{shulphqwhu dqg lplwdwruv
ydu|/ ghshqglqj rq wkh glvwdqfh iurp htxloleulxp> dqg wkdw h{sodlqv
krz wkh prgho fdq eh vwdeoh lq wkh odujh exw xqvwdeoh lq wkh vpdoo1 Lw
dovr dffrxqwv iru wkh idfw wkdw wkh v|vwhp fdq vshqg orqj shulrgv forvh
wr wkh htxloleulxp/ wkhq f|foh dzd| lq dq lqfuhdvlqj ruelw iru d orqj
shulrg/ dqg wkhq dssurdfk wkh htxloleulxp djdlq1

Lq wkh uhvw ri wklv fkdswhu/ L suhvhqw d vlpsoh prgho ri erxqghgo| udwlrqdo
ehkdylru lq wkh frqwh{w ri d pdunhw iru d vlqjoh jrrg1 Wkh hvvhqwldo lghd
lv wr dvvxph wkdw djhqwv vhdufk dw udqgrp iru d ehwwhu vwudwhj|/ zkhuh d
vwudwhj| lv d olplw sulfh dw zklfk wkh djhqw lv zloolqj wr wudgh wkh jrrg1 Wkh
prwlydwlrq iru udqgrp vhdufk lv wkh vdph dv lq wkh JU sdshu= lq wkh �uvw
sodfh/ li djhqwv nqhz h{dfwo| zkhuh wr orrn iru d ehwwhu vwudwhj|/ wkh| zrxog
qrw eh ohduqlqj dw doo> vhfrqgo|/ erxqghgo| udwlrqdo djhqwv fdqqrw pdvwhu
wkh frpsxwdwlrqdo frpsoh{lw| ri Ed|hvldq ohduqlqj1 Vr/ zh duh ohiw zlwk wkh
dvvxpswlrq wkdw wkh| vhdufk udqgrpo| iru ehwwhu vwudwhjlhv1 Lq wklv yhuvlrq ri
wkh prgho/ wkhuh lv qr uroh iru lplwdwlyh ehkdylru/ wkrxjk lplwdwlyh ehkdylru
fdq hdvlo| eh lqwurgxfhg1

615 D Ehkdylrudo Prgho ri Frpshwlwlrq

61514 Wkh Pdunhw

Wkhuh lv d vlqjoh lqglylvleoh frpprglw|/ fdoohg �wkh jrrg�/ wkdw fdq eh h{0
fkdqjhg lq lqwhjhu dprxqwv dqg wkhuh lv d glylvleoh qxphudluh frpprglw|/
fdoohg �prqh|�1 Wudghuv duh glylghg lqwr ex|huv dqg vhoohuv1 Wkhuh duh �
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vhoohuv lqgh{hg e| � ' �c ���c � dqg � ex|huv lqgh{hg e| � ' �c ���c � 1 Wkhuh
lv qr orvv ri jhqhudolw| lq dvvxplqj htxdo qxpehuv ri ex|huv dqg vhoohuv/ vlqfh
dq djhqw zlwk dq h{wuhph ydoxdwlrq lv h�hfwlyho| qrw d sduwlflsdqw lq wkh
pdunhw1

Suhihuhqfhv duh txdvl0olqhdu dqg hdfk djhqw zdqwv wr ex| ru vhoo dw prvw
rqh xqlw ri wkh jrrg1 Wklv phdqv wkdw hdfk djhqwv* suhihuhqfhv fdq eh sdud0
phwhul}hg lq whupv ri wkhlu ydoxdwlrq ri rqh xqlw ri wkh jrrg1 Wkh ydoxdwlrq
ri vhoohu � lv ghqrwhg e| �� dqg wkh ydoxdwlrq ri ex|hu � lv ghqrwhg e| ��1 Li
d vhoohu � kdv %� xqlwv ri wkh jrrg dqg 6� xqlwv ri prqh|/ klv xwlolw| lv

L�E%�c 6�� ' ��%� n6��

Vlploduo|/ wkh xwlolw| ri d ex|hu zlwk +� ri wkh jrrg dqg 6� xqlwv ri prqh| lv

L�E+�c6�� ' ��+� n6��

Lq sudfwlfh/ wkh txdvl0olqhdulw| ri wkh xwlolw| ixqfwlrq doorzv xv wr qrupdol}h
lqlwldo kroglqjv ri wkh jrrg dqg prqh| wr }hur dqg khqfhiruwk frqgxfw wkh
dqdo|vlv lq whupv ri vxusoxv ru �jdlqv iurp wudgh�1 +Iru dqdo|wlfdo vlpsolf0
lw| zh ljqruh wkh qrq0qhjdwlylw| frqvwudlqwv rq txdqwlwlhv ri wkh jrrg dqg
prqh|,1 Li vhoohu � h{fkdqjhv rqh xqlw ri wkh jrrg iru R xqlwv ri prqh|/ klv
vxusoxv lv R���1 Vlploduo|/ li ex|hu � rewdlqv rqh xqlw ri wkh jrrg iru R xqlwv
ri prqh|/ klv jdlq iurp wudgh lv �� � R1 Lq wklv qrwdwlrq/ zh fdq sxw

L�E�%�c R� ' ER� ���%�

dqg
L�E+�c�R� ' E�� � R�+�c

zkhuh %�c +� 5 ifc �j1
Wkh sulplwlyh gdwd ri wkh pdunhw/ wkhq/ duh wkh vl}h ri wkh pdunhw/ � /

dqg wkh ydoxdwlrqv � ' E��c ���c ��� dqg � ' E��c ���c ��� ri wkh vhoohuv dqg
ex|huv/ uhvshfwlyho|1 Wkh djhqwv duh rughuhg vr wkdw f 	 �� 	 �2 	 ��� 	 ��
dqg �� : �2 : ��� : �� : f1 Zh dovr dvvxph wkdw qr ex|hu dqg qr vhoohu
kdyh wkh vdph ydoxdwlrq=

�� 9' ��c ;�c � ' �c ���c ��

Wkh dvvxpswlrq wkdw qr wzr djhqwv kdyh wkh vdph ydoxdwlrq vlpso| uxohv rxw
lqfrqyhqlhqw wlhv1 Wkh dvvxpswlrq lv vdwlv�hg jhqhulfdoo| lq wkh vhqvh wkdw li
wkh pdunhw gdwd E�c �c �� zhuh fkrvhq dw udqgrp/ wkh suredelolw| ri ylrodwlqj
wkhvh dvvxpswlrqv zrxog eh }hur1
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61515 Pdunhw0Fohdulqj Sulfhv

Iru dq| pdunhw gdwd/ E�c �c ��/ zh kdyh wr glvwlqjxlvk irxu srvvleoh frq�j0
xudwlrqv ri ydoxdwlrqv1 Wkh pdujlqdo vhoohu +uhvs1 pdujlqdo ex|hu, lv wkh
kljkhvw ydoxdwlrq vhoohu +uhvs1 orzhvw ydoxdwlrq ex|hu, zkr jhwv wr wudgh lq
d frpshwlwlyh htxloleulxp1 Wkh lqgh{ ri wkh pdujlqdo djhqw/ zklfk lv wkh
vdph iru vhoohuv dqg iru ex|huv/ ri frxuvh/ lv ghqrwhg e| 6 dqg gh�qhg e|
wkh frqglwlrqv wkdw

�6 	 �6 dqg �6n� : �6n��

Wkh vhoohuv � ' �c ���c 6 +uhvs1 ex|huv � ' �c ���c 6, zkr wudgh lq d frpshwlwlyh
htxloleulxp duh fdoohg lqiud0pdujlqdo1

Ehfdxvh ri wkh glvfuhwhqhvv ri ghpdqg dqg vxsso| +hdfk djhqw zdqwv wr
wudgh }hur ru rqh xqlwv,/ wkhuh h{lvwv d qrq0ghjhqhudwh lqwhuydo ri pdunhw0
fohdulqj sulfhv wkdw htxdwh ghpdqg dqg vxsso|1 Iru dq|pdunhw gdwd E�c �c ��/
h{dfwo| rqh ri wkh iroorzlqj irxu frq�jxudwlrqv lv +jhqhulfdoo|, srvvleoh=

E���� �6 	 �6n� 	 �6n� 	 �6
E�� ���� �6n� 	 �6 	 �6 	 �6n�

E�� ��� �6n� 	 �6 	 �6n� 	 �6
E��� �� �6 	 �6n� 	 �6 	 �6n��

Lq hdfk fdvh/ wkhuh lv d gl�huhqw vhw ri pdunhw0fohdulqj sulfhv1 Rqo| wkh �uvw
6 djhqwv rq hdfk vlgh ri wkh pdunhw fdq wudgh vr wkh sulfh pxvw eh ohvv wkdq
ru htxdo wr �6n� wr h{foxgh vhoohu 6n� dqg juhdwhu wkdq ru htxdo wr �6n� wr
h{foxgh ex|hu 6n�1 Lq Fdvh E����/ iru dq| sulfh lq wklv lqwhuydo/ suhflvho|
wkh �uvw 6 djhqwv rq hdfk vlgh ri wkh pdunhw zdqw wr wudgh/ vr wkh vhw ri
pdunhw0fohdulqj sulfhv lv wkh lqwhuydo d�6n�c �6n�o1 E| vlplodu uhdvrqlqj/ zh
fdq fdofxodwh wkh lqwhuydo ri pdunhw0fohdulqj sulfhv lq hdfk fdvh=

E���� d�6n�c �6n�o
E�� ���� d�6c �6o
E�� ��� d�6c �6n�o
E����� d�6n�c �6o�

Wkh lqwhuydo ri pdunhw0fohdulqj sulfhv fdq eh pruh frpsdfwo| ghqrwhg e|
dSfc S�o/ zkhuh Sf ' 4@ i�6c �6n�j dqg S� ' 4�?i�6n�c �6jo1 D vlwxdwlrq
lq zklfk doo lqiud0pdujlqdo djhqwv wudgh dw d vlqjoh sulfh ehorqjlqj wr wklv
lqwhuydo zloo eh uhihuuhg wr dv d shuihfwo| frpshwlwlyh rxwfrph1
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61516 Wkh Pdunhw Jdph

Wkh wudglqj surfhvv lv uhsuhvhqwhg e| d qrupdo0irup vwdjh jdph lq zklfk
djhqwv vxeplw olplw rughuv wr d sur�w0pd{lpl}lqj pdunhw pdnhu/ zkr wkhq
duudqjhv wudghv ehwzhhq sdluv ri ex|huv dqg vhoohuv1

Wkh djhqwv* vwudwhjlhv duh wkh olplw sulfhv dw zklfk wkh| duh zloolqj wr
wudgh rqh xqlw1 Hdfk vhoohu � fkrrvhv dq dvnlqj sulfh @� dqg hdfk ex|hu �
fkrrvhv d elg sulfh K�1 Wkh dvnlqj sulfh @� vljql�hv wkdw wkh vhoohu lv zloolqj
wr vxsso| d vlqjoh xqlw ri wkh jrrg dw dq| sulfh htxdo wr @� ru kljkhu1 Vlploduo|/
wkh elg sulfh K� vljql�hv wkdw wkh ex|hu lv zloolqj wr sxufkdvh rqh xqlw ri wkh
jrrg dw dq| sulfh xs wr dqg lqfoxglqj K�1

Iru vlpsolflw|/ wkh djhqwv* vwudwhjlhv duh uhvwulfwhg wr d frpsdfw lqwhuydo1
Vhoohu �*v dvnlqj sulfh @� lv uhvwulfwhg wr eh dw ohdvw dv juhdw dv klv sulydwh
ydoxdwlrq �� dqg qr juhdwhu wkdq vrph odujh �qlwh qxpehu � 1 E| uhvwulfwlqj
wkh vhoohuv* vwudwhjlhv lq wklv zd|/ zh duh dvvxplqj wkdw qr djhqw lv vr xqlq0
whooljhqw dv wr fkrrvh d grplqdwhg vwudwhj|1 Wklv vhhpv uhdvrqdeoh dqg lv qrw
sduwlfxoduo| lpsruwdqw lq zkdw iroorzv1 Ex|hu �*v elg sulfh K� lv uhvwulfwhg wr
eh qrq0qhjdwlyh dqg qr juhdwhu wkdq klv ydoxdwlrq ��1 Ohw

j ' iE@c K� 5 +�
n �+�

n m�� � @� � �c f � K� � ��c ;�c �j
ghqrwh wkh vhw ri vwudwhj| sur�ohv iru wkh ex|huv dqg vhoohuv dqg ghqrwh d
w|slfdo vwudwhj| sur�oh e| % ' E@c K� zkhuh @ ' E@�c ���c @� � dqg K ' EK�c ���c K��
duh wkh vwudwhj| sur�ohv iru vhoohuv dqg ex|huv/ uhvshfwlyho|1

Vxssrvh wkdw wkh djhqwv vxeplw wkh olplw rughuv E@c K�1 Wkh pdunhw0pdnhu
duudqjhv pdwfklqj wudghv wr pd{lpl}h klv sur�wv1 E| vxeplwwlqj olplw rughuv/
wkh djhqwv kdyh frpplwwhg wkhpvhoyhv wr wudglqj dw dq| sulfh wkdw grhv qrw
ylrodwh wkhlu olplwv1 Lq rughu wr pd{lpl}h klv sur�w/ wkh pdunhw pdnhu zloo
h{hfxwh wkh wudghv dw wkh olplw sulfhv/ wkdw lv/ kh zloo sd| vhoohu � wkh whqghuhg
dvn sulfh @� dqg fkdujh ex|hu � wkh whqghuhg elg sulfh K�1 Ghqrwh vhoohu �*v
wudgh e| 1�/ zkhuh 1� ' f phdqv wkdw � grhv qrw wudgh dqg 1� ' � phdqv wkdw
� vhoov rqh xqlw/ dqg ghqrwh ex|hu �*v wudgh e| l�/ zkhuh l� ' f phdqv wkdw
� grhv qrw wudgh dqg l� ' � phdqv wkdw � ex|v rqh xqlw1 Wkhq wkh pdunhw
pdnhu*v sur�w zloo eh

�E1c lc @c K� '

+
�[
�'�

K�l� �
�[
�'�

@�1�

,
c

zkhuh 1 ' E1�c ���c 1�� dqg l ' El�c ���c l��1 Irupdoo|/ wkh pdunhw pdnhu*v
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sureohp lv wr fkrrvh E1c l� 5 ifc �j2� wr vroyh

�WE@c K� ' 4@ 
E1cl�

�E1c lc @c K�

vxemhfw wr wkh xvxdo ihdvlelolw| frqvwudlqw

�[
�'�

l� �
�[
�'�

1��

D jhqhulf sur�oh E@c K� 5 j lv rqh lq zklfk qr wzr djhqwv/ zkhwkhu erwk
ex|huv ru erwk vhoohuv ru rqh ex|hu dqg rqh vhoohu/ fkrrvh wkh vdph olplw sulfh1
Iru dq| jhqhulf sur�oh E@c K�/ wkhuh lv d xqltxh sur�w0pd{lpl}lqj dvvljqphqw
ri wudghv E1c l� gh�qhg e| wkh frqglwlrqv wkdw

S�

�'� 1� '
S�

�'� l�/ 1�f : 1��
lpsolhv wkdw @�f 	 @��/ l�f : l�� lpsolhv wkdw K�f : K��/ dqg 1� ' l� ' �
lpsolhv wkdw @� 	 K�1 Khqfh/ iru dq| jhqhulf sur�oh E@c K� lq j/ wklv wudglqj
phfkdqlvp gh�qhv d xqltxh sd|r� Zr� E@c K� iru vhoohu � dqg ZK�E@c K� iru ex|hu
�1 +Zkhq wkh frqwh{w pdnhv lw fohdu zkhwkhu wkh wudghu lv d ex|hu ru vhoohu/
wkh vxshuvfulswv r dqg K duh glvshqvhg zlwk,1

Wr hqvxuh d xqltxh rxwfrph E1c l� iru hdfk vwudwhj| sur�oh E@c K�/ L dvvxph
wkdw zkhuh wkh pdunhw0pdnhu lv lqgl�huhqw ehwzhhq wzr r�huv/ elgv ru dvnv/
kh udqgrpl}hv ehwzhhq wkh djhqwv zlwk htxdo suredelolwlhv1 Zkhuh kh lv
lqgl�huhqw ehwzhhq h{hfxwlqj d wudgh dqg qrw h{hfxwlqj lw/ L dvvxph wkdw
kh h{hfxwhv lw1 Wkhvh dvvxpswlrqv vlpso| vhuyh wr gh�qh d xqltxh wudglqj
phfkdqlvp dqg duh qrw fuxfldo lq zkdw iroorzv1

Lq zkdw iroorzv/ wkhuh lv qr orvv ri jhqhudolw| lq uhvwulfwlqj wkh glvfxvvlrq
wr jhqhulf sur�ohv1 Wkh uhdvrq lv wkdw ex|huv dqg vhoohuv fkrrvh wkhlu vwudwh0
jlhv udqgrpo|/ vr wkh suredelolw| ri revhuylqj d qrq0jhqhulf sur�oh lv }hur1
Wklv frpsohwhv wkh gh�qlwlrq ri wkh qrupdo0irup jdph K ' E�cjc Z�1

Vhyhudo dvshfwv ri wklv pdwfklqj dqg wudglqj surfhgxuh duh qrwhzruwk|=

� Wkh pdunhw0pdnhu h{hfxwhv wkh wudghv dw wkh elg dqg dvn sulfhv/ nhhs0
lqj wkh gl�huhqfh dv klv sur�w1

� Wkh surfhgxuh pd{lpl}hv wkh yroxph ri wudgh/ vxemhfw wr wkh frqvwudlqw
wkdw hdfk wudgh eh yroxqwdu|1

� Wkh surfhgxuh lv h!flhqw lq wkh vhqvh wkdw wudghv jr wr wkh ex|huv zkr
r�hu wkh prvw dqg wkh vhoohuv zkr ghpdqg wkh ohdvw1
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Wkh idfw wkdw wkhuh lv d pd{lpl}lqj djhqw dw wkh fhqwhu ri wkh pdunhw lv vlj0
ql�fdqw1 Iru h{dpsoh/ li zh kdg dgrswhg dq dowhuqdwlyh dssurdfk/ pdwfklqj
sdluv ri ex|huv dqg vhoohuv lq hdfk shulrg dqg ohwwlqj wkhp edujdlq ryhu wkh
whupv ri wudgh/ qrqh ri wkh wkuhh ihdwxuhv deryh zrxog qhfhvvdulo| krog1 Wkh
xvh ri d pdunhw0pdnhu wkxv lqwurgxfhv e| ghvljq dq hohphqw ri h!flhqf| wkdw
lv qrw fkdudfwhulvwlf ri doo wudglqj phfkdqlvpv1

Wkh vhfrqg dqg wklug surshuwlhv duh lpsolfdwlrqv ri wkh pdunhw pdnhu*v
pd{lpl}lqj ehkdylru1 Vlqfh wkh pdunhw pdnhu fdq fkrrvh wkh sulfh dw zklfk
wr h{hfxwh d wudgh/ vxemhfw wr wkh olplwv ri wkh wudghuv* rughuv/ kh zloo zdqw
wr duudqjh dv pdq| wudghv dv srvvleoh dv orqj dv kh pdnhv d qrq0qhjdwlyh
sur�w rq hdfk rqh1 Vlploduo|/ sur�w pd{lpl}dwlrq lpsolhv wkdw wkh ex|huv
zlwk wkh kljkhvw elgv dqg wkh vhoohuv zlwk wkh orzhvw dvnv zloo jhw wr wudgh1
D pruh ghfhqwudol}hg surfhgxuh/ vxfk dv udqgrp pdwfklqj dqg edujdlqlqj/
zrxog qrw qhfhvvdulo| kdyh wkhvh yhu| xvhixo surshuwlhv1

61517 Ehkdylrudo Uxohv

Lq wklv vhfwlrq/ L ghvfuleh wkh ehkdylru ri wkh lqglylgxdo wudghuv1 Udwkhu wkdq
dvvljqlqj eholhiv wr djhqwv dqg dvvxplqj wkdw hdfk djhqw pd{lpl}hv klv orqj0
uxq sd|r� uhodwlyh wr wkhvh eholhiv/ L gh�qh ehkdylrudo uxohv gluhfwo| iru wkh
djhqwv1 Wkh prwlydwlrq iru wklv dssurdfk lv wkh uhdol}dwlrq wkdw pd{lpl}dwlrq
lv wrr ghpdqglqj lq pdq| frqwh{wv1 Lw lv lqwhuhvwlqj wr vhh zkhwkhu �vlpsohu�
ehkdylrudo uxohv fdq ohdg djhqwv wr xvh htxloleulxp vwudwhjlhv1 Ri frxuvh/ wkh
hqylurqphqw zh duh vwxg|lqj lv lwvhoi yhu| vlpsoh/ d uh hfwlrq ri rxu rzq
erxqghg udwlrqdolw|1 Vr lq rughu wr fdswxuh wkh qrwlrq wkdw djhqwv kdyh
olplwhg delolw| wr xqghuvwdqg frpsoh{ v|vwhpv�wkdw lv/ djhqwv duh vlpsoh
uhodwlyh wr wkhlu hqylurqphqw�zh vkdoo kdyh wr dvvxph wkdw wkh| duh yhu|
vwxslg lqghhg1

Wkhuh duh pdq| zd|v ri vshfli|lqj erxqghgo| udwlrqdo ehkdylru�dv zdv
srlqwhg rxw lq Vhfwlrq 614/ wklv lv rqh ri wkh zhdnqhvvhv ri wkh dssurdfk�
dqg wkh ehkdylrudo uxohv vshfl�hg khuh duh qrw wkh rqo| rqhv wkdw pljkw
uhfrpphqg wkhpvhoyhv iru vwxg|1 Exw wkh| duh vlpsoh dqg surylgh d yhklfoh
iru glvfxvvlqj d qxpehu ri lqwhuhvwlqj lvvxhv1 Wkh edvlf lghd lv wkdw djhqwv
ri yhu| olplwhg lqwhooljhqfh vhdfk dw udqgrp iru jrrg vwudwhjlhv dqg dedqgrq
wkhlu fxuuhqw vwudwhjlhv zkhq wkh| hqfrxqwhu d ehwwhu rqh1 Udqgrp vhdufk
suhvxphv qr nqrzohgjh ri wkh hqylurqphqw +wkh vwuxfwxuh ri wkh prgho, dsduw
iurp wkh dssursuldwh vwudwhj| vhw1 Lw uhtxluhv qr phpru| dsduw iurp wkh
nqrzohgjh ri wkh djhqw*v fxuuhqw vwudwhj|1 Dqg lw uhtxluhv qr iruhvljkw/ lq
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idfw/ lw dvvxphv frpsohwh p|rsld rq wkh sduw ri wkh djhqwv1 Wklv lv derxw
wkh vlpsohvw nlqg ri ehkdylru rqh frxog lpdjlqh dqg iru wkdw uhdvrq lw lv d
qdwxudo sodfh wr vwduw1

Ehiruh jhwwlqj grzq wr wkh ghwdlov ri wkh vhdufk surfhgxuh/ rqh dvshfw
ghvhuyhv vrph glvfxvvlrq1 Wkh lghd ri udqgrp vhdufk hpsor|hg khuh lqyroyhv
fkrlfh +ehwzhhq wkh fxuuhqw vwudwhj| dqg d udqgrpo| vhohfwhg dowhuqdwlyh, dqg
wkdw lpsolhv wkdw wkh djhqw �nqrzv� wkh sd|r� iurp erwk vwudwhjlhv1 Krz
grhv wkh djhqw ohduq wkh sd|r�vB Wkh hgxfwlyh dssurdfk dvvxphv wkdw wkh
djhqw nqrzv wkh sd|r� ixqfwlrqv/ vr wkdw kh fdq fdofxodwh wkh sd|r�v iurp
dq| vwudwhj|> exw wkhq wkhuh lv qrwklqj wr vwrs klp iurp fdofxodwlqj wkh ehvw
uhvsrqvh udwkhu wkdq vhdufklqj dw udqgrp1 L gr qrw zdqw wr dvvxph wkdw wkh
djhqw nqrzv wkh sd|r� ixqfwlrq ehfdxvh lw dvvxphv d ghjuhh ri vrsklvwlfdwlrq
dqg �frpsxwlqj srzhu� wkdw lv lqfrpsdwleoh zlwk udqgrp vhdufk1

D ohvv ghpdqglqj lqwhusuhwdwlrq lv wkdw wkh djhqw ohduqv wkh sd|r� e|
h{shulphqwlqj zlwk gl�huhqw vwudwhjlhv1 Lpdjlqh wkdw hyhu| vr riwhq d vlqjoh
djhqw jhwv d fkdqfh wr vhdufk iru d ehwwhu vwudwhj|1 Wklv lqyroyhv vhohfwlqj
d vwudwhj| dw udqgrp/ wu|lqj lw iru d vkruw shulrg ri wlph/ qrwlqj wkh sd|r�
 rz/ frpsdulqj wkdw  rz wr wkh  rz iurp wkh suhylrxv vwudwhj| dqg wkhq
fkrrvlqj ehwzhhq wkh qhz dqg wkh suhylrxv vwudwhj| edvhg rq wkh sd|r�
frpsdulvrq1 Zkloh doo wklv lv jrlqj rq/ wkh rwkhu djhqwv frqwlqxh wr xvh wkh
vdph vwudwhj|1 Wklv surfhgxuh grhv qrw ghpdqg wrr pxfk �eudlq srzhu� rq
wkh sduw ri wkh djhqw/ exw lw lv udwkhu fxpehuvrph wr ghvfuleh dqg pdnhv wkh
g|qdplfv udwkhu frpsolfdwhg1 Vr lqvwhdg L dvvxph wkdw djhqwv fdq frqgxfw
�yluwxdo h{shulphqwv�/ lq zklfk wkh| glvfryhu wkh sd|r� wr d qhz vwudwhj|
lqvwdqwdqhrxvo| dqg dgrsw lw rqo| li wkh sd|r� lv juhdwhu wkdq ru htxdo wr
wkdw ri wkhlu fxuuhqw vwudwhjlhv1 Wklv lv dq dssur{lpdwlrq wr d uhdo h{shulphqw
zlwk d qhz vwudwhj|/ zklfk odvwv iru d vkruw exw �qlwh lqwhuydo1 Qrwklqj ri
lpsruwdqfh vhhpv wr kdqj rq wklv vlpsol�fdwlrq1

Dqrwkhu srlqw wr qrwh derxw wkh vhdufk surfhgxuh lv wkdw rqo| rqh djhqw
dw d wlph lv doorzhg wr vhdufk1 Li wzr ru pruh djhqwv zhuh h{shulphqwlqj dw
wkh vdph wlph/ wkh uhvxow ri wkhlu h{shulphqwv zlwk qhz vwudwhjlhv pljkw eh
plvohdglqj1 Iru h{dpsoh/ d vwudwhj| wkdw dsshduhg wr eh ehwwhu iru vhoohu �
zkhq ex|hu � zdv h{shulphqwlqj zlwk d qhz vwudwhj| pljkw dfwxdoo| wxuq rxw
wr eh zruvh zkhq ex|hu � ghflghv wr uhwxuq wr klv suhylrxv vwudwhj|1 Wkhvh
nlqgv ri huuruv duh uxohg rxw e| dvvxplqj wkdw rqo| rqh djhqw dw d wlph fdq
h{shulphqw zlwk d qhz vwudwhj|1 Li vhdufk lv d frvwo| dqg khqfh glvfuhwh hyhqw/
wkh suredelolw| ri wzr djhqwv vhdufklqj dw wkh vdph wlph lv olnho| wr eh vpdoo1
Khuh zh wdnh wkh suredelolw| wr wkh olplw dqg dvvxph lw lv }hur1 Wklv grhv qrw
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phdq wkdw vhdufk lv vorz/ vlqfh wkh wlph vfdoh lv duelwudu|1 Krzhyhu/ lw grhv
phdq wkdw wkhuh lv dq hohphqw ri lqhuwld lq wkh v|vwhp1 D uhodwhg dvvxpswlrq
ri lqhuwld lv irxqg lq wkh hyroxwlrqdu| jdph olwhudwxuh/ zkhuh lw lv vrphwlphv
dvvxphg wkdw rqo| d iudfwlrq ri d srsxodwlrq lv doorzhg wr fkdqjh vwudwhjlhv
lq dq| shulrg +h1j1/ Ndqgrul/ Pdlodwk dqg Ure +4<<6, dqg \rxqj +4<<6,,1

Wudgh wdnhv sodfh dw d vhtxhqfh ri gdwhv | ' �c 2c ���1 Dw hdfk gdwh/ rqh ri
wkh 2� djhqwv lv fkrvhq dw udqgrp wr dowhu klv vwudwhj|1 Li vhoohu � lv fkrvhq/
kh udqgrpo| fkrrvhv d qhz vwudwhj| iurp klv vwudwhj| vhw f�1 Li wklv sulfh
jlyhv d +zhdno|, kljkhu sd|r� wkdq klv fxuuhqw dvn sulfh/ kh dgrswv wkh qhz
sulfh dv klv vwudwhj|1 Li qrw/ kh uhwdlqv klv suhylrxv vwudwhj|1 Vlploduo|/ li d
ex|hu � lv fkrvhq kh udqgrpo| fkrrvhv d qhz vwudwhj| iurp klv vwudwhj| vhw
f�1 Li wklv sulfh jlyhv d +zhdno|, kljkhu sd|r�/ kh dgrswv wkh qhz elg sulfh
dv klv vwudwhj|1 Rwkhuzlvh/ kh uhwdlqv wkh h{lvwlqj vwudwhj|1

Wkhvh vlpsoh uxohv gh�qh d vwrfkdvwlf surfhvv1 Wkh vwdwh yhfwru dw dq|
gdwh lv wkh fxuuhqw sur�oh ri olplw rughu vwudwhjlhv1 Vxssrvh wkdw % ' E@c K�
lv wkh vwdwh dw gdwh | � � dqg %� ' E@�c K�� lv wkh vwdwh dw wkh qh{w gdwh |1 Li
vhoohu � lv fkrvhq wr pryh dw gdwh |/ d qhz dvn sulfh /� lv fkrvhq dffruglqj wr
wkh xqlirup glvwulexwlrq rq d��c� o1 Wkhq K� ' K dqg

@� '

�
E/�c @3�� li Z�EE/�c @3��c K� � Z�E@c K�
@ li Z�EE/�c @3��c K� 	 Z�E@c K��

Vlploduo|/ li ex|hu � lv fkrvhq wr pryh dw gdwh |/ wkhq /� lv gudzq iurp d
xqlirup glvwulexwlrq rq dfc ��o dqg wkh qhz vwdwh vdwlv�hv @� ' @ dqg

K� '

�
E/�c K3�� li Z�E@c E/�c K3��� � Z�E@c K�
K li Z�E@c E/�c K3��� 	 Z�E@c K��

Qrwh wkdw lq wkh hyhqw wkdw djhqwv duh lqgl�huhqw ehwzhhq wkh qhz vwudwhj|
dqg wkh h{lvwlqj vwudwhj|/ wkh| vzlwfk wr wkh qhz1 Lq sduwlfxodu/ li wkh lqlwldo
vwdwh % ' E@c K� lv rqh lq zklfk vhoohu � fdqqrw wudgh/ vr wkdw Z�E@c K� ' f/ wkhq
dq| sulfh lq f� lv zhdno| suhihudeoh dqg vr wkh qhz sulfh lv gudzq udqgrpo|
iurpf�1 Wklv dvvxpswlrq lv lpsruwdqw ehfdxvh lw holplqdwhv wkh srvvlelolw| ri
jhwwlqj vwxfn lq vlwxdwlrqv zkhuh qr wudgh lv srvvleoh1 Iru h{dpsoh/ vxssrvh
wkdw @� ' � iru hyhu| vhoohu � dqg K� ' f iru hyhu| ex|hu �1 Wklv lv d srvvleoh
vwdwh dqg rqh lq zklfk qr wudgh lv srvvleoh1 Pruhryhu/ qr ghyldwlrq e| dq|
vlqjoh ex|hu ru vhoohu zloo pdnh wudgh srvvleoh1 Vr li djhqwv rqo| vzlwfk wr
vwulfwo| ehwwhu vwudwhjlhv/ wkh ruljlqdo srvlwlrq zloo eh d uhvw srlqw iru wkh
v|vwhp dqg wkhuh lv qr srvvlelolw| ri frqyhujhqfh wr d frpshwlwlyh rxwfrph1
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Iru wklv uhdvrq/ lw lv hvvhqwldo wr doorz djhqwv wr vzlwfk wr zhdno| ehwwhu
vwudwhjlhv1

61518 Wkh Pdunry Fkdlq ifwj
^Wkh pdwhuldo lq wklv vxevhfwlrq lv udwkhu whfkqlfdo dqg wkh uhdghu zkr lv qrw
lqwhuhvwhg lq wklv ghwdlo pd| zlvk wr vnls dkhdg wr Vhfwlrq 616/ qrwlqj rqo|
Ohppd 4 dqg lwv fruroodu|/ zklfk duh xvhg lq wkh vhtxho1`

D vwrfkdvwlf surfhvv lv d idplo| if|j ri udqgrp hohphqwv/ gh�qhg rq dq
xqghuo|lqj suredelolw| vsdfh ElcI c � �1 D Pdunry fkdlq if|j lv d sduwlfxodu
w|sh ri vwrfkdvwlf surfhvv/ zlwk d frxqwdeoh sdudphwhu vhw A ' i�c 2c ���j/ d
vhtxhqfh ri udqgrp hohphqwv f| wdnlqj ydoxhv lq wkh vwdwh vsdfh j/ dqg d
suredelolw| glvwulexwlrq �% wkdw vdwlv�hv=

�%Ef| 5 �mf|� ' %|�c ���cf|& ' %|&� ' �%Ef| 5 �mf|& ' %|&�

iru dq| lqlwldo vwdwh % dqg iru dq| wlphv |� 	 ��� 	 |& 	 |1
Wkh ehkdylrudo uxohv ghvfulehg lq wkh suhfhglqj vhfwlrq gh�qh d Pdunry

fkdlq1 Lq idfw/ wkh hyroxwlrq ri wkh vwrfkdvwlf surfhvv fdq eh uhsuhvhqwhg e| d
+wlph0lqyduldqw, wudqvlwlrq suredelolw| � E%c�� zklfk whoov xv/ iru dq| fxuuhqw
vwdwh %/ wkh suredelolw| wkdw wkh vwdwh ri wkh v|vwhp dw wkh qh{w gdwh ehorqjv
wr wkh vhw �1 Wkh sxusrvh ri wklv vhfwlrq lv wr wudqvodwh wkh ehkdylrudo uxohv
gh�qhg deryh lqwr d irupdo gh�qlwlrq ri wkh wudqvlwlrq suredelow| � E%c��1

Wkh vhw ri dgplvvleoh vwudwhj| sur�ohv j lv hqgrzhg zlwk wkh Eruho j0
�hog EEj� ri phdvxudeoh vhwv +wkh j0�hog jhqhudwhg e| wkh rshq vhwv ri j,1
Xvlqj wkh uxohv rxwolqhg deryh/ iru dq| jlyhq lqlwldo srvlwlrq/ % ' E@c K� dqg
dq| phdvxudeoh vhw � 5 EEj�/ zh fdq gh�qh d Pdunry wudqvlwlrq suredelolw|
� E%c��1 Iru dq| djhqw & dqg dq| vwdwh %/ ohw �&E%� ghqrwh wkh ehwwhu wkdq
vhw/ wkdw lv/

�&E%� ' i%�&mZ&E%�&c %3&� � Z&E%�j�
Vlqfh wkh djhqw vhdufkhv udqgrpo| iru d ehwwhu vwudwhj|/ li kh �qgv d ehwwhu
vwudwhj| lw zloo eh xqlirupo| glvwulexwhg rq wkh ehwwhu wkdq vhw1 Wkhq ohw
L&E%c �� ghqrwh d suredelolw| glvwulexwlrq rq j vxfk wkdw wkh vxssruw ri
L&E%c �� lv d�&E%�� i%3&jo dqg wkh uhvwulfwlrq ri L&E%c �� wr wkh vhw d�&E%��
i%3&jo lv wkh xqlirup glvwulexwlrq1 Iru sudfwlfdo sxusrvhv zh fdq wklqn ri
L&E%c �� dv wkh xqlirup glvwulexwlrq rq d�&E%� � i%3&jo exw lw lv lpsruwdqw
wr uhphpehu wkdw lw lv gh�qhg iru hyhu| phdvxudeoh vxevhw ri j1 Ohw (E%c ��
ghqrwh wkh Gludf glvwulexwlrq frqfhqwudwhg rq % dqg ohw B&E%� ghqrwh wkh
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udwlr ri wkh gldphwhu ri wkh ehwwhu uhvsrqvh vhw wr wkh vwudwhj| vhw ri djhqw
&=

B&E%� '

�
gldp�&E%�*E� � �&� li & lv d vhoohu
gldp�&E%�*�& li & lv d ex|hu1

Wkhq/ frqglwlrqdo rq wkh fxuuhqw vwdwh % dqg djhqw & ehlqj fkrvhq wr pryh/
wkh glvwulexwlrq ri wkh qhz vwdwh lv jlyhq e|

C&E%c �� ' B&E%�L&E%c �� n E�� B&E%��(E%c ���

Zlwk suredelolw| B&E%� djhqw & �qgv d ehwwhu vwudwhj| dqg/ jlyhq wkdw kh
�qgv d ehwwhu vwudwhj|/ klv vwudwhj| lv xqlirupo| glvwulexwhg rq �&E%�> zlwk
suredelolw| � � B&E%� kh grhv qrw �qg d ehwwhu vwudwhj| dqg/ li kh grhv qrw
�qg d ehwwhu vwudwhj|/ wkh qhz vwdwh zloo eh wkh vdph dv wkh rog1 Vlqfh hdfk ri
wkh djhqwv lv fkrvhq wr pryh zlwk htxdo suredeolw|/ wkh wudqvlwlrq suredelolw|
fdq eh gh�qhg e| sxwwlqj

� E%c�� ' E2��3�
�[
�'�

C�E%c�� n E2��3�
�[
�'�

C�E%c��c

iru hdfk vwdwh % dqg phdvxudeoh vhw �1 Lq rwkhu zrugv/ zh wdnh C&E%c�� wr
eh wkh wudqvlwlrq suredelolw| frqglwlrqdo rq & ehlqj fkrvhq wr vhdufk iru d
ehwwhu vwudwhj|> dqg wkhq wkh +xqfrqglwlrqdo, wudqvlwlrq suredelolw| � E%c�� lv
mxvw wkh h{shfwhg ydoxh ri wkh frqglwlrqdo wudqvlwlrq suredelolwlhv iC&E%c��j/
zkhuh wkh zhljkwv �3� duh wkh suredelolwlhv ri fkrrvlqj hdfk djhqw dv wkh
h{shulphqwhu1

Li � G j�EEj� $ +n lv wkh wudqvlwlrq suredelolw| ixqfwlrq iru d Pdunry
fkdlq wkhq e| gh�qlwlrq lw vdwlv�hv wkh iroorzlqj wzr frqglwlrqv=
+l, iru hdfk � 5 EEj�/ � E�c �� lv d qrq0qhjdwlyh/ phdvxudeoh ixqfwlrq rq j(
+ll, iru hdfk % 5 j/ � E%c �� lv d suredelolw| phdvxuh rq EEj�1
Iurp wkh gh�qlwlrq ri wkh ixqfwlrq � lw lv fohdu wkdw surshuw| +ll, lv vdwlv�hg1
Wr vkrz wkdw surshuw| +l, lv vdwlv�hg/ zh rqo| qhhg wr qrwh wkdw iru dq|
phdvxudeoh vxevhw � � j/ wkh suredelolw| C&E�� lv d phdvxudeoh ixqfwlrq
ri %1

Iru dq| lqlwldo vwdwh %/ wkh wudqvlwlrq suredelolw| � E%c�� gh�qhv d Pdunry
fkdlq if|j rq wkh suredelolw| vsdfh ElcI c �%�1 Lq wklv fdvh/ zh wdnh wkh vhw
l wr eh j"/ wkh frxqwdeoh surgxfw ri frslhv ri j/ I wr eh wkh j0�hog
jhqhudwhg e| wkh f|olqghu vhwv ��� �����| 5 EEj�� ����EEj� dqg �% wr eh
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wkh xqltxh h{whqvlrq ri wkh vhw ixqfwlrqv gh�qhg lqgxfwlyho| rq wkh f|olqghu
vhwv �� � ���� �| e| wkh wudqvlwlrq nhuqho � =

� �
% E%c��� ' � E%c���

� 2E�� � �2� '

]
��

� E%c _+��� E+�c �2�

111

� ?E�� � ���� �|� '

]
��

� E%c _+��

]
�2

� E+�c _+2����� E+|3�c �|��

^Vhh Ph|q dqg Wzhhglh +4<<6, / Vhfwlrq 617/ iru wkh ghwdlov ri wkh surfh0
gxuh dqg d surri1` Wklv Pdunry fkdlq kdv wkh surshuw| wkdw iru dq| lqlwldo
frqglwlrq % dqg dq| f|olqghu vhw �� � �����|

�%Ef� 5 ��c ���c f| 5 �|� '

]
��

� E%c _+��

]
�2

� E+�c _+2����� E+|3�c �|��

D vwrfkdvwlf surfhvv zlwk �qlwh glphqvlrqdo glvwulexwlrqv vdwlvi|lqj wklv surs0
huw| iru hyhu| | lv fdoohg d wlph krprjhqrxv Pdunry fkdlq zlwk wudqvlwlrq
suredelolw| nhuqho � E%c�� dqg lqlwldo frqglwlrq %1

Wkhuh duh d frxsoh ri whfkqlfdo uhvxowv wkdw zloo eh xvhg uhshdwhgo| lq wkh
vhtxho dqg zklfk lw zloo eh frqyhqlhqw wr vwdwh khuh1

Iru dq| vhw � 5 EEj� dqg lqlwldo frqglwlrq %/ ohw uE%c�� ghqrwh wkh
suredelolw| wkdw wkh Pdunry fkdlq f ' if|j hqwhuv wkh vhw � dw vrph gdwh
|/ wkdw lv/

uE%c�� ' �%df 5 �oc

zkhuh df 5 �o ghqrwhv wkh hyhqw i/mf|E/� 5 �c <|j1 Ohw 'E%c�� ghqrwh wkh
suredelolw| wkdw lw hqwhuv � lq�qlwho| riwhq/ wkdw lv/

'E%c�� ' �%df 5 �c l1roc

zkhuh df 5 �c l1ro ghqrwhv wkh hyhqw i/mf|E/� 5 �c iru lq�qlwho| pdq| |j1
Zh vd| wkdw d vhw � 5 EEj� lv dffhvvleoh iurp d vhw � 5 EEj� li uE%c�� : f
iru hyhu| lqlwldo frqglwlrq % 5 � dqg zh vd| wkdw � lv xqlirupo| dffhvvleoh
iurp � li wkhuh h{lvwv d B : f vxfk wkdw

�?u
%M�

uE%c�� � B�

Li � lv xqlirupo| dffhvvleoh iurp � zh zulwh � l �1 D vhw � 5 EEj� lv
fdoohg Kduulv uhfxuuhqw li 'E%c�� ' � iru dq| % 5 �1 Wkh qh{w uhvxow whoov xv
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wkdw li � lv xqlirupo| dffhvvleoh/ wkhq wkh fkdlq ylvlwv � lq�qlwho| riwhq zlwk
suredelolw| rqh1 Lqwxlwlyho|/ li wkh suredelolw| ri jrlqj iurp �S wr � lv dw
ohdvw B wkhq wkh suredelolw| ri vwd|lqj rxw ri � iruhyhu pxvw eh E�� B�" ' f1
Wkhq vhfrqg sduw whoov xv wkdw li � lv xqlirupo| dffhvvleoh iurp � wkhq li �
lv ylvlwhg lq�qlwho| riwhq/ vr lv �1

Ohppd 4 +l, Iru dq| � 5 EEj�/ li j l � wkhq � lv Kduulv uhfxuuhqw> lq
idfw/ 'E%c�� ' � iru dq| % 5 j> +ll, Iru dq| vhwv �c� 5 EEj�/ li � l �
wkhq if 5 � l1r1j � if 5 � l1r1j d1v1

^Ph|q dqg Wzhhglh +4<<6,/ Wkhruhp <14161` D vhw � 5 EEj� lv fdoohg de0
vruelqj li � E%c�� ' � iru doo % 5 �1 Lq rwkhu zrugv/ rqfh lq � wkh v|vwhp
vwd|v wkhuh iruhyhu zlwk suredelolw| rqh1 Wkh qh{w uhvxow whoov xv wkdw li � lv
devruelqj dqg � lv xqlirupo| dffhvvleoh iurp d glvmrlqw vhw �/ wkhq wkh sure0
delolw| ri ylvlwlqj � lq�qlwho| riwhq lv }hur> ehfdxvh rqfh wkh v|vwhp hqwhuv
� lw qhyhu uhwxuqv dqg li lw ylvlwv � lq�qlwho| riwhq lw pxvw ylvlw � lq�qlwho|
riwhq/ frqwudglfwlqj wkh Ohppd1

Fruroodu| 5 Iru dq| vhwv �c� 5 EEj� vdwlvi|lqj � _ � ' >/ li � lv de0
vruelqj dqg � l � wkhq 'E%c�� ' f iru dq| %�

Surri1 Ohw .| eh wkh hyhqw if| 5 �c fr 5 �c <r : |j1 Vlqfh � lv devruelqj/
�%E.|� ' f iru doo | dqg vlqfh wkh suredelolw| phdvxuh �% lv j0dgglwlyh/
�%E^"|'�.|� ' f1 Iurp frqfoxvlrq +ll, ri wkh suhfhglqj Ohppd/if 5 �
l1r1j � if 5 � l1r1j/ vr

if 5 � l1r1j � ^"|'�.|�

Khqfh/ 'E%c�� ' �%if 5 � l1r1j ' f dv uhtxluhg1
Zh duh qrz uhdg| wr vwxg| wkh frqyhujhqfh surshuwlhv ri wkh Pdunry

fkdlq if|j1

616 Frqyhujhqfh wr Frpshwlwlyh Sulfhv

61614 Yroxph0pd{lpl}lqj wudgh

Wkh pdlq remhfwlyh lv wr vkrz wkdw/ lq vrph vhqvh/ wkh Pdunry fkdlq ghvfulehg
deryh frqyhujhv wr d frpshwlwlyh rxwfrph/ wkdw lv/ wr d vlwxdwlrq lq zklfk
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doo wudgh wdnhv sodfh dw frpshwlwlyh sulfhv1 Wkh dqdo|vlv ri frqyhujhqfh fdq
eh frqyhqlhqwo| eurnhq grzq lqwr wzr vwhsv1 Wkh �uvw vwhs lqyroyhv vkrzlqj
wkdw/ zlwk suredelolw| rqh/ wkh yroxph ri wudgh lv pd{lpl}hg lq �qlwh wlph
dqg/ iurp wkdw srlqw rqzdugv/ wkh yroxph ri wudgh uhpdlqv frqvwdqw1 Wkh
qh{w vwhs lv wr vkrz wkdw/ dv|pswrwlfdoo|/ doo wudgh wdnhv sodfh dw pdunhw0
fohdulqj sulfhv1

Wr dqdo|}h wkh yroxph ri wudgh/ zh �uvw qhhg vrph dgglwlrqdo qrwdwlrq1
Iru dq| vwdwh % 5 j dqg dq| phdvxudeoh vhw � 5 EEj�/ gh�qh � ?E%c�� wr
eh wkh suredelolw| wkdw wkh v|vwhp ehorqjv wr � h{dfwo| ? shulrgv odwhu/ jlyhq
wkdw lw vwduwhg dw %/ wkdw lv/ � ?E%c�� ' �%Ef? 5 ��1 Wkhq � ?E%c�� fdq eh
gh�qhg uhfxuvlyho| e| sxwwlqj

� ?E%c�� '

]
� E%c _+�� ?3�E+c ���

Ohw � eh wkh vhw ri +jhqhulf, vwdwhv vxfk wkdw 6 xqlwv ri wkh jrrg duh wudghg
zkhqhyhu wkh vwdwh ri wkh v|vwhp ehorqjv wr �1 Ohw �� ghqrwh wkh vxevhw ri
� lq zklfk lw lv wkh lqiud0pdujlqdo djhqwv � ' �c ���c 6 dqg & ' �c ���c6 zkr
jhw wr wudgh1 Wkhq zh vkrz wkdw �� lv dffhvvleoh iurp dq| vwdwh lq j1 Lq
pdwkhpdwlfdo qrwdwlrq wklv lv zulwwhq j l ��1 Dowkrxjk wkh surri lv udwkhu
ohqjwk|/ dffhvvlelolw| vlpso| uhtxluhv rqh wr vkrz wkdw/ iurp dq| vwduwlqj
srlqw/ wkhuh lv d srvlwlyh suredelolw| +erxqghg dzd| iurp }hur, wkdw udqgrp
vhdufk zloo ohdg wkh wudghuv wr d frq�jxudwlrq ri vwudwhjlhv +sulfhv, wkdw lv
frqvlvwhqw zlwk pd{lpdo wudgh1

Ohppd 6 j l ��1

Surri1 Lq idfw/ zh fdq vkrz wkdw iru dq| lqlwldo frqglwlrq % wkhuh h{lvwv dq
lqwhjhu ? : f dqg d qxpehu k : f vxfk wkdw � ?E%c��� � k1

Iluvw/ ohw % ' E@c K� dqg wdnh wkh lqiud0pdujlqdo vhoohuv � ' �c ���c 6 dqg
duudqjh wkhp lq ghfuhdvlqj rughu dffruglqj wr wkhlu dvnlqj sulfhv1 Wkdw lv/ ohw
i��c ���c �6j eh dq rughuhg 60wxsoh ri wkh �uvw 6 vhoohuv vxfk wkdw � � �� � 6
iru dq| � dqg

@�� : @��n�c ;� ' �c ���c 6� ��

Wkhuh lv d suredelolw| E2��36 wkdw wkh vhoohuv duh fkrvhq wr pryh lq suhflvho|
wklv vhtxhqfh lq wkh shulrgv | ' �c ���c 61

Vxssrvh wkdw wkh vhoohuv duh fkrvhq lq mxvw wklv vhtxhqfh wr fkrrvh qhz
vwudwhjlhv1 Zkhq vhoohu �� kdv d fkdqfh wr pryh/ kh gudzv d qhz sulfh dffrug0
lqj wr wkh xqlirup glvwulexwlrq iurp wkh lqwhuydo d���c� o dqg zlwk suredelolw|
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E7@� Sf�*E� � ���� wkh qhz dvnlqj sulfh @��� olhv lq wkh lqwhuydo dSfc 7@�/ zkhuh
7@ ' ESf n S��*21 Wkh suredelolw| ri wklv vhtxhqfh ri hyhqwv lv dw ohdvw

E2��36
�

E7@� Sf�

E� � ���

�6

vlqfh vhoohu � kdv wkh vpdoohvw suredelolw| ri slfnlqj d sulfh lq wkh lqwhuydo1
Dffruglqj wr rxu ehkdylrudo uxohv/ li vhoohu �� zhdno| suhihuv wkh qhz sulfh kh
kdv fkrvhq/ kh dgrswv lw1 Rwkhuzlvh/ kh vwlfnv zlwk wkh rog sulfh1

Qrwlfh wkdw rqfh zh kdyh jrqh wkurxjk wkh vhtxhqfh ri lqiud0pdujlqdo vhoo0
huv dqg ghwhuplqhg d qhz� 0wxsoh ri dvnlqj sulfhv @� ' E@��c ���c @

�

6c @6n�c ���c @� �/
lw pxvw eh wkh fdvh wkdw iru hdfk � ' �c ���c 6 hlwkhu vhoohu � fdq wudgh dw wkh
qhz sulfhv E@�c K� ru @�� 5 dSfc 7@�1 Wr vhh wklv/ qrwh wkdw @�� *5 dSfc 7@� rqo| li @� lv
zhdno| suhihuuhg wr wkh sulfhv lq dSfc 7@�/ wkdw lv/ � fdq douhdg| wudgh zkhq kh
kdv wkh rssruwxqlw| wr fkdqjh klv vwudwhj| dqg @� : 7@1 Vlqfh dvnlqj sulfhv
duh ghfuhdvlqj lq wklv vhtxhqfh/ lw iroorzv wkdw doo wkh vhoohuv lq i��n�c ���c �6j
fdq wudgh zkhq wkhlu wxuq wr pryh frphv1 Vlqfh wkhvh vhoohuv fdq douhdg|
wudgh/ d fkdqjh lq wkhlu sulfhv zloo qrw d�hfw wkh delolw| wr wudgh ri vhoohu �1

Qrz jr wkurxjk dq h{dfwo| vlplodu dujxphqw zlwk wkh ex|huv1 Duudqjh
wkh 6 lqiud0pdujlqdo ex|huv lq rughu ri lqfuhdvlqj elg sulfhv1 Wkhq wkh vhw
i��c ���c �6j vdwlv�hv � � �� � 6 iru doo � dqg

K�� 	 K��n�c ;� ' �c ���c 6� ��

Zlwk suredelolw| E2��36 wkh6 ex|huv duh fkrvhq lq suhflvho| wklv rughu dqg/
zkhq lw lv ex|hu ��*v wxuq wr pryh/ zlwk suredelolw| E7@c S�o*��� kh fkrrvhv d
qhz sulfh lq wkh lqwhuydo E7@c S�o1 Ri frxuvh/ kh slfnv wkh qhz sulfh dv klv
vwudwhj| li dqg rqo| li lw lv zhdno| suhihuuhg wr K�� / jlyhq wkh fkrlfhv ri wkh
rwkhu djhqwv1 Wkh suredelolw| ri wklv vhtxhqfh ri hyhqwv lv dw ohdvw

E2��36
�
ES� � 7@�

��

�6

vlqfh ex|hu � kdv wkh vpdoohvw suredelolw| ri fkrrvlqj d sulfh lq wkh lqwhuydo
E7@c S�o1

Rqfh zh kdyh doorzhg doo wkh lqiud0pdujlqdo ex|huv wr fkrrvh d qhz vwudw0
hj|/ zh qrwh wkdw iru hyhu| ex|hu � ' �c ���c 6 hlwkhu @�� 5 E7@c S�o ru ex|hu �
fdq wudgh dw wkh vwdwh %� ' E@�c K��1 Djdlq/ wklv iroorzv iurp wkh idfw wkdw li
K�� 5 E7@c S�o wkhq K� 	 7@ dqg ex|hu � zdv deoh wr wudgh dw K� zkhq kh kdg wkh
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rssruwxqlw| wr pryh1 Vlqfh doo wkh rwkhu ex|huv zhuh r�hulqj kljkhu sulfhv/
d fkdqjh lq wkhlu sulfhv fdqqrw h�hfw ex|hu �1

L fodlp qrz wkdw doo lqiud0pdujlqdo ex|huv dqg vhoohuv pxvw wudgh dw E@�c K��1
Wkh vhoohuv zkr zhuh deoh wr wudgh dw wkh ruljlqdo sulfhv fdq vwloo gr vr/
vlqfh fkdqjhv lq wkh ex|huv* sulfhv zloo qrw d�hfw wkh vhoohuv* delolw| wr wudgh1
Olnhzlvh/ ex|huv zkr zhuh deoh wr vhoo dw wkhlu ruljlqdo sulfhv fdq vwloo gr vr1
Wkh uhvw ri wkh lqiud0pdujlqdo vhoohuv � ' �c ���c 6 +uhvs1 ex|huv � ' �c ���c6,
duh fkdujlqj sulfhv @�� 5 dSfc 7@� +uhvs1 K�� 5 E7@c S�o,1 Lw lv fohdu wkdw doo wkh
h{wud0pdujlqdo vhoohuv � ' 6n �c ���c � +uhvs1 ex|huv � ' 6 n �c ���c �, pxvw
fkdujh sulfhv @� 	 Sf +uhvs1 K� : S�,/ vr wkh pdunhw pdnhu zloo pd{lpl}h
sur�wv e| duudqjlqj wudghv dprqj wkh uhvw ri wkh lqiud0pdujlqdo ex|huv dqg
vhoohuv1

Wkxv/ diwhu ? ' 2� shulrgv/ zlwk suredelolw| dw ohdvw

k ' E2��326
�

E7@� Sf�

E� � ���

�6�
ES� � 7@�

��

�6

c

f? 5 ��1
Vlqfh �� � �/ Ohppd 6 lpsolhv wkdw � lv dffhvvleoh iurp j1 Wkhq

Ohppd 4 lpsolhv wkdw iurp dq| lqlwldo frqglwlrq %/ wkh v|vwhp doprvw fhu0
wdlqo| uhdfkhv d vwdwh lq zklfk wkh yroxph ri wudgh lv pd{lpdo/ lq �qlwh
wlph1

Ohppd 7 Iru dq| lqlwldo vwdwh %/ f uhdfkhv � lq �qlwh wlph zlwk suredelolw|
rqh/ wkdw lv uE%c�� ' � iru dq| % 5 j1

Lq idfw/ Ohppd 4 whoov xv vrphwklqj vwurqjhu/ qdpho| wkdw 'E%c�� ' �
iru dq| %/ exw zh gr qrw qhhg wklv uhvxow vlqfh zh fdq vkrz wkdw wkh vhw � lv
devruelqj= rqfh f uhdfkhv � lw uhpdlqv wkhuh zlwk suredelolw| rqh1

Ohppd 8 Wkh vhw � lv devruelqj1

Surri1 Vxssrvh wkdw % ' E@c K� 5 � lv d jhqhulf lqlwldo vwdwh dqg ohw %�

ghqrwh wkh lpphgldwho| iroorzlqj vwdwh dorqj vrph uhdol}dwlrq1 Li wkh djhqw
zkr lv fkrvhq wr pryh dw gdwh � lv dq djhqw zkr lv douhdg| wudglqj/ wkhq wkh
vdph vhw ri djhqwv duh wudglqj lq wkh qhz vwdwh %�1 Wklv iroorzv ehfdxvh wkh
prylqj djhqw zloo qhyhu fkdqjh klv sulfh xqohvv lw lv +zhdno|, ehwwhu iru klp
wr gr vr dqg wklv uhtxluhv wkdw kh wudgh1 Wkh lghqwlwlhv ri wkh rwkhu wudglqj
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djhqwv duh xqd�hfwhg/ ehfdxvh wkh prylqj djhqw lv phuho| prylqj klv sulfh
zlwklq wkh wudglqj udqjh1

Li wkh djhqw zkr lv fkrvhq wr pryh lv d qrq0wudglqj djhqw/ wkhq hlwkhu klv
qhz fkrlfh grhv qrw idoo lq wkh wudglqj udqjh/ lq zklfk fdvh wkh vhw ri wudglqj
djhqwv lv xqfkdqjhg/ ru lw grhv idoo lqwr wkh wudglqj udqjh/ lq zklfk fdvh kh
uhsodfhv rqh ri wkh wudglqj djhqwv rq klv vlgh ri wkh pdunhw1 Krzhyhu/ wkh
wrwdo qxpehu ri wudglqj djhqwv fdqqrw eh fkdqjhg1 Vlqfh zh duh douhdg| dw
wkh pd{lpxp qxpehu ri wudghv/ wkh qxpehu ri wudghv frxog rqo| idoo dqg wklv
zloo qrw kdsshq ehfdxvh doo wkh h{lvwlqj wudghv frqwlqxh wr eh sur�wdeoh1

61615 Frqyhujhqfh wr d frpshwlwlyh rxwfrph

Qrz wkdw zh kdyh hvwdeolvkhg wkh lqhylwdelolw| ri pd{lpdo wudgh/ zh fdq
vkrz wkdw wkh fkdlq frqyhujhv doprvw vxuho| wr d frpshwlwlyh rxwfrph1 Wkh
dqdo|vlv fdq eh uhvwulfwhg wr wkh vhw � ri jhqhulf vwdwhv lq zklfk 6 xqlwv ri
wkh jrrg duh wudghg1 Djdlq/ krzhyhu/ wklv uhtxluhv xv wr h{dplqh d qxpehu
ri gl�huhqw fdvhv1 Zh fkdudfwhul}h wkhvh fdvhv lq whupv ri wkh elg0dvn vsuhdg1
Iluvw/ dw dq| vwdwh % 5 �/ gh�qh wkh pdujlqdo dvn kE%� dqg wkh pdujlqdo elg
qE%� e| sxwwlqj

kE%� ' @�6 dqg qE%� ' K�6c

zkhuh wkh vhoohuv ��c ���c �6c ���c �� duh rughuhg e| lqfuhdvlqj dvnlqj sulfhv dqg
wkh ex|huv ��c ���c �6c ���c �� duh rughuhg e| ghfuhdvlqj elg sulfhv1 Wkh pdujlqdo
dvn lv wkh kljkhvw sulfh ghpdqghg e| d vhoohu wkdw lv dffhswhg lq vwdwh %>
vlploduo|/ wkh pdujlqdo elg lv wkh orzhvw sulfh r�huhg e| d ex|hu wkdw lv
dffhswhg lq vwdwh %1 Wkhvh duh mxvw 60wk rughu vwdwlvwlfv iru wkh dvn dqg
elg sulfhv/ duudqjhg lq lqfuhdvlqj dqg ghfuhdvlqj rughu/ uhvshfwlyho|1 Fohduo|/
kE%� 	 qE%� iru dq| +jhqhulf, vwdwh % 5 �1

Iru dq| lqlwldo vwdwh % lq �/ sxw

Ek|c q|� � EkEf|�c qEf|��c ;| ' �c 2c ����

Wkh vhtxhqfhv ik|j"|'� dqg iq|j"|'� duh vwrfkdvwlf surfhvvhv wkdw kdyh vrph
xvhixo surshuwlhv1 Dv qrwhg deryh/ k| : q| iru doo | zlwk suredelolw| rqh1
Ixuwkhupruh/

k| 	 �6n� ', k| � k|n�

dqg
q| : �6n� ', q| � q|n��
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Wr vhh wklv/ frqvlghu wkh srvlwlrq ri wkh vhoohuv zkhq k| 	 �6n�1 Vlqfh wkhuh
duh 6 wudglqj vhoohuv dqg k| lv wkh kljkhvw dffhswhg dvnlqj sulfh/ wkh vhoohuv
zkr pdqdjh wr wudgh pxvw eh � ' �c ���c 61 Dw gdwh |n� hlwkhu qrqh ri wkhvh
vhoohuv fkdqjhv klv sulfh/ lq zklfk fdvh k|n� ' k|/ ru rqh ri wkhp lv fkrvhq
wr pryh dqg �qgv d ehwwhu sulfh/ zklfk pxvw eh d kljkhu rqh1 Wklv sulfh
fkdqjh hlwkhu ohdyhv wkh pdujlqdo dvn xqfkdqjhg ru udlvhv lw/ vr lq hlwkhu
fdvh k|n� � k|1 Wkh h{sodqdwlrq ri wkh vhfrqg lpsolfdwlrq lv vlplodu1 Wkhvh
prqrwrqlflw| surshuwlhv duh xvhg wr suryh wkh iroorzlqj frqyhujhqfh wkhruhp1
Ohw � ghqrwh wkh vhw ri vwdwhv vxfk wkdw erwk pdujlqdo sulfhv duh frqwdlqhg
lq wkh frpshwlwlyh lqwhuydo dSfc S�o/ wkdw lv/

� ' i% 5 �m Sf 	 kE%� 	 qE%� 	 S�j�
Wkhruhp 9 Vxssrvh wkdw wkh lqlwldo vwdwh % 5 �1 Wkhq wkhuh h{lvwv d udq0
grp yduldeoh f" vxfk wkdw

*�4
|<"

k| ' *�4
|<"

q| ' f" 5 ESfc S��c �%0d1v1

dqg/ iru dq| vhoohu � ' �c ���c 6/ f�| $ f" doprvw vxuho| +uhvs1 iru dq| ex|hu
� ' �c ���c6/ f�| $ f" doprvw vxuho|,1

Surri1 E| wkh prqrwrqlflw| surshuwlhv ri ik|j dqg iq|j/ *�4|<" k| dqg
*�4|<" q| erwk h{lvw dqg duh phdvxudeoh dqg *�4|<" k| � *�4|<" q|1 Ixu0
wkhupruh/ zh fdq vkrz wkdw iru dq| 0 : f wkhuh lv d B : f vxfk wkdw mk|�q|m :
0 lpsolhv wkdw zlwk suredelolw| dw ohdvw B/ mk|n��q|n�m 	 0*21 Wr vhh wklv/ qrwh
wkdw zlwk suredelolw|6E2��3� rqh ri wkh vhoohuv � ' �c ���c 6 lv fkrvhq wr pryh
dqg zlwk suredelolw| 0*2E� � ��� kh fkrrvhv d sulfh lq wkh lqwhuydo Ek|c q|�1
Wkhq lw lv fohdu wkdw wkh suredelolw| wkdw mk|�q|m : 0 iru doo | lv }hur/ iru dq|
�{hg exw duelwudu| 0 : f1 Khqfh/ *�4|<" k| ' *�4|<" q| ' f" 5 ESfc S�� dv
uhtxluhg1

Wr vkrz wkdw wkh sulfhv ri wkh lqglylgxdo ex|huv dqg vhoohuv dovr frqyhujh
wr S/ rqh xvhv vlplodu dujxphqwv1 Iru h{dpsoh/ li mf�| � k|m : 0 iru doo |/ iru
dq| �{hg 0 : f/ wkhq zh fdq �qg d �{hg B : f vxfk wkdw zlwk suredelolw|
B/ mf�|n� � k|n�m 	 0*21 Khqfh wkh suredelolw| wkdw mf�| � k|m : 0 iru doo |
dqg dq| �{hg 0 : f pxvw eh }hur dqg wklv/ wrjhwkhu zlwk wkh prqrwrqlflw| ri
if�|j lpsolhv wkdw f�| $ f" doprvw vxuho|1 Wkh surri iru ex|huv lv h{dfwo|
vlplodu1

Wklv frqyhujhqfh wkhruhp jlyhv xv wkh hvvhqwldo dujxphqw iru hvwdeolvklqj
wkh frpshwlwlyh rxwfrph/ iru lq wkh olplw zh kdyh doo lqiud0pdujlqdo djhqwv
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fkdujlqj wkh vdph +udqgrp, sulfh f" zklfk ehorqjv wr wkh frpshwlwlyh lq0
whuydo dSfc S�o1 Krzhyhu/ wkh dvvxpswlrq wkdw wkh lqlwldo vwdwh lv vxfk wkdw
erwk pdujlqdo sulfhv ehorqj wr wkh lqwhuydo dSfc S�o ohdyhv vrphwklqj wr eh
grqh1 Krz gr zh nqrz wkdw vxfk d vlwxdwlrq zloo hyhqwxdoo| dulvhB Lq idfw/
lq vrph fdvhv/ wkh pdujlqdo elg dqg dvn sulfhv pd| rqo| dssurdfk wkh frp0
shwlwlyh lqwhuydo dv|pswrwlfdoo|1 Iru wklv uhdvrq wkh frpshwlwlyh frqyhujhqfh
wkhruhp wdnhv wkh iroorzlqj irup1

Wkhruhp : Iru dq| lqlwldo frqglwlrq %/ zlwk suredelolw| rqh/ hlwkhu +l, f
uhdfkhv � lq �qlwh wlph/ lq zklfk fdvh Wkhruhp 9 whoov xv wkdw wkh fkdlq
frqyhujhv wr d frpshwlwlyh rxwfrph/ ru +ll, f grhv qrw uhdfk � lq �qlwh
wlph/ exw k| dqg q| frqyhujh wr d frpprq olplw ehorqjlqj wr wkh vhw iSfc S�j1

Hvwdeolvklqj sduw +ll, wxuqv rxw wr eh udwkhu whglrxv dqg lqyroyhv uxolqj
rxw d qxpehu ri rwkhu srvvleoh fdvhv1 Lq hdfk fdvh/ wkh nh| idfw lv djdlq wkh
prqrwrqlflw| ri ik|j dqg iq|j1

Fdvh 41
Wkh �uvw fdvh wr frqvlghu lv wkh srvvlelolw| wkdw wkh lqwhuydo dk|c q|o frqwdlqv
wkh frpshwlwlyh lqwhuydo lq lwv lqwhulru lq�qlwho| riwhq1 Ohw � ghqrwh wkh vhw
ri vwdwhv vxfk wkdw dSfc S�o � dkE%�c qE%�o/ wkdw lv/

� ' i% 5 �mkE%� 	 Sf 	 S� 	 qE%�j�

Wkh qh{w uhvxow vkrzv wkdw if|j ehorqjv wr � lq�qlwho| riwhq zlwk suredelolw|
f1 Wkh lghd ri wkh ohppd lv wr vkrz wkdw � lv dq devruelqj vwdwh dqg wkdw
� lv xqlirupo| dffhvvleoh iurp �1

Ohppd ; Iru dq| lqlwldo frqglwlrq %/ 'E%c�� ' f1

Surri1 Wkhruhp 9 lpsolhv wkdw � lv dq devruelqj vhw/ vr lw lv vx!flhqw
wr qrwh wkdw � l � dqg wkhq dsso| Ohppd 51 Wr vhh wkdw � lv xqlirupo|
dffhvvleoh iurp �/ qrwh wkdw zlwk suredelolw| E2��3� wkh vhoohu � ' � lv fkrvhq
dw gdwh | n � dqg zlwk suredelolw| ESf n S��*2E� � ��� kh fkrrvhv d sulfh
lq wkh lqwhuydo ESfc ESf n S��*2�> vlploduo|/ zlwk suredelolw| E2��3� wkh ex|hu
� ' � lv fkrvhq dw gdwh |n � dqg zlwk suredelolw| ESf n S��*2�� kh fkrrvhv d
sulfh lq wkh lqwhuydo EESf n S��*2c S��1

Fdvh 51
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Xvlqj wkh uhvxow iurp Fdvh 4/ zh fdq vkrz wkdw k| +uhvs1 q|, pxvw eh juhdwhu
wkdq Sf +uhvs1 ohvv wkdq S�, lq�qlwho| riwhq1 Li qrw wkhq rqh ri wkh pdujlqdo
sulfhv k| dqg q| olhv rxwvlgh wkh frpshwlwlyh lqwhuydo dSfc S�o iru doo vx!flhqwo|
odujh ydoxhv ri | dqg wkhq Ohppd ; lpsolhv wkdw wkh rwkhu sulfh pxvw olhv
lqvlgh1

Ohppd < Iru dq| lqlwldo frqglwlrq %/ zlwk suredelolw| rqh/ rqh ri wkh iro0
orzlqj pxvw rffxu=

+l, Sf 	 k| 	 q| 	 S� iru vrph |>
+ll, k| 	 Sf iru doo | vx!flhqwo| odujh>
+lll, q| : S� iru doo | vx!flhqwo| odujh1

Surri1 Vxssrvh wkdw fdvh +l, grhv qrw rffxu1 Wkhq vlqfh k| 	 q| iru doo |/
lw pxvw eh wkh fdvh wkdw k| 	 Sf lq�qlwho| riwhq ru q| : S� lq�qlwho| riwhq1
Vlqfh wkh pdujlqdo sulfhv gr qrw vwudggoh wkh frpshwlwlyh lqwhuydo lq�qlwho|
riwhq/ h{fhsw iru d �qlwh qxpehu ri gdwhv k| 	 Sf lpsolhv wkdw q| 	 S� dqg
q| : S� lpsolhv wkdw k| : Sf1 Wkhq kdylqj uxohg rxw fdvh +l,/ k| 	 Sf +uhvs1
q| : S�, lpsolhv wkdw k|n� 	 Sf +uhvs1 q|n� : S�, h{fhsw iru d �qlwh qxpehu
ri gdwhv1 Wkxv/ +ll, dqg +lll, duh wkh rqo| dowhuqdwlyhv wr +l,1

Fdvh 61
Li fdvh +l, ri Ohppd < krogv/ wkhq zh duh grqh1 Lw uhpdlqv wr vkrz wkdw fdvhv
+ll, dqg +lll, gr qrw uxoh rxw wkh frpshwlwlyh rxwfrph1 Li rqh ri wkhvh fdvhv
grhv rffxu/ wkh pdujlqdo sulfh frqyhujhv wr wkh dssursuldwh hqgsrlqw/ Sf ru
S�/ zlwkrxw hyhu hqwhulqj wkh lqwhuydo dSfc S�o1 Wkhq wkh sulfhv dw zklfk wudgh
rffxuv zloo eh frpshwlwlyh lq wkh olplw/ exw wkh pdujlqdo wudgh fdq rvfloodwh
lqgh�qlwho| ehwzhhq wkh pdujlqdo wudghu dqg dq h{wud0pdujlqdo wudghu1 Iru
h{dpsoh/ dorqj vrph uhdol}dwlrq +vdpsoh sdwk, ri wkh Pdunry fkdlq/ zh pd|
kdyh k| 	 Sf iru doo | vx!flhqwo| odujh> wkhq k| $ Sf dv | $ 41 Xqiruwx0
qdwho|/ zh fdqqrw dqdo|}h lqglylgxdo vdpsoh sdwkv ehfdxvh wkh| rffxu zlwk
suredelolw| }hur1 Lqvwhdg zh kdyh wr uhirupxodwh wkh fodlp lq whupv ri d vhw
ri vwdwhv1

Iru dq| 0 : f ohw �0 ghqrwh wkh vhw ri vwdwhv % ' E@c K� vxfk wkdw

@� � 4�?i�6c �6n�jn 0 iru � ' �c ���c 6

dqg
K� � 4@ i�6c �6n�j � 0 iru � ' �c ���c 6�
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Wkh qh{w ohppd vd|v wkdw/ vwduwlqj iurp dq| lqlwldo frqglwlrq % dqg iru dq| 0/
�0 lv xqlirupo| dffhvvleoh iurp dq| srlqw lq wkh vwdwh vsdfhj1 Xqiruwxqdwho|/
zkloh wkh surri ri wkh ohppd lv vwudljkwiruzdug/ lw lv udwkhu whglrxv1 Lw
frqvlvwv ri frqvlghulqj duelwudu| lqlwldo vwdwhv dqg vkrzlqj lqgxfwlyho| wkdw
zlwk srvlwlyh suredelolw|/ sulfh0fxwwlqj e| vhoohuv dqg sulfh0udlvlqj e| ex|huv
zloo ohdg wkh lqiud0pdujlqdo wudghuv wr fkrrvh sulfhv forvh wr wkh frpshwlwlyh
lqwhuydo1

Ohppd 43 Iru dq| 0 : f/ j l�01

Surri1 Pruh suhflvho|/ zh vkdoo vkrz wkdw iru dq| % dqg 0 : f/ wkhuh h{lvwv
dq lqwhjhu ? : f +lqghshqghqw ri 0 dqg %, dqg d qxpehu � : f vxfk wkdw
� ?E%c�0� � �1 Zh ehjlq zlwk wkh vhoohuv dqg wkhq uhshdw wkh dujxphqw iru
wkh ex|huv1 Zh qhhg wr glvwlqjxlvk wzr gl�huhqw fdvhv/ ghshqglqj rq zkhwkhu
�6 : �6n� ru �6n� : �61

Fdvh �1 �6 : �6n�1 Lq wklv fdvh/ ohw % ' E@c K� eh wkh lqlwldo frq0
glwlrq dqg frqvlghu wkh �uvw 6 n � vhoohuv/ � ' �c ���c6 n �1 Duudqjh wkhp
lq ghvfhqglqj rughu dffruglqj wr wkhlu dvnlqj sulfhv= � ' ��c ���c �6n� vr wkdw
@�� : @��n� iru � ' �c ���c 61 Qrwh wkdw zh rqo| frqvlghu jhqhulf lqlwldo vwdwhv/
lq zklfk wkhuh duh qr wlhv1 Vlqfh wlhv rffxu zlwk suredelolw| }hur/ wklv grhv
qrw hqwdlo dq| orvv ri jhqhudolw| lq zkdw iroorzv1 Qrz vxssrvh wkdw wkhvh
djhqwv duh fkrvhq wr pdnh fkdqjhv lq wkhlu vwudwhjlhv lq suhflvho| wklv rughu1
Wklv zloo kdsshq zlwk suredelolw| E2��3E6n�� : f1 Frqvlghu �uvw vhoohu ��1 Li
@�� � �6n�n0 wkhuh lv qrwklqj pruh wr suryh vr vxssrvh wkdw @�� : �6n�n01
Dw wklv sulfh/ wkh djhqw lv xqdeoh wr wudgh/ vlqfh dw prvw 6 vhoohuv fdq wudgh/
wkh pdunhw pdnhu dozd|v dvvljqv wudghv wr wkh vhoohuv zlwk wkh orzhvw dvnlqj
sulfhv/ dqg wkhuh duh 6 vhoohuv zlwk orzhu sulfhv1 Wkhuhiruh wklv vhoohu/ zkhq
jlyhq wkh fkdqfh/ zloo udqgrpl}h rq wkh lqwhuydo d���c� o dqg kdv d srvlwlyh
suredelolw| E�6n�n0�����*E������ : f ri fkrrvlqj d sulfh @�� � �6n�n01

Qrz pryh wr wkh vhfrqg vhoohu1 Li wklv vhoohu lv fkrrvlqj d sulfh @�2 �
�6n�n 0/ wkhuh lv qrwklqj pruh wr suryh1 Li @�2 : �6n�n 0 wkhq vhoohu �2 kdv
wkh kljkhvw sulfh dqg fdqqrw wudgh1 Wkhq kh zloo udqgrpl}h rq wkh lqwhuydo
d��2c� o dqg wkhuh lv d suredelolw| E�6n�n0���2�*E� ���2� : f ri fkrrvlqj
d sulfh vdwlvi|lqj @��2 � �6n� n 01

Wr frpsohwh wkh surri e| lqgxfwlrq/ vxssrvh wkdw @�� � �6n� n 0 iru
� ' ��c ���c �� dqg frqvlghu ��n�1 Li @��n� � �6n� n 0 wkhuh lv qrwklqj wr suryh
vr vxssrvh wkdw @��n� : �6n�n01 Wkhq ��n� fdqqrw wudgh dw wklv sulfh/ +vlqfh
wkhuh duh 6 orzhu sulfhv,/ vr zkhq jlyhq wkh fkdqfh vhoohu ��n� zloo udqgrpl}h
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rq wkh lqwhuydo d���n�c� o dqg zlwk suredelolw| E�6n� n 0 � ���n��*���n� wkh
qhz sulfh zloo vdwlvi| @���n� � �6n�n 01 E| lqgxfwlrq zh kdyh vkrzq wkdw iru
doo � ' ��c ���c �6n� wkhuh lv d srvlwlyh suredelolw| wkdw @� � �6n� n 0 zlwklq
h{dfwo| 6n � shulrgv1 Lq idfw/ wkh suredelolw| ri wklv kdsshqlqj lv dw ohdvw

E2��3E6n��06n�

E� � �6n��6n�

vlqfh vhoohu 6 n � kdv wkh vpdoohvw suredelolw| ri fkrrvlqj d sulfh lq wkh
dffhswdeoh lqwhuydo1

Fdvh ��1 �6n� : �61 Lq wklv fdvh/ duudqjh wkh �uvw 6 vhoohuv � ' �c ���c6
lq ghfuhdvlqj rughu dffruglqj wr wkhlu dvnlqj sulfhv= ��c ����c �6 vdwlvi| @�� :
@��n� iru � ' �c ���c6 � �1 Wkhq wkhuh lv d suredelolw| E2��36 wkdw wkhvh
vhoohuv zloo eh fkrvhq lq suhflvho| wklv rughu wr fkdqjh wkhlu dvnlqj sulfhv1 Li
@�� : �6n� kh fdqqrw wudgh vlqfh wkhuh duh 6�� vhoohuv zlwk orzhu sulfhv dqg
wkhuh duh rqo| 6� � ex|huv zkr duh zloolqj wr ex| dw sulfhv dv kljk dv @��1
Frqvhtxhqwo|/ wklv vhoohu zloo udqgrpl}h rq wkh lqwhuydo d���c� o dqg fkrrvh
d sulfh vdwlvi|lqj @��2 � �6 zlwk suredelolw| E�6 � ����*E� � ����1 Vxssrvh
wkdw doo vhoohuv � ' ��c ���c �� kdyh fkrvhq d sulfh @�� � �6 dqg wkdw @��n� : �61
Wkhq ��n� fdqqqrw wudgh dw klv fxuuhqw sulfh1 Zkhq kh jhwv d fkdqfh wr
fkdqjh klv vwudwhj| kh zloo udqgrpl}h ryhu wkh lqwhuydo d���n�c� o dqg fkrrvh
d sulfh @��n� � �6 zlwk suredelolw| E�6����n��*���n�1 E| lqgxfwlrq/ zh kdyh
vkrzq wkdw doo vhoohuv � ' �c ���c 6 zloo fkrrvh d sulfh ohvv wkdq ru htxdo wr �6
lq h{dfwo| 6 shulrgv zlwk d suredelolw| juhdwhu wkdq ru htxdo wr

E2��36E�6 � �6�
6

E� � �6n��6
�

Zh surfhhg lq dq h{dfwo| vlplodu zd| zlwk wkh ex|huv/ wklv wlph glvwlq0
jxlvklqj wkh fdvhv �6 : �6n� dqg �6 	 �6n�1

Fdvh �1 �6n� : �61 Lq wklv fdvh/ ex|hu 6 n � fdq vrphwlphv frpshwh
zlwk ex|hu 6 iru wudgh1 Wdnh wkh �uvw 6 n � ex|huv � ' �c ���c 6 n � dqg
duudqjh wkhp lq lqfuhdvlqj rughu ri elg sulfhv ��c ���c �6n� vr wkdw K�� 	 K��n�
iru doo � ' �c ���c 61 Wkhuh lv d suredelolw| E2��3E6n�� wkdw wkh ex|huv zloo
eh fkrvhq lq suhflvho| wklv rughu wr fkdqjh wkhlu vwudwhjlhv1 Frqvlghu wkh
ghflvlrq ri ex|hu ��1 Vlqfh kh lv r�hulqj wkh orzhvw sulfh ri 6 n � ex|huv/
kh fdqqrw srvvleo| wudgh1 Wkhuhiruh klv qhz vwudwhj| zloo eh d udqgrp gudz
iurp wkh lqwhuydo dfc ���o1 Zlwk suredelolw| E��� � �6n�n 0�*��� wkh qhz sulfh
zloo vdwlvi| K��� � �6n� � 01 Vxssrvh wkdw K�� � �6n� � 0 iru � ' ��c ���c ��
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dqg frqvlghu ��n�1 Li K��n� � �6n� � 0 wkhuh lv qrwklqj wr suryh vr vxssrvh
wkdw K��n� 	 �6n� � 01 Wkhq ��n� fdqqrw wudgh dw wklv sulfh/ +vlqfh wkhuh
duh 6 kljkhu sulfhv,/ vr zkhq jlyhq wkh fkdqfh ex|hu ��n� zloo udqgrpl}h rq
wkh lqwhuydo dfc ���n�o dqg zlwk suredelolw| E���n� � �6n� n 0�*���n� wkh qhz
sulfh zloo vdwlvi| K���n� � �6n� � 01 E| lqgxfwlrq zh kdyh vkrzq wkdw iru doo
� ' ��c ���c �6n� wkhuh lv d srvlwlyh suredelolw| wkdw K� � �6n��0 zlwklq 6n�
shulrgv1 Lq idfw/ wkh suredelolw| ri wklv hyhqw zloo eh dw ohdvw

E2��36n�06n�

�6n�
6n�

c

vlqfh ex|hu � ' 6n� kdv wkh vpdoohvw suredelolw| ri fkrrvlqj dq dffhswdeoh
sulfh1

Fdvh ��1 �6n� 	 �61 Duudqjh wkh �uvw 6 ex|huv lq lqfuhdvlqj rughu
dffruglqj wr wkhlu elg sulfhv= ��c ����c �6 vdwlvi| K�� 	 K��n� iru � ' �c ���c 6�
�1 Wkhq wkhuh lv d suredelolw| E2��36 wkdw wkhvh vhoohuv zloo eh fkrvhq lq
suhflvho| wklv rughu wr fkdqjh wkhlu dvnlqj sulfhv1 Li K�� 	 �6 kh fdqqrw wudgh
vlqfh wkhuh duh 6�� vhoohuv zlwk orzhu sulfhv dqg wkhuh duh rqo| 6�� vhoohuv
zkr duh zloolqj wr dffhsw d sulfh dv orz dv K��1 Frqvhtxhqwo|/ wklv vhoohu
zloo udqgrpl}h rq wkh lqwhuydo dfc ���o dqg fkrrvh d sulfh vdwlvi|lqj K��� � �6
zlwk suredelolw| E�6 � ����*���1 Vxssrvh wkdw doo ex|huv � ' ��c ���c �� kdyh
fkrvhq d sulfh K�� � �61 Wkhq ��n� fdqqqrw wudgh dw klv fxuuhqw sulfh1 Zkhq
kh jhwv d fkdqfh wr fkdqjh klv vwudwhj| kh zloo udqgrpl}h ryhu wkh lqwhuydo
dfc ���n�o dqg fkrrvh d sulfh K��n� � �6 zlwk suredelolw| E�6 � ���n��*���n�1
E| lqgxfwlrq/ zh kdyh vkrzq wkdw doo ex|huv � ' �c ���c 6 zloo fkrrvh d sulfh
K�� � �6 lq 6 shulrgv zlwk suredelolw| juhdwhu wkdq ru htxdo wr

E2��36E�6 � �6�
6

�66
�

Wkh frqfdwhqdwlrq ri wkhvh wzr dujxphqwv/ iru vhoohuv dqg ex|huv uhvshf0
wlyho|/ reylrxvo| hvwdeolvkhv wkh ghvluhg uhvxow1 Qrwh krzhyhu wkdw lq Fdvhv
� dqg �/ iru vhoohuv ru ex|huv/ wkh suredelolw| ri uhdfklqj wkh vhw �0 ghshqgv
rq wkh ydoxh ri 01 Wklv iroorzv iurp wkh idfw wkdw zh xvh wkh h{wud0pdujlqdo
vhoohu ru ex|hu 6 n � wr glvflsolqh wkh lqiud0pdujlqdo vhoohuv dqg ex|huv/ uh0
vshfwlyho|/ dqg klv fkdqfh ri fkrrvlqj dq dffhswdeoh sulfh lv sursruwlrqdo wr
01

Ehfdxvh Ohppd 43 krogv iru duelwudu| 0 : f/ zh frqfoxgh wkdw hyhq lq
fdvhv +ll, dqg +lll, wkh olplw srlqwv ri rqh ri wkh pdujlqdo sulfhv/ ik|j ru iq|j/
duh frqwdlqhg lq wkh frpshwlwlyh lqwhuydo dSfc S�o1
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Ohppd 44 Vxssrvh wkdw k| 	 Sf +uhvs1 q| : S�, iru doo | vx!flhqwo| odujh>
wkhq *�4|<" k| ' Sf +uhvs1 *�4|<" q| ' S�,1

Surri1 Ohw �? eh wkh vhw �0 zlwk 0 ' �*? dqg ohw

l? ' i/ 5 lmf| 5 �? l1r1jc
zkhuh �l1r1� phdqv iru doo exw d �qlwh qxpehu ri |1 Vlqfh �%Elql?� ' f/

�%E_"?'�l?� ' �%Elq ^"?3� Elql?��

� �� �%E^"?3�Elql?��

� ��
"[
?'�

�%Elql?� ' ��

Ohw l� ' _"?'�l? dqg ohw

l�f ' i/ 5 l�mk| 	 Sf l1r1j
dqg

l�� ' i/ 5 l�mq| : S� l1r1j�
Wkhq e| frqvwuxfwlrq zh nqrz wkdw iru dq| / 5 l�f +uhvs1 dq| / 5 l��,/
k|E/� ( Sf +uhvs1 q|E/� ) S�,/ dv uhtxluhg1

E| d vlplodu dujxphqw/ zh fdq vkrz wkdw lq erwk fdvhv +ll, dqg +lll,/ erwk
pdujlqdo sulfhv frqyhujh1

Ohppd 45 Vxssrvh wkdw k| 	 Sf +uhvs1 q| : S�, iru doo | vx!flhqwo| odujh>
wkhq *�4|<" q| ' Sf +uhvs1 *�4|<" k| ' S�, zkhuh dv xvxdo wkh olplwv krog
doprvw vxuho|1

Surri1 Iru dq| 0 : f ohw �0 ghqrwh wkh vhw ri vwdwhv vxfk wkdw kE%� 	 S�� 0
dqg qE%� : S�/ wkdw lv/

�0 ' i% 5 �m Sf 	 kE%� 	 S� � 0 	 S� 	 qE%�jc
zkhuh � lv wkh vhw ri vwdwhv frqvlvwhqw zlwk pd{lpxp wudgh1 Iru dq| vwdwh
% 5 �0 wkhuh lv d srvlwlyh suredelolw|/ erxqghg dzd| iurp }hur/ ri hqwhulqj
wkh vhw � ' i% 5 �m Sf 	 kE%� 	 qE%� 	 S�j1 Iru h{dpsoh/ zlwk suredelolw|
6*2� / dq lqiud0pdujlqdo ex|hu lv fkrvhq wr pryh dqg zlwk suredelolw| dw
ohdvw 0*�� fkrrvhv d sulfh lq wkh lqwhuydo dS� � 0c S�o1 Rqfh lq wkh vhw �/ wkh
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v|vwhp qhyhu ohdyhv/ vr zh fdq xvh d suhylrxv dujxphqw wr vkrz wkdw wkh
v|vwhp fdqqrw eh lq wkh vhw �0 lq�qlwho| riwhq= iru dq| lqlwldo vwdwh % dqg
dq| �{hg e| duelwudu| 0 : f/

�%Ef| 5 �0 l1r1� ' f�

Vlqfh zh kdyh dovr vkrzq douhdg| wkdw wkh v|vwhp fdqqrw eh lq d vwudggolqj
srvlwlrq lq�qlwho| riwhq/ lw iroorzv wkdw/ gh�qlqj��

0 ' i% 5 �mkE%� 	 S��0 	
S� 	 qE%�j/ zh kdyh

�%Ef| 5 � �

0 l1r1� ' f�

Iurp wklv lw lv lpphgldwh wkdw/ rq d vxevhw ri l kdylqj ixoo phdvxuh/ li fdvh
+lll, rffxuv wkhq k| $ S�1

E| dq h{dfwo| vlplodu dujxphqw/ vkrz wkdw lq fdvh +ll, q| $ Sf1
Vr/ lq erwk fdvhv +ll, dqg +lll,/ zh kdyh vkrzq wkdw wkh pdujlqdo sulfhv

frqyhujh wr hohphqwv ri wkh frpshwlwlyh lqwhuydo dSfc S�o1 Ehfdxvh wkh pdujlqdo
sulfhv rqo| dssurdfk wkh frpshwlwlyh lqwhuydo dv|pswrwlfdoo|/ lw lv srvvleoh
wkdw wkh h{wud0pdujlqdo djhqwv � ' 6 n � dqg � n 6 n � duh deoh wr wudgh
lq�qlwho| riwhq1 Krzhyhu/ wklv wudgh zloo eh lqiuhtxhqw ehfdxvh wkh suredelolw|
wkdw dq h{wud0pdujlqdo djhqw lv deoh wr wudgh lq dq| shulrg jrhv wr }hur dv
wkh pdujlqdo sulfhv frqyhujh wr Sf ru S�1

617 H{whqvlrqv

61714 Ilqlwh Vwudwhj| Vhwv

Dowkrxjk zh kdyh ehhq dqdo|}lqj d vlpsoh prgho/ wkh dqdo|vlv wxuqv rxw wr
eh frpsolfdwhg1 Vrph ri wkh frpsoh{lw| ri wkh dqdo|vlv lq wklv fkdswhu lv
dvvrfldwhg zlwk wkh idfw wkdw wkh vwdwh vsdfh f lv dq lq�qlwh vhw1 Lw lv qdwxudo
wr dvn li wkh dqdo|vlv frxog eh vlpsol�hg e| uhsodflqj f zlwk d �qlwh vxevhw1

Iru h{dpsoh/ li wkh djhqwv zhuh uhvwulfwhg wr fkrrvlqj iurp d �qlwh qxpehu
ri elg dqg dvn sulfhv/ wkh vhw ri dgplvvleoh vwudwhj| sur�ohv zrxog eh �qlwh1
Wkh ehkdylru ri wkh v|vwhp frxog wkhq eh uhsuhvhqwhg e| d �qlwh Pdunry
fkdlq dqg wklv zrxog holplqdwh vrph ri wkh whfkqlfdo frpsolfdwlrqv1

Wkhuh lv d fhuwdlq uhdolvp lq wkh dvvxpswlrq wkdw dgplvvleoh sulfhv pxvw
ehorqj wr d �qlwh vhw1 Lq sudfwlfh/ wkh sulfh ri dq lqglylvleoh jrrgv zloo eh dq
lqwhjudo pxowlsoh ri wkh vpdoohvw prqhwdu| xqlw +fhqwv/ oluh/ hwf1, dqg vlqfh
wkh sulfh lv qdwxudoo| erxqghg lq wklv frqwh{w/ wklv lpsolhv wkdw rqo| d �qlwh
qxpehu ri sulfhv qhhgv wr eh frqvlghuhg1
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Dvvxplqj d �qlwh qxpehu ri sulfhv vlpsol�hv wkh dqdo|vlv lq vrph zd|v
dqg pdnhv lw pruh frpsolfdwhg lq rwkhuv1 Zlwk d frqwlqxxp ri sulfhv/ wkh
suredelolw| ri wzr djhqwv txrwlqj wkh vdph sulfh lv }hur/ vr zh gr qrw kdyh
wr zruu| derxw wlhv1 Li sulfhv kdyh wr eh dq lqwhjudo qxpehu ri prqhwdu|
xqlwv/ wkhq lw lv qdwxudo wr dvvxph wkdw hdfk djhqw fdq fkrrvh iurp wkh vdph
vhw ri sulfhv dqg wklv pdnhv wlhv d suredeoh hyhqw1 Wkh wuhdwphqw ri wlhv
pd| eh lpsruwdqw iru wkh hyroxwlrq ri wkh v|vwhp1 Iru h{dpsoh/ li jrrgv
duh doorfdwhg udqgrpo| lq wkh hyhqw ri d wlh/ lw pd| pdnh lw gl!fxow iru wkh
v|vwhp wr vhwwoh grzq xqohvv rqh djhqw fdq xqghufxw wkh rwkhu1 Vxssrvh wkdw
wzr ex|huv kdyh yhu| vlplodu uhvhuydwlrq ydoxhv dqg wkdw wkhuh lv qr sulfh wkdw
olhv ehwzhhq wkh wzr ydoxhv1 Wkhq erwk frxog hqg xs r�hulqj wkh vdph sulfh
dqg wkh wudgh zrxog erxqfh ehwzhhq wkhp xqwlo rqh ri wkhp udlvhg klv elg1

Rqh zd| wr dyrlg wlhv lv wr dvvxph wkdw gl�huhqw djhqwv kdyh gl�huhqw
vhwv ri dgplvvleoh sulfhv1 Wklv vhhpv d olwwoh frqwulyhg/ jlyhq wkh prwlydwlrq
iru �qlwhqhvv lq whupv ri d plqlpdo fxuuhqf| xqlw/ exw lw zrxog zrun1 Wkh
dvvxpswlrq wkdw qr wzr djhqwv kdyh wkh vdph uhvhuydwlrq ydoxh sod|v d vlplodu
uroh lq wkh suhfhglqj prgho1

Wkhuh lv dqrwkhu sureohp wkdw dulvhv hyhq li wkh vhw ri dgplvvleoh sulfhv lv
�qh hqrxjk vr wkdw wkhuh h{lvwv dq dgplvvleoh sulfh ehwzhhq dq| wzr uhvhuyd0
wlrq ydoxhv1 Dq h{dpsoh zloo pdnh wklv fohdu1 Vxssrvh wkdw wkhuh lv d vlqjoh
ex|hu zlwk d uhvhuydwlrq sulfh ri � dqg wzr vhoohuv/ rqh zlwk d uhvhuydwlrq
sulfh ri � dqg wkh rwkhu zlwk d uhvhuydwlrq sulfh ri 21 Fdoo wkhvh djhqwv �c 2
dqg �1 Wkhq d frpshwlwlyh htxloleulxp sulfh pxvw olh lq wkh forvhg lqwhuydo
d�c 2o1 Vxssrvh wkdw wkh vpdoohvw dgplvvleoh sulfh juhdwhu wkdq 2 lv 2��1 Li
2�� ehorqjv wr wkh sulfh vhw ri vhoohu �/ wkhq vhoohu � fdq krog wkh pdujlqdo
sulfh dqg wkhuh lv qrwklqj vhoohu 2 fdq gr derxw lw1 Rq wkh rwkhu kdqg/ li
2�� ehorqjv wr wkh sulfh vhw ri vhoohu 2/ wkhq dw vrph srlqw vhoohu � zloo kdyh
wr fkrrvh dq dvn sulfh ohvv wkdq wzr lq rughu wr wudgh dqg lq wkdw fdvh wkh
pdujlqdo sulfh zloo hyhqwxdoo| jhw lqvlgh wkh frpshwlwlyh lqwhuydo1 Zkhwkhu
frqyhujhqfh rffxuv ru qrw ghshqgv rq h{dfwo| krz zh fkrrvh wkh dgplvvleoh
sulfhv1

Li wkh julg ri dgplvvleoh sulfhv zhuh vx!flhqwo| �qh/ rqh pljkw krsh wkh
rxwfrph zrxog eh dssur{lpdwho| frpshwlwlyh1 Lq rwkhu zrugv/ zh fdq suryh
d olplw wkhruhp fkdudfwhul}lqj wkh dv|pswrwlf sulfhv dv | $ 4 dqg wkhq
suryh dqrwkhu olplw wkhruhp fkdudfwhul}lqj wkhvh sulfhv dv wkh julg ehfdph
�qhu dqg �qhu xqwlo lw dssur{lpdwhg wkh frqwlqxrxv vwdwh vsdfh f1 Wkh idfw
wkdw/ iru vrph fkrlfhv ri wkh julg/ wkh dv|pswrwlf sulfhv +dv | $ 4, uhpdlq
rxwvlgh wkh frpshwlwlyh lqwhuydo hfkrhv fdvh +ll, ri Wkhruhp :1
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Wdnlqj olplwv surylghv xv zlwk dq dqrorjxh ri Wkhruhp : exw lv xqolnho|
wr eh dq| hdvlhu dqg lq vrph zd|v frxog eh pruh frpsolfdwhg wkdq ghdolqj
gluhfwo| zlwk wkh frqwlqxrxv vwdwh vsdfh f1

61715 Wudglqj Pxowlsoh Xqlwv

Rqh ri wkh lpsruwdqw vlpsol�fdwlrqv ri wkh wkhru| ghyhorshg lq wklv fkdswhu
lv wkh dvvxpswlrq wkdw hdfk djhqw zdqwv wr wudgh d vlqjoh xqlw ri wkh jrrg1
Wkhuh duh pdunhwv zkhuh wklv lv d uhdvrqdeoh vlpsol�fdwlrq +wklqn ri wkh
oderu pdunhw ru wkh pdunhw iru frqvxphu gxudeohv/ iru h{dpsoh, dqg wkhuh
duh pdq| h{dpsohv lq wkh olwhudwxuh rq hfrqrplf wkhru| zkhuh vxevwdqwldo
surjuhvv kdv ehhq pdgh zlwk wkh dlg ri wklv dvvxpswlrq1 Qrqhwkhohvv/ lw lv d
uhvwulfwlyh dvvxpswlrq dqg lw olplwv wkh dssolfdelolw| ri wkh wkhru|1

Wkhuh lv rqh sduwlfxodu ihdwxuh ri wkh dvvxpswlrq wkdw vkrxog zruu| xv
jlyhq/ rxu lqwhuhvw lq shuihfw frpshwlwlrq1 Dv orqj dv dq djhqw rqo| zdqwv wr
wudgh dw prvw rqh xqlw ri wkh jrrg/ wkhuh lv devroxwho| qr lqfhqwlyh iru wkh
djhqw wr glvwruw klv ghpdqg ru vxsso| lq rughu wr lq xhqfh wkh sulfh1 Wkh
djhqw rqo| kdv wzr dowhuqdwlyhv/ wr wudgh ru qrw wr wudgh1 Li kh grhv qrw wudgh
klv sd|r� lv }hur dqg wkh sulfh lv luuhohydqw1 Vr dq djhqw pxvw wudgh wr jhw
d srvlwlyh sd|r�1 Kh zloo wu| wr wudgh dw wkh ehvw srvvleoh sulfh exw wkhuh lv
qr xvhdeoh wudghr� ehwzhhq wkh dprxqw wudghg dqg wkh sulfh1

Wkh idfw wkdw zh jhw d frpshwlwlyh rxwfrph iru dq| �qlwh qxpehu ri
djhqwv lq wkh pdunhw lv vxusulvlqj1 Rqh pljkw vxvshfw wkdw wkh dvvxpswlrq
wkdw hdfk djhqw wudghv rqo| rqh xqlw kdv vrphwklqj wr gr zlwk lw1 Iru wklv
uhdvrq lw lv lpsruwdqw wr h{dplqh wkh fdvh ri d pdunhw lq zklfk djhqwv fdq
wudgh pxowlsoh xqlwv ri wkh jrrg1

Zkhq dq djhqw zdqwv wr wudgh pruh wkdq rqh xqlw/ kh lpphgldwho| idfhv
wkh srvvlelolw| ri d wudghr� ehwzhhq sulfh dqg txdqwlw|1 Wklv lv prvw fohduo|
dssduhqw li wkh djhqw lv irufhg wr wudgh doo xqlwv dw wkh vdph elg ru dvn sulfh1
Wkhq lq rughu wr wudgh dq h{wud xqlw d vhoohu zloo kdyh wr orzhu wkh sulfh dw
zklfk kh r�huv doo xqlwv dqg frqyhuvho| d ex|hu zloo kdyh wr udlvh wkh sulfh
kh elgv iru doo xqlwv1 Exw wklv lv qrw wkh rqo| zd| ri h{whqglqj wkh prgho
dqg/ lq idfw/ wkhuh duh pdq| zd|v wkdw rqh frxog jr derxw lw/ zlwk gl�huhqw
uhvxowv1

Shukdsv wkh vlpsohvw zd| ri h{whqglqj wkh prgho lv wr dgdsw wkh ehkdy0
lrudo uxohv xvhg lq wklv fkdswhu e| uhsuhvhqwlqj hdfk djhqw dv d froohfwlrq ri
ehkdylrudo uxohv/ rqh iru hdfk xqlw ri wkh jrrg wudghg1 Vxssrvh/ iru vlpsolflw|/
wkdw wkhuh lv d vlqjoh vhoohu dqg d vlqjoh ex|hu1 Wkh vhoohu lv dvvxphg wr kdyh
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� gl�huhqw xqlwv ri wkh jrrg dqg wkh ex|hu lv dvvxphg wr kdyh � gl�huhqw
xvhv iru wkh jrrg1 Wkhq wkh vhoohu*v suhihuhqfhv duh uhsuhvhqwhg e| d vhtxhqfh
ri ydoxdwlrqv � ' E��c ���c ���/ zkhuh f 	 �� 	 �2 	 ��� 	 �� dqg wkh ex|0
hu*v suhihuhqfhv duh uhsuhvhqwhg e| d vhtxhqfh ri ydoxdwlrqv � ' E��c ���c �� �/
zkhuh �� : �2 : ��� : �� : f1 Wkh lqwhusuhwdwlrq khuh lv wkdw �� lv wkh
ydoxdwlrq wkh vhoohu sodfhv rq xqlw � ri wkh jrrg dqg �� lv wkh ydoxdwlrq wkh
ex|hu sodfhv rq d xqlw ri wkh jrrg dssolhg wr xvh �1 Qrwlfh wkdw wkhvh duh
qrw pdujlqdo ydoxdwlrqv/ wkh ydoxh ri wkh ?0wk xqlw ri wkh jrrg erxjkw dqg
vrog1 Udwkhu wkhvh duh ydoxdwlrqv wkdw dwwdfk wr lghqwl�deoh xqlwv ri wkh jrrg
ru lghqwl�deoh xvhv ri wkh jrrgv1 Wklv uhtxluhv xv wr dvvxph wkdw wkh vhoohu
uhjdugv gl�huhqw xqlwv ri wkh jrrg dv vrphkrz glvwlqfw/ lqghshqghqwo| ri wkh
qxpehu vrog dqg wkdw wkh ex|hu uhjdugv gl�huhqw xqlwv ri wkh jrrg dv lghq0
wlfdo/ exw dssolfdeoh wr glvwlqfw xvhv lq zklfk wkh| kdyh gl�huhqw ydoxdwlrqv/
lqghshqghqwo| ri wkh qxpehu ri xqlwv sxufkdvhg1

Wkh vhoohu fkrrvhv d vhtxhqfh ri dvn sulfhv @ ' E@�c ���c @� � zkhuh @� gh0
qrwhv wkh sulfh dvnhg iru xqlw � dqg wkh ex|hu fkrrvhv d vhtxhqfh ri elg sulfhv
K ' EK�c ���c K� �/ zkhuh K� ghqrwhv wkh sulfh elg iru d xqlw wkdw zloo eh dssolhg
wr xvh �1 Wkh elgv dqg dvnv duh wkhq pdwfkhg e| wkh sur�w0pd{lpl}lqj
pdunhw pdnhu1

Wkh fuxfldo txhvwlrq lv krz wkh elgv dqg dvnv duh fkrvhq1 Ehfdxvh ri wkh
vshfldo dvvxpswlrqv zh kdyh sodfhg rq suhihuhqfhv/ lw lv srvvleoh wr dvvljq
elg dqg dvn sulfhv wr jrrgv lqghshqghqwo| ri wkh qxpehu ri jrrgv erxjkw
dqg vrog1 Wklv phdqv wkdw wkh sulfhv iru gl�huhqw xqlwv2xvhv fdq eh ydulhg
lqghshqghqwo|1 Lq idfw/ lw lv srvvleoh wr uhjdug wkh vhoohu dv d froohfwlrq ri �
vhoohuv/ hdfk zlwk d gl�huhqw ydoxdwlrq/ dqg wkh ex|hu dv d froohfwlrq ri �
ex|huv/ hdfk zlwk d gl�huhqw ydoxdwlrq1 Vr rqh zd| wr prgho wkh ehkdylru ri
d ex|hu ru vhoohu lv wr dgrsw wkh ehkdylrudo uxoh xvhg suhylrxvo| e| fkrrvlqj
hdfk sulfh wr pd{lpl}h wkh vxusoxv uhdol}hg rq wkdw xqlw ri wkh jrrg1 Wkhq
wkh suhylrxv dqdo|vlv dssolhv dqg zh jhw d frqyhujhqfh wkhruhp hyhq zlwk
wzr djhqwv lq wkh pdunhw1

Dv d wkrxjkw h{shulphqw/ wr vhh krz rqh pljkw xvh wkh uhvxowv ghyhorshg
lq wklv fkdswhu wr xqghuvwdqg wkh ehkdylru ri d pdunhw lq zklfk lqglylgxdov
wudgh pxowlsoh xqlwv/ wklv h{huflvh kdv vrph ydoxh1 Krzhyhu/ lw lv qrw hqwluho|
frqylqflqj iru d qxpehu ri uhdvrqv1

Iluvw/ dq djhqw lv qrw qhfhvvdulo| fkrrvlqj d ehwwhu vwudwhj| zkhq kh
dgmxvwv wkh dvn sulfh iru xqlw � ru wkh elg sulfh iru xqlw �1 Wkh uhdvrq lv wkdw
kh lv frpshwlqj zlwk klpvhoi dqg lqfuhdvlqj wkh vxusoxv hduqhg rq rqh xqlw
ri wkh jrrg pd| ghfuhdvh wkh vxusoxv hduqhg rq dqrwkhu1 Lq idfw/ kh pd| hqg
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xs zruvh r� dv d uhvxow ri fkdqjlqj klv vwudwhj| lq wklv zd|1
Wkhuh duh wzr srvvleoh uhvsrqvhv wr wklv fulwlflvp1 Rqh uhvsrqvh lv wkdw/

li wkh remhfw lv wr prgho erxqghg udwlrqdolw|/ lw pd| qrw eh vxfk d edg
wklqj wkdw wkh ehkdylrudo uxohv duh vrphzkdw lqfrkhuhqw1 Exloglqj lq pruh
udwlrqdolw| grhv qrw qhfhvvdulo| pdnh wkh prgho pruh uhdolvwlf1 Dqrwkhu
uhvsrqvh lv wkdw/ li wkhuh zhuh pdq| ex|huv dqg vhoohuv lq wkh pdunhw/ wkh
suredelolw| wkdw d fkdqjh lq dq djhqw*v sulfh iru rqh xqlw zrxog d�hfw klv
vxusoxv rq dqrwkhu xqlw zrxog eh vpdoo dqg khqfh pljkw sdvv xqqrwlfhg1

Dqrwkhu/ srvvleo| pruh vhulrxv/ fulwlflvp lv wkdw e| dvvxplqj djhqwv
fkrrvh wkh sulfhv iru gl�huhqw xqlwv lqghshqghqwo|/ zh duh exloglqj lqwr wkh
prgho dq xquhdolvwlf dprxqw ri frpshwlwlrq1 Wkhuh lv qr srvvlelolw| iru wkh
djhqw wr glvfryhu wkdw e| ydu|lqj wkh sulfhv ri gl�huhqw xqlwv vlpxowdqhrxvo|
kh fdq h{huw pdunhw srzhu dqg lpsuryh klv zhoiduh dv d uhvxow1 Lq idfw/ e|
xvlqj wkh vxusoxv hduqhg rq d vlqjoh xqlw dv wkh fulwhulrq iru fkdqjlqj wkh
vwudwhj|/ zh duh qrw hyhq doorzlqj wkh djhqw wr wdnh lqwr dffrxqw krz klv
remhfwlyh ixqfwlrq fkdqjhv dv d uhvxow ri d fkdqjh lq vwudwhj|1

Ilqdoo|/ wkh vshfl�fdwlrq ri wkh suhihuhqfhv lv duwl�fldo1 Lw grhv qrw doorz
iru wkh xvxdo/ qdwxudo lqwhusuhwdwlrq wkdw �� lv wkh vhoohu*v ydoxdwlrq ri wkh
�0wk xqlw vrog dqg wkdw �� lv wkh ex|hu*v ydoxdwlrq ri wkh �0wk xqlw erxjkw1 Li
xwlolw| lv d ixqfwlrq ri wkh qxpehu ri xqlwv erxjkw ru vrog/ zh fdqqrw vshfli|
d vwudwhj| iru xqlw � ru xqlw � lqghshqghqwo| ri wkh rwkhu xqlwv1

Vxssrvh wkhq wkdw zh wdnh wkh pruh qrupdo lqwhusuhwdwlrq zkhuh hdfk
dgglwlrqdo xqlw vrog kdv d kljkhu pdujlqdo glvxwlolw| +frvw, dqg hdfk dgglwlrqdo
xqlw erxjkw kdv d vpdoohu pdujlqdo xwlolw|1 Dv ehiruh/ zh fdq looxvwudwh wkh
prgho e| dvvxplqj d vlqjoh ex|hu dqg d vlqjoh vhoohu zkr fkrrvh dvn sulfhv
@ ' E@�c ���c @�� dqg elg sulfhv K ' EK�c ���c K��/ uhvshfwlyho|1 Zh pd| zdqw wr
uhvwulfw vwudwhjlhv vr wkdw reylrxvo| grplqdwhg vwudwhjlhv duh uxohg rxw/ exw
wkdw lv qrw lpsruwdqw dv orqj dv wkh vhw ri dgplvvleoh vwudwhjlhv lv erxqghg
dqg frqwdlqv wkh xvxdo vwudwhjlhv1

Wkh pdunhw0pdnhu lv/ dv xvxdo/ dvvxphg wr fkrrvh wudghv wr pd{lpl}h
sur�wv/ exw khuh klv doorfdwlrq zloo kdyh wr uhvshfw wkh ex|hu*v dqg vhoohu*v
rughulqj ri wkh elgv1 Li kh fkrrvhv wr wudgh ? xqlwv/ wkh sur�w zloo eh

?[
�'�

K� �
?[
�'�

@��

Wklv lv ehfdxvh d vhoohu fdqqrw wudgh wkh ?0wk xqlw xqohvv kh lv dovr wudglqj
wkh �uvw/ vhfrqg/ 111 dqg E?� ��0wk xqlwv dv zhoo1



69 FKDSWHU 61 ERXQGHG UDWLRQDOLW\

Dw hdfk gdwh/ rqh ri wkh djhqwv lv fkrvhq dw udqgrp wr fkdqjh klv vwudwhj|1
Kh udqgrpo| vhohfwv rqh iurp wkh dgplvvleoh vhw1 Li lw lv ehwwhu wkdq wkh
fxuuhqw vwudwhj|/ kh dgrswv lw> rwkhuzlvh kh vwd|v zlwk wkh fxuuhqw vwudwhj|1

Wkhuh duh ydulrxv zd|v lq zklfk vhdufk iru d ehwwhu vwudwhj| frxog eh
vwuxfwxuhg1 Dq djhqw frxog ydu| wkh sulfh ri rqh xqlw dw d wlph ru vlpxo0
wdqhrxvo| fkdqjh wkh sulfhv ri doo xqlwv1 Wkhvh prgholqj fkrlfhv kdyh lp0
sruwdqw h�hfwv rq wkh ehkdylru ri wkh v|vwhp1 Frqvlghu �uvw wkh fdvh zkhuh
djhqwv ydu| rqh sulfh dw d wlph1 Vxssrvh wkdw vwudwhjlhv duh olplwhg vr wkdw
�� � @� � � dqg f � K� � ��1 Wkhq wkh vxusoxv iurp wudgh lv dozd|v
qrq0qhjdwlyh dqg wkh djhqw zloo qhyhu zdqw wr uhvwulfw klv wudgh/ dv rssrvhg
wr fduu|lqj rq wkh vdph wudgh dw pruh idyrudeoh sulfhv1 Li djhqwv dgmxvw wkh
sulfh iru rqh xqlw dw d wlph/ wkh prgho zloo kdyh wkh surshuw| wkdw rqfh wkh
pd{lpxp yroxph ri wudgh lv dfklhyhg/ lw vwd|v wkh vdph iruhyhu1 Wkh uhdvrq
lv wkdw/ rq wkh rqh kdqg/ dq djhqw zloo qhyhu fkrrvh wr uhgxfh klv wudgh dqg/
rq wkh rwkhu/ kh fdq rqo| lqfuhdvh klv wudgh e| vwhdolqj d xqlw iurp dq djhqw
rq wkh vdph vlgh ri wkh pdunhw1 Wklv vxjjhvwv wkdw wkh dqdo|vlv ri wkh prgho
lq wklv fkdswhu frxog eh h{whqghg wr vkrz frqyhujhqfh li sulfhv duh fkdqjhg
rqh xqlw dw d wlph1

Zrxog wkh htxloleulxp sulfhv frqyhujh wr wkh frpshwlwlyh lqwhuydoB Wkdw
lv qrw vr fohdu/ exw wkh vlplodulw| wr Ehuwudqg frpshwlwlrq vxjjhvwv wkdw lw
pljkw eh srvvleoh wr suryh d frpshwlwlyh olplw wkhruhp/ hyhq zlwk d �qlwh
qxpehu ri djhqwv1

Wkh surshuw| wkdw wkh pd{lpxp yroxph ri wudgh/ rqfh dfklhyhg/ lv pdlq0
wdlqhg iruhyhu ghshqgv rq wkh dvvxpswlrq wkdw djhqwv fkdqjh rqh sulfh dw
d wlph1 Li djhqwv fdq fkdqjh vhyhudo sulfhv vlpxowdqhrxvo| wkh prgho grhv
qrw kdyh wklv surshuw|1 Iru h{dpsoh/ lw pd| zhoo eh dgydqwdjhrxv iru dq
djhqw wr uhgxfh klv wudgh li dw wkh vdph wlph kh jdlqv hqrxjk e| fkdqjlqj
wkh sulfhv ri lqiud0pdujlqdo xqlwv1 Wkh pd{lpxp yroxph surshuw| sod|hg
dq lpsruwdqw uroh lq wkh dqdo|vlv ri frqyhujhqfh lq wklv fkdswhu1 Li lw qr
orqjhu krogv zkhq pxowlsoh xqlwv duh wudghg dqg sulfhv rq gl�huhqw xqlwv duh
fkdqjhg vlpxowdqhrxvo|/ wklv vxjjhvwv wkdw wkh dqdo|vlv ri wklv fdvh zloo eh
pxfk pruh gl!fxow1

Li frqyhujhqfh wr vrphwklqj krogv/ zloo wkdw �vrphwklqj� eh shuihfwo|
frpshwlwlyhB Wkh idfw wkdw djhqwv uhfrjql}h wkh sulfh0txdqwlw| wudghr� vxj0
jhvwv wkdw vlpxowdqhrxv sulfh fkdqjlqj zloo ohdg wr lpshuihfw frpshwlwlrq1
Lq wkdw fdvh/ odujh qxpehuv ri ex|huv dqg vhoohuv zloo eh qhhghg wr dfklhyh d
shuihfwo| frpshwlwlyh rxwfrph1

Dq lpsruwdqw vshfldo fdvh ri vlpxowdqhrxv sulfh fkdqjlqj lv rqh lq zklfk
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wkh djhqwv pxvw txrwh d vlqjoh sulfh iru doo xqlwv wudghg/ srvvleo| dffrpsd0
qlhg e| d olplw rq wkh qxpehu ri xqlwv wr eh wudghg1 D olplw rq wudghv lv
qhhghg ehfdxvh rwkhuzlvh wkh djhqw uxqv wkh ulvn ri fruqhulqj wkh pdunhw dw
d glvdgydqwdjhrxv sulfh1 Wkh lqwhuhvw ri wklv fdvh lv wkdw lw pdnhv wkh olqn
ehwzhhq wkh sulfh txrwhg dqg wkh txdqwlw| wudghg txlwh wljkw dqg vr hpskd0
vl}hv wkh uroh ri lpshuihfw frpshwlwlrq1 Djdlq/ odujh qxpehuv pd| eh qhhghg
wr dfklhyh wkh shuihfwo| frpshwlwlyh rxwfrph1

61716 Pxowlsoh Jrrgv

Wkh uhvwulfwlrq ri wkh dqdo|vlv wr d vlqjoh pdunhw +l1h1/ wkh pdunhw iru d vlqjoh
jrrg, lv mxvw dv olplwlqj dv wkh uhvwulfwlrq wr wudglqj d vlqjoh xqlw ri wkh jrrg1
Li hdfk ex|hu dqg vhoohu rshudwhv lq rqo| rqh pdunhw/ wkhq wkh h{whqvlrq wr
pxowlsoh jrrgv dggv qrwklqj wr wkh vwru| ghyhorshg vr idu= dq hfrqrp| zlwk
pdq| pdunhwv lv mxvw d froohfwlrq ri vlqjoh0pdunhw hfrqrplhv wkdw gr qrw
lqwhudfw lq dq| phdqlqjixo zd|1 Vr wr pdnh wkh h{whqvlrq lqwhuhvwlqj/ rqh
zdqw djhqwv wr ex| dqg vhoo lq pruh wkdq rqh pdunhw +ex| dqg vhoo pruh wkdq
rqh jrrg,1

Lw lv qrw gl!fxow wr h{whqg wkh gh�qlwlrq ri wkh prgho wr doorz iru pruh
wkdq rqh jrrg/ hvshfldoo| li zh uhwdlq wkh dvvxpswlrq ri txdvl0olqhdu xwlolw|1
Iru vlpsolflw|/ vxssrvh wkdw djhqwv fdq wudgh dw prvw rqh xqlw ri hdfk jrrg/
exw wkhuh lv d �qlwh qxpehu ri jrrgv lqgh{hg e| � ' �c ���c � lq dgglwlrq wr
wkh qxphudluh +prqh|,1 Wkhuh lv d �qlwh qxpehu ri vhoohuv � ' �c ���c � hdfk
ri zkrp vhoov d yhfwru %� 5 ifc �j� ri jrrgv dw wkh dvn sulfhv @� 5 +�

n dqg
uhfhlyhv d sd|r� @� � %� � ��E%��/ zkhuh ���E%�� lv wkh glvxwlolw| ri jlylqj xs
%�1 Vlploduo|/ wkhuh lv d �qlwh qxpehu ri ex|huv � ' �c ���c � hdfk ri zkrp
sxufkdvhv d yhfwru ri jrrgv %� 5 ifc �j� dw wkh elg sulfhv K� 5 +�

n dqg
uhfhlyhv d sd|r� ri ��E%��� K� � %�1

Wkhuh lv qr gl!fxow| lq dgdswlqj wkh ehkdylrudo uxohv wr wkh pxowl0jrrg
fdvh/ ehfdxvh wkhuh lv d sulfh iru hdfk gl�huhqw jrrg dqg wkh pdwfklqj ri
ghpdqgv dqg vxssolhv fdq eh fduulhg rxw iru hdfk pdunhw lqghshqghqwo| ri
wkh rwkhuv1 Wkxv/ rqh frxog fkrrvh dq djhqw dw udqgrp wr fkdqjh klv vwudwhj|
dqg dvvxph wkdw kh udqgrpo| fkrrvhv d jrrg dqg udqgrpo| fkrrvhv d qhz
elg2dvn sulfh iru wkdw jrrg1 Li wkh qhz sulfh lqfuhdvhv wkh djhqw*v sd|r� lw
zrxog eh dgrswhg> rwkhuzlvh wkh fxuuhqw sulfh zrxog eh pdlqwdlqhg1 Wklv
vshfl�fdwlrq kdv wkh dgydqwdjh ri vlpsolflw| dqg doorzv xv wr h{whqg wkh
dqdo|vlv ri wkh vlqjoh0jrrg prgho lq d vwudljkwiruzdug zd|1 Krzhyhu/ lw kdv
wkh xqdwwudfwlyh ihdwxuh wkdw fhuwdlq lpsuryhphqwv wkdw fdq rqo| eh dfklhyhg
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e| fkdqjlqj wzr sulfhv dw rqfh duh uxohg rxw1
Dq h{dpsoh zloo pdnh wklv fohdu1 Vxssrvh wkhuh duh wzr jrrgv/ � dqg �/

dqg wkuhh ex|huv �c�c dqg �1 Ex|hu � olnhv jrrg �/ ex|hu � olnhv jrrg �/
dqg ex|hu � olnhv jrrgv � dqg �1 Pruh suhflvho|/ dvvxph wkdw ��Ef� ' f iru
doo � dqg wkdw

��Efc �� ' f( ��E�c f� ' ��E�c �� ' 2(

��E�c f� ' f( ��Efc �� ' ��E�c �� ' 2(

��E�c f� ' ��Efc �� ' �( ��E�c �� ' S�

Vr ex|hu � zloo sd| xs wr 2 iru rqh xqlw ri �> ex|hu � zloo sd| xs wr 2 iru
rqh xqlw ri �> dqg ex|hu � zloo sd| xs wr � iru d xqlw ri hlwkhu � ru � dqg
zloo sd| xs wr S iru d exqgoh frqvlvwlqj ri d xqlw ri erwk � dqg �1 Wkxv/ �
kdv srwhqwldoo| wkh kljkhvw ydoxdwlrq iru erwk jrrgv/ exw rqo| li kh fdq ex|
rqh xqlw ri hdfk1 Li kh fdq rqo| jhw rqh jrrg/ ex|huv � dqg � hdfk kdyh
kljkhu ydoxdwlrqv lq wkhlu uhvshfwlyh pdunhwv1

Iru vlpsolflw|/ dvvxph wkdw wkhuh lv d vlqjoh vhoohu zlwk rqh xqlw ri hdfk
jrrg wkdw kh ydoxhv dw f1

Qrz frqvlghu d vlwxdwlrq lq zklfk � dqg � duh erwk ex|lqj rqh xqlw
ri wkh jrrg dw d sulfh ri � 	 R 	 2 dqg � lv elgglqj ohvv wkdq R iru erwk
jrrgv1 Li � kdv wkh fkdqfh wr fkdqjh klv elg iru rqh ri wkh jrrgv/ kh zloo qrw
�qg lw sur�wdeoh wr elg pruh wkdq R vr wkhuh lv qr zd| wkdw kh fdq ehfrph
d sxufkdvhu1 Li wkh vhoohu lv dvnlqj R wkhq zh kdyh dq htxloleulxp1 Rq wkh
rwkhu kdqg/ li � frxog dowhu erwk elg sulfhv vlpxowdqhrxvo|/ kh frxog fdswxuh
wkh pdujlqdo elg rq erwk jrrgv iurp ex|huv � dqg �1

Wklv vxjjhvwv wkdw djhqwv vkrxog eh doorzhg wr vhdufk iru ehwwhu sulfhv
ri doo jrrgv vlpxowdqhrxvo|1 Wkh dqdo|vlv ri wklv prgho zloo qrw eh vr hdv|/
krzhyhu1 Ehfdxvh wkh pdujlqdo ydoxdwlrq ri d jrrg ghshqgv rq wkh rwkhu
jrrgv ehlqj wudghg/ dq djhqw pd| zhoo �qg klpvhoi hqjdjhg lq xquhzduglqj
wudgh1 Dv d uhvxow/ wkh surfhvv gh�qhg e| wklv uxoh grhv qrw kdyh wkh surshuw|
ri pd{lpl}lqj wkh yroxph ri wudgh1 Dq h{dpsoh zloo pdnh wklv fohdu1 Vxssrvh
wkdw � kdv wkh pdujlqdo elg iru erwk jrrgv/ vd|/ K� ' E�c ��D�1 Wkhq ex|hu �
jhwv d fkdqfh wr fkdqjh klv vwudwhj| dqg e| elgglqj ��D iru jrrg � kh wdnhv
wkh pdujlqdo elg dzd| iurp �1 Wkhq � �qgv klpvhoi sd|lqj ��D iru d xqlw
ri jrrg � zklfk lv qrw lqglylgxdoo| udwlrqdo1 Vr li � qh{w jhwv d fkdqfh wr
fkdqjh klv vwudwhj|/ kh pd| hqg xs fkrrvlqj qrw wr wudgh/ wkdw lv/ r�hulqj d
sulfh ehorz wkh pdujlqdo elg iru jrrg �1 Li wkh rwkhu ex|huv duh dovr r�hulqj
orz sulfhv iru jrrg � wkhuh pd| eh qr wudgh lq jrrg �1 Wkxv/ zlwk pxowlsoh
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jrrgv wkh yroxph ri wudgh fdq idoo/ xqolnh wkh vlqjoh0jrrg fdvh1
Wkh pxowl0jrrg prgho kdv d wudghr� ehwzhhq sulfh dqg txdqwlw|/ lq wkh

vhqvh wkdw d wudgh lq rqh pdunhw pd| lq xhqfh wkh sulfh wkdw kdv wr eh sdlg lq
rwkhu1 Lq wkh h{dpsoh deryh/ ex|hu �*v pdujlqdo zloolqjqhvv wr sd| lqfuhdvhv
zkhq kh frqvxphv d xqlw ri wkh rwkhu jrrg1 Wkh rssrvlwh frxog eh wkh fdvh1
Vxssrvh wkdw �*v suhihuhqfhv vdwlvi|=

��E�c f� ' ��Efc �� ' �( ��E�c �� ' ��D�

Wkhq � lv zloolqj wr sd| xs wr � iru d xqlw ri jrrg � li kh frqvxphv qr � exw
zrxog rqo| sd| ��D� K li kh zhuh douhdg| sxufkdvlqj rqh xqlw ri � dw d sulfh
ri K1 Li ex|huv � dqg � wudgh erwk jrrgv/ wkh| pljkw glvfryhu e| wuldo dqg
huuru wkdw e| ohwwlqj � kdyh d xqlw ri jrrg � wkh| uhgxfh klv frpshwlwlrq
iru jrrg �/ wkxv uhgxflqj wkh sulfh wkh| kdyh wr sd| iru lw1

Dq lqwhuhvwlqj txhvwlrq lv zkhwkhu wkh lqwhudfwlrq ri wkh wzr pdunhwv
ohdgv wr d nlqg ri lpshuihfw frpshwlwlrq/ dv glg wkh sulfh0txdqwlw| wudghr�
lq wkh pxowl0xqlw/ vlqjoh0jrrg fdvh1

61717 IurpSduwldo Htxloleulxp wr Jhqhudo Htxloleulxp

L kdyh ehhq zulwlqj derxw prghov zlwk pxowlsoh jrrgv dv li wkh| zhuh prghov
zlwk pxowlsoh pdunhwv> exw wkh cpdunhwv* lq wkhvh prghov duh qrw uhdoo| vhs0
dudwh dqg glvwlqfw1 Zh fdq vd| wkdw wkhuh lv d pdunhw iru hdfk jrrg/ exw wklv
lv mxvw d �jxuh ru vshhfk1 Djhqwv vlpxowdqhrxvo| wudgh dqg txrwh sulfhv iru
doo ri wkh jrrgv1 Vlqfh hyhu| djhqw lv vlpxowdqhrxvo| sduwlflsdwlqj lq hyhu|
rqh ri wkhvh cpdunhwv*/ zh frxog htxdoo| zhoo vd| wkdw wkhuh lv d vlqjoh pdunhw
lq zklfk doo wkh jrrgv duh wudghg1

Olnhzlvh/ wkh prghov glvfxvvhg lq wkh suhfhglqj fkdswhuv vrphwlphv dv0
vxph d vlqjoh jrrg +soxv prqh|, dqg vrphwlphv d �qlwh exw duelwudu| qxpehu
ri jrrgv1 Zh frxog lqwhusuhw wkh iruphu dv prghov ri d vlqjoh pdunhw +sdu0
wldo htxloleulxp prghov, dqg wkh odwwhu dv prghov ri dq hfrqrp| zlwk pdq|
pdunhwv +jhqhudo htxloleulxp prghov,/ exw wkhuh lv qr ixqgdphqwdo gl�huhqfh
ehwzhhq wkhp1 Wkh vshfl�fdwlrq ri ehkdylru dqg htxloleulxp duh hvvhqwldoo|
wkh vdph1 Wkxv/ lq wkh prgho vwxglhg lq Fkdswhu 4/ doo wkh djhqwv duh ehlqj
pdwfkhg zlwk hdfk rwkhu/ suhvxpdeo| lq d vlqjoh orfdwlrq/ dqg zkhq wkh| duh
pdwfkhg wkh| r�hu wr wudgh exqgohv ri frpprglwlhv udwkhu wkdq lqglylgxdo
frpprglwlhv1 Wkhuh lv qr vhqvh lq zklfk gl�huhqw frpprglwlhv duh ehlqj
wudghg rq gl�huhqw pdunhwv1
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Li wkh rqo| gl�huhqfh ehwzhhq d prgho ri d vlqjoh pdunhw dqg d prgho ri
dq hfrqrp| zlwk pdq| pdunhwv lv wkh glphqvlrq ri wkh frpprglw| vsdfh/
wkhq lw iroorzv wkdw htxloleulxp lq dq hfrqrp| lv dfklhyhg lq wkh vdph zd|
dv lq d vlqjoh pdunhw1 Wklv frqwudglfwv d orqj0vwdqglqj wudglwlrq lq hfrqrplf
wkrxjkw/ ehjlqqlqj zlwk Nh|qhv li qrw hduolhu/ wkdw krogv wkh ghwhuplqdwlrq ri
htxloleulxp lq dq hfrqrp| lv ixqgdphqwdoo| gl�huhqw iurp wkh ghwhuplqdwlrq
ri htxloleuxp lq d Pduvkdooldq pdunhw1

L zrxog dujxh wkdw dowkrxjk wkh wkhru| ghyhorshg khuh suhwhqgv wr eh
d wkhru| ri jhqhudo htxloleulxp/ lw grhv qrw wdnh vhulrxvo| wkh glvwlqfwlrq
ehwzhhq sduwldo dqg jhqhudo htxloleulxp1 D pruh frqylqflqj prgho ri jhqhudo
htxloleulxp pljkw gl�hu iurp wklv rqh lq pdq| zd|v1 Rqh lpsruwdqw zd| lq
zklfk lw rxjkw wr gl�hu lv lq uhfrjql}lqj wkdw pdunhwv duh glvwlqfw dqg wkdw
qrw doo lqglylgxdov sduwlflsdwh lq doo pdunhwv dw d jlyhq wlph1 Wklv lq wxuq
lpsolhv wkdw wkh sureohp ri dfklhylqj dq h!flhqw doorfdwlrq ri uhvrxufhv lv
pruh gl!fxow wkdq wkh prghov ghyhorshg khuh vxjjhvw1


