
Fkdswhu 5

Frqwlqxlw| dqg Dqrq|plw|

Fkdswhu 4 suhvhqwv d wkhru| ri g|qdplf pdwfklqj dqg edujdlqlqj jdphv
+GPEJ, zlwk d �qlwh qxpehu ri djhqwv1 Wklv wkhru| lv pruh gl!fxow wkdq
wkh fruuhvsrqglqj wkhru| iru d frqwlqxxp hfrqrp|/ fklh | ehfdxvh ri wkh
vwudwhjlf sureohpv wkdw dulvh lq �qlwh jdphv1 Wkh wkhru| ri edujdlqlqj ghdov
zlwk vpdoo qxpehuv ri sod|huv/ xvxdoo| rqo| wzr/ dqg vwudwhjlf lvvxhv dulvlqj
lq wkhvh vruwv ri edujdlqlqj sureohpv kdyh ehhq h{kdxvwlyho| vwxglhg1 Edu0
jdlqlqj lq pdunhwv zlwk d odujh exw �qlwh qxpehu ri djhqwv lv vwloo uhodwlyho|
xqh{soruhg whuulwru|/ krzhyhu1 Rqh ri wkh ihz sdshuv ghdolqj zlwk wklv wrslf
lv wkh lqqrydwlyh dqg lpdjlqdwlyh sdshu ri Uxelqvwhlq dqg Zrolqvn| +4<<3,1
Lw lv zhoo zruwk uhylhzlqj wkh uhvxowv lq wklv sdshu ehfdxvh wkh| uhlqirufh wkh
ohvvrqv gudzq iurp Fkdswhu 4 derxw wkh lpsruwdqfh ri Pdunry vwudwhjlhv/
dqrq|plw|/ dqg frqwlqxlw|1

514 Uxelqvwhlq dqg Zrolqvn| +4<<3,

Uxelqvwhlq dqg Zrolqvn| +4<<3,/ khqfhiruwk UZ/ frqwdlqv d ulfk duud| ri
prghov/ looxvwudwlqj wkh lpsruwdqfh ri gl�huhqw lqirupdwlrqdo dqg lqvwlwx0
wlrqdo dvvxpswlrqv lq wkh dqdo|vlv ri GPEJ1 Dv d ehqfkpdun/ UZ ehjlqv
zlwk d prgho lq zklfk wkh pdwfklqj surfhvv lv h{rjhqrxv1 Wkhuh duh 7 vhoohuv
dqg � : 7 ex|huv lq wkh pdunhw1 Hdfk vhoohu kdv rqh xqlw ri dq lqglylvleoh
jrrg zklfk lv zruwk qrwklqj wr klp1 Hdfk ex|hu zdqwv wr ex| dw prvw rqh
xqlw ri wkh lqglylvleoh jrrg/ zklfk lv zruwk rqh groodu wr klp1 Wlph lv gl0
ylghg lqwr glvfuhwh gdwhv | ' �c 2c ���1 Dw hdfk gdwh/ wkh djhqwv duh udqgrpo|
pdwfkhg lq sdluv frqvlvwlqj ri rqh vhoohu dqg rqh ex|hu +hdfk ihdvleoh frq0
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�jxudwlrq ri sdluzlvh pdwfkhv kdv htxdo suredelolw|,1 Rqh phpehu ri wkh
sdlu lv udqgrpo| fkrvhq wr eh wkh sursrvhu dqg wkh rwkhu lv wkh uhvsrqghu1
Hdfk phpehu kdv suredelolw| �*2 ri ehlqj fkrvhq dv sursrvhu1 Wkh sursrvhu
fkrrvhv d sulfh R 5 dfc �o1 Wkh uhvsrqghu dffhswv ru uhmhfwv wkh r�hu1

Dw hdfk gdwh/ wkh djhqwv duh udqgrpo| uhpdwfkhg1 Xqpdwfkhg ex|huv duh
irufhg wr uhpdlq lqdfwlyh iru wkh shulrg1

Zkhq djuhhphqw lv uhdfkhg rq d sulfh R/ wkh ex|hu uhfhlyhv d sd|r� ��R
dqg wkh vhoohu uhfhlyhv d sd|r� R1 Wkhuh lv qr glvfrxqwlqj1 Djhqwv h{lw wkh
pdunhw dv vrrq dv dq djuhhphqw lv uhdfkhg1

Djhqwv kdyh frpsohwh lqirupdwlrq derxw wkh sdvw sod| ri wkh jdph/ exw
dw wkh prphqw zkhq wkh| fkrrvh wkhlu dfwlrqv wkh| gr qrw nqrz zkdw dfwlrqv
duh ehlqj vlpxowdqhrxvo| fkrvhq e| rwkhu djhqwv1

Wkh fhqwudo uhvxow wkdw UZ rewdlqv iru wklv prgho lv wkh iroorzlqj wkhr0
uhp1

Wkhruhp 4 Iru hyhu| sulfh RW ehwzhhq f dqg � dqg iru hyhu| rqh wr rqh
ixqfwlrq q iurp wkh vhw ri vhoohuv wr wkh vhw ri ex|huv wkhuh h{lvwv d vhtxhqwldo
htxloleulxp lq zklfk vhoohu r vhoov klv xqlw wr ex|hu qEr� iru d sulfh ri RW1

Lq rwkhu zrugv/ d frqwlqxxp ri rxwfrphv fdq eh vxssruwhg e| vhtxhqwldo
htxloleuld ri wkh jdph +vhtxhqwldo htxloleuld duh qhhghg khuh ehfdxvh lw lv d
jdph ri lpshuihfw lqirupdwlrq,1 Wkh lqwxlwlrq ri wkh surri zdv ghvfulehg
lq Fkdswhu 3 iru wkh fdvh zkhuh wkhuh lv rqh vhoohu 7 ' � dqg pdq| ex|huv
K ' �c ���c �1 Rqh ex|hu KW lv lghqwl�hg dv wkh lqwhqghg uhflslhqw ri wkh jrrg
dw wkh sulfh RW1 Wkh htxloleulxp vwudwhjlhv uhtxluh wkh vhoohu wr r�hu wkh jrrg
dw d sulfh ri R ' � zkhqhyhu kh lv wkh sursrvhu dqg lv pdwfkhg zlwk d ex|hu
K 9' KW1 Hyhu| ex|hu K 9' KW uhmhfwv wkh r�hu1 Zkhqhyhu ex|hu K 9' KW lv wkh
sursrvhu kh r�huv wr ex| wkh jrrg dw d sulfh ri R ' f dqg wkh vhoohu uhmhfwv1
Zkhq wkh vhoohu phhwv ex|hu KW/ zklfkhyhu lv fkrvhq dv wkh sursrvhu r�huv d
sulfh R ' RW dqg wkh uhvsrqghu dffhswv1 Wkhvh vwudwhjlhv fohduo| surgxfh wkh
uhtxluhg rxwfrph dqg wkh sd|r�v ri wkh vhoohu dqg ex|hu KW duh RW dqg ��RW/
uhvshfwlyho|/ ehfdxvh wkhuh lv qr glvfrxqwlqj1

Wr suhyhqw d ghyldwlrq/ zh pdnh xvh ri wkh iroorzlqj vxejdph htxloleulxp
vwudwhjlhv1 Vxssrvh wkdw wkh vhoohu kdv ghyldwhg e| sursrvlqj d sulfh R 9' RW1
Wkh uhvsrqghu uhmhfwv wklv r�hu dqg wkh jdph wkhq pryhv lqwr d vxejdph lq
zklfk wkh iruphuo| uhmhfwlqj ex|hu KWW ehfrphv wkh lqwhqghg uhflslhqw ri wkh
jrrg dqg wkh vhoolqj sulfh ehfrphv RWW ' f1 Wkh vwudwhjlhv duh wkh vdph dv
wkrvh jlyhq hduolhu zlwk wkh sulfh RWW lq sodfh ri RW dqg wkh ex|hu KWW lq sodfh
ri ex|hu KW1
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Li rqh ri wkh ex|huv ghyldwhv e| r�hulqj d sulfh R 9' RW wkhq wkh vhoohu
uhmhfwv/ dqrwkhu ex|hu lv fkrvhq wr eh wkh lqwhqghg uhflslhqw KWW dqg wkh sulfh
dw zklfk wkh xqlw lv wudghg fkdqjhv wr RWW ' �1 Wkh vwudwhjlhv duh gh�qhg lq
wkh xvxdo zd|1

Ghyldwlrqv iurp wkhvh sxqlvkphqw vwudwhjlhv fdq eh wuhdwhg lq dq h{dfwo|
vlplodu zd|1

Lw lv hdv| wr vhh wkdw wkh lqlwldo ghyldwru lv qr ehwwhu r� dqg pd| eh zruvh
r� lq wkh sxqlvkphqw skdvh wkdw lv wuljjhuhg e| klv ghyldwlrq1 Ixuwkhupruh/
wkh uhvsrqghu lv dozd|v dw ohdvw dv zhoo r� iroorzlqj wkh sxqlvkphqw dv kh
zrxog eh li kh dffhswhg wkh sursrvhg ghyldwlrq1 Lw fdq dovr eh vhhq/ e|
lqvshfwlrq ri wkh vwudwhjlhv/ wkdw d uhvsrqghu zkr lv fdoohg xsrq wr uhmhfw dq
r�hu fdq qhyhu eh ehwwhu r� dffhswlqj lw1 Dovr/ d uhvsrqghu zkr lv vxssrvhg
wr dffhsw dqg uhmhfwv lqvwhdg grhv qrw pdnh klpvhoi ehwwhu r� li zh dvvxph
wkdw wkh jdph frqwlqxhv dv ehiruh diwhu d ghyldwlqj uhmhfwlrq1

Wkhvh vwudwhjlhv duh xowlpdwho| txlwh frpsolfdwhg/ lq wkh vhqvh wkdw wkhuh
lv qr olplw wr wkh qxpehu ri srwhqwldo ghyldwlrqv dqg hdfk dgglwlrqdo ghyld0
wlrq uhtxluhv d wdloru0pdgh uhvsrqvh wkdw pdnhv wkh sod| ri wkh jdph pruh
frpsolfdwhg1 Dv UZ srlqw rxw/ rqh fdq wklqn ri wklv frqvwuxfwlrq dv uhtxlu0
lqj d odujh dprxqw ri lqirupdwlrq iru wkh sod|huv wr h{hfxwh wkh htxloleulxp
vwudwhjlhv1 Iru wkh sxusrvhv ri frpsdulvrq/ wkh| frqvlghu dq dowhuqdwlyh
prgho lq zklfk wkh dprxqw ri lqirupdwlrq dydlodeoh wr wkh djhqwv lv olplwhg1
Vshfl�fdoo|/ wkh jdph vdwlv�hv wkh iroorzlqj dqrq|plw| dvvxpswlrq=

Dw wkh ehjlqqlqj ri hdfk gdwh |/ doo wkdw wkh ex|huv dqg vhoohuv
nqrz derxw wkh suhylrxv sod| ri wkh jdph lv wkh qxpehu ri ex|huv
�| dqg wkh qxpehu ri vhoohuv 7| uhpdlqlqj lq wkh jdph1

Xqghu wklv dvvxpswlrq/ wkh sursrvhu*v vwudwhj| lv d ixqfwlrq ri wkh qxpehu
ri ex|huv dqg vhoohuv E�|c 7|� dqg wkh gdwh |1 Wkh uhvsrqghu*v vwudwhj| lv d
ixqfwlrq ri wkh qxpehuv ri djhqwv E�|c 7|�/ wkh gdwh | dqg wkh sursrvdo R1 UZ
vkrz wkdw/ xqghu wkh dqrq|plw| dvvxpswlrq/ wkh rqo| htxloleulxp rxwfrph
lv wkh frpshwlwlyh rqh1

Wkhruhp 5 Li hdfk sod|hu*v lqirupdwlrq frqvlvwv rqo| ri �|c 7|c dqg |/ wkh
xqltxh vhtxhqwldo htxloleulxp rxwfrph lv vxfk wkdw wkh jrrg lv vrog iru d sulfh
ri �1

Wzr srlqwv duh zruwk qrwlqj1 Iluvw/ wkh dqrq|plw| dvvxpswlrq lv lghqwlfdo
wr wkh vwurqj Pdunry dvvxpswlrq/ zklfk uhtxluhv vwudwhjlhv wr eh ixqfwlrqv
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ri d plqlpdo vhw ri sd|r�0uhohydqw yduldeohv dw hdfk gdwh= vwudwhjlhv duh
qrw doorzhg wr eh frqglwlrqhg rq yduldeohv wkdw gr qrw gluhfwo| d�hfw wkh
ixwxuh sd|r�v ri wkh jdph14 Vhfrqgo|/ wkh dvvxpswlrq ri dqrq|plw| kdv wkh
lpphgldwh h�hfw ri suhyhqwlqj wkh djhqwv iurp sxqlvklqj d ghyldwru/ ehfdxvh
ghyldwlrqv duh qrw uhphpehuhg diwhu wkh| rffxu1

Wr vhh krz dqrq|plw| zrunv/ vxssrvh wkhuh lv rqh vhoohu dqg wzr ex|huv1
Wkh jdph vwrsv dv vrrq dv wudgh rffxuv/ vr E�|c 7|� � E2c �� dv orqj dv wkh
jdph frqwlqxhv1 Wkh dqrq|plw| dvvxpswlrq lpsolhv wkdw wkh sursrvdov e|
hdfk djhqw ghshqg dw prvw rq wkh gdwh | dqg wkh uhvsrqvhv ghshqg dw prvw rq
wkh gdwh | dqg wkh sursrvdo R1 Ri frxuvh/ gl�huhqw djhqwv fdq kdyh gl�huhqw
vwudwhjlhv1

Ohw � � k eh wkh lq�pxp ri wkh vhoohu*v sd|r� ryhu doo vxejdph shuihfw
htxloleuld ri wkh jdph +vxejdph shuihfw htxloleulxp vx!fhv khuh ehfdxvh
wkhuh lv rqo| rqh pdwfk shu shulrg,1 Ehfdxvh wkhuh duh wzr ex|huv/ wkh|
fdqqrw erwk jhw wkh jrrg dqg wkh vxp ri wkhlu sd|r�v dw dq| srlqw lq wkh
jdph pxvw eh ohvv wkdq ru htxdo wr k � �1 Wkhq rqh ri wkh ex|huv pxvw eh
h{shfwlqj wr jhw qr pruh wkdq k*2 dqg li wkh vhoohu jhwv d fkdqfh wr pdnh d
sursrvdo wr wklv ex|hu kh fdq dvn iru dq|wklqj xs wr �� k*2 dqg eh vxuh ri
jhwwlqj lw1 Fdoo wklv ex|hu wkh �Orvhu�1 Wkh h{lvwhqfh ri d Orvhu sxwv d orzhu
erxqg rq wkh vhoohu*v sd|r�1 Zlwk suredelolw| �*e wkh vhoohu lv pdwfkhg zlwk
wkh Orvhu dqg wkh vhoohu lv fkrvhq wr pdnh wkh sursrvdo1 Lq wkdw fdvh wkh
vhoohu jhwv �� k*21 Zlwk suredelolw| �*e kh fdqqrw jhw ohvv wkdq �� k1 Vr
klv sd|r� pxvw eh dw ohdvw

�

e
E�� k*2� n

�

e
EE�� k�� ' �� .

H
k � �� k�

Wkh odvw lqhtxdolw| lv vwulfw/ zklfk frqwudglfwv wkh gh�qlwlrq ri �� k dv wkh
lq�pxp ri wkh vhoohu*v sd|r�v/ xqohvv k ' f1 Exw k ' f phdqv wkdw wkh jrrg
lv dozd|v wudghg dw d sulfh R ' �1

Wkh fuxfldo srlqw lq wklv dujxphqw lv wkdw hdfk ri wkh ex|huv kdv d ixwxuh
sd|r� wkdw lv lqghshqghqw ri wkh r�huv pdgh e| wkh vhoohu lq wkh fxuuhqw
shulrg1 Lq wkh khxulvwlf surri ri Wkhruhp 4/ dq| ghyldwlrq e| wkh vhoohu zdv
�uhphpehuhg� e| rwkhu sod|huv dqg uhvxowhg lq d uhzdug iru wkh ex|hu zkr
uhmhfwhg wkh ghyldwlqj sursrvdo1 Lq wkh dqrq|prxv jdph/ e| frqwudvw/ wkh
ex|hu*v uhvhuydwlrq xwlolw| lv lqghshqghqw ri wkh sursrvdo dqg wklv idfw doorzv

4Lq Fkdswhu 4 wkh Pdunry surshuw| zdv xvhg lq d zhdnhu vhqvh= htxloleulxp vwudwhjlhv
zhuh doorzhg wr ghshqg rq wkh gdwh dv zhoo dv d plqlpdo vhw ri sd|r�0uhohydqw yduldeohv1
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wkh vhoohu wr h{sorlw wkh ex|hu*v zhdnqhvv/ ghpdqglqj wkh pd{lpxp sulfh
wkdw lv frqvlvwhqw zlwk wkh ex|hu*v uhvhuydwlrq ohyho1

Wkh devhqfh ri glvfrxqwlqj lv dovr lpsruwdqw1 Zkdw pdnhv Wkhruhp 4
�zrun� lv wkh fuhdwlrq ri uhodwlrqvklsv dprqj ex|huv dqg vhoohuv1 Dw dq| pr0
phqw/ hdfk xqlw ri wkh jrrg lv ghglfdwhg wr d sduwlfxodu ex|hu dw d sduwlfxodu
sulfh1 Hdfk ghyldwlrq iurp wkh htxloleulxp vwudwhjlhv ohdgv wr wkh fuhdwlrq ri
d qhz uhodwlrqvkls wr sxqlvk wkh ghyldwru1 Ehfdxvh wkh pdwfklqj surfhvv lv
udqgrp dqg wkhuh pd| eh d odujh qxpehu ri ex|huv dqg vhoohuv/ lw fdq wdnh
d orqj wlph iru wkh ghvljqdwhg ex|huv dqg vhoohuv wr phhw rqh dqrwkhu dqg
frqvxppdwh wkh wudgh1 Wkh djhqwv gr qrw fduh krz orqj lw wdnhv iru wkh
ghvljqdwhg ex|hu dqg vhoohu wr �qg hdfk rwkhu ehfdxvh wkhuh lv qr glvfrxqw0
lqj1 Krzhyhu/ li djhqwv glvfrxqw wkh ixwxuh/ wkhvh uhodwlrqvklsv fdq eh txlwh
frvwo| wr pdlqwdlq1 E| wkh wlph wudgh wdnhv sodfh wkh vxusoxv jhqhudwhg pd|
eh khdylo| glvfrxqwhg1 Li d vhoohu +ex|hu, frxog wudgh zlwk wkh �uvw ex|hu
+vhoohu, kh phhwv/ kh zrxog eh pxfk ehwwhu r�/ rwkhu wklqjv ehlqj htxdo1 Iru
wklv uhdvrq glvfrxqwlqj pdnhv lw vxerswlpdo wr fduu| rxw wkh sxqlvkphqw
vwudwhjlhv wkdw duh qhhghg wr vxssruw wkh htxloleuld lq Wkhruhp 41 Lq idfw/
glvfrxqwlqj holplqdwhv odujh qxpehuv ri vhtxhqwldo htxloleuld dowrjhwkhu1 Wr
vhh wklv/ vxssrvh wkh prgho lv dphqghg wr doorz iru d frpprq glvfrxqw idfwru
f 	 B 	 �1 Wkhq lw fdq eh vkrzq wkdw wkhuh lv d xqltxh htxloleulxp lq wkh
fdvh ri d vlqjoh vhoohu1 Ohw %E�� dqg +E�� eh gh�qhg dv wkh E%c +� vroxwlrq ri
wkh v|vwhp ri htxdwlrqv

+ '
BE%n +�

2

�� % '
BE�� %n �� +�

2�
�

Wkhruhp 6 Vxssrvh wkdw 7 ' � dqg wkdw doo djhqwv glvfrxqw wkh ixwxuh
xvlqj wkh frpprq idfwru f 	 B 	 �1 Wkhq wkhuh lv d xqltxh vxejdph shuihfw
htxloleulxp lq zklfk wudgh wdnhv sodfh lpphgldwho| dqg wkh sulfh lv %E�� ru
+E�� ghshqglqj rq zkhwkhu wkh ex|hu ru vhoohu zdv fkrvhq wr sursrvh1

Lqwhuhvwlqjo|/ wklv uhvxow kdv qrw ehhq hvwdeolvkhg iru 7 : �15

5Vxssrvh wkdw wkhuh zhuh d xqltxh htxloleulxp iru V A 41 Zkdw zrxog lw orrn olnhB Li
doo wudgh rffxuv dw wkh �uvw gdwh/ wkhq zh fdq xvh Wkhruhp 6 wr fdofxodwh wkh htxloleulxp
sd|r�v1 Li d ex|hu dqg vhoohu idlo wr uhdfk djuhhphqw dw gdwh w wkhq wkh dqwlflsdwh wkdw wkhuh
zloo eh h{dfwo| rqh vhoohu vwloo dfwlyh dw gdwh w.4 dqg wkh sd|r�v lq wkdw frqwlqxdwlrq jdph
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Qrwh wkdw iru �{hg ydoxhv ri � dqg f 	 B 	 �/ wkh vxusoxv lv vkduhg
ehwzhhq wkh wzr vlghv ri wkh pdunhw> exw dv � $ 4 wkh htxloleulxp sulfh
frqyhujhv wr �1 D odujh qxpehu ri ex|huv pdnhv wkh htxloleulxp ri Wkhruhp
4/ lq zklfk rqh ex|hu lv ghvljqdwhg dv wkh jrrg*v uhflslhqw/ h{wuhpho| lqhi0
�flhqw1 Wkh h{ruelwdqw frvw ri pdlqwdlqlqj uhodwlrqvklsv lq wkh olplw ohdgv
wr wkh vdph rxwfrph dv wkh dvvxpswlrq ri dqrq|plw| lq Wkhruhp 51 Dq
lpsruwdqw srlqw wr qrwh/ krzhyhu/ lv wkdw ohwwlqj � $ 4 lv lqfuhdvlqj wkh
qxpehu ri ex|huv uhodwlyh wr wkh qxpehu ri vhoohuv/ vlqfh zh duh kroglqj 7 ' �1
Wklv lv qrw wkh vdph wklqj dv doorzlqj wkh vl}h ri wkh pdunhw wr lqfuhdvh e|
uhsolfdwlrq/ iru h{dpsoh1

Ohvv reylrxv/ exw dovr wuxh/ lv wkh idfw wkdw dv B $ �/ %EBc�� $ � dqg
+EBc�� $ � vr wkdw djdlq wkh vhoohu rewdlqv wkh pd{lpdo sulfh ri �1 Wkhuh lv d
vlpsoh lqwxlwlrq iru wklv uhvxow1 Zkhq B 	 � wkh ex|huv kdyh vrph edujdlqlqj
srzhu ehfdxvh wkh| fdq wkuhdwhq wr ghod| djuhhphqw1 Wklv doorzv wkhp wr
�krog xs� wkh vhoohu dqg jhw vrph ri wkh vxusoxv1 Zkhq B $ � wklv srzhu
glvdsshduv dqg wkh vhoohu lv deoh wr h{sorlw ixoo| klv prqrsro| ri wkh jrrg/
vshfl�fdoo| wkh srzhu wr ghwhuplqh zklfk ex|hu jhwv wkh jrrg1

Zh fdq lqwhusuhw Wkhruhp 6 dv vkrzlqj wkdw wkh pxowlsoh htxloleuld ri
Wkhruhp 4 duh qrw urexvw1 Wkhuh dsshduv wr eh d forvh dqdorj| zlwk wkh
uroh ri glvfrxqwlqj lq wkh Vwdko0Uxelqvwhlq dowhuqdwlqj r�huv prgho1 Lq wkh
dowhuqdwlqj0r�huv jdph zlwk qr glvfrxqwlqj/ dq| Sduhwr0h!flhqw rxwfrph +gl0
ylvlrq ri wkh fdnh, fdq eh vxssruwhg e| d vxejdph shuihfw htxloleulxp> zlwk
d srvlwlyh dprxqw ri glvfrxqwlqj/ krzhyhu vpdoo/ wkhuh lv d xqltxh vxejdph
shuihfw htxloleulxp rxwfrph1 Vr zh wuhdw wkh jdph zlwk qr glvfrxqwlqj dv d
olplwlqj fdvh ri wkh jdph zlwk glvfrxqwlqj dqg dujxh wkdw doo exw rqh ri wkh
htxloleulxp rxwfrphv lq wkh olplw duh sdwkrorjlfdo1 Lq wkh vdph zd|/ zh fdq
dujxh wkdw wkh lqghwhuplqdf| ri htxloleulxp vkrzq lq Wkhruhp 4 lv sdwkr0
orjlfdo/ vlqfh lw glvdsshduv rqfh dq duelwudulo| vpdoo dprxqw ri glvfrxqwlqj lv
lqwurgxfhg1

zloo eh xqltxho| ghwhuplqhg e| Wkhruhp 61 Wkhq lq wkh edujdlqlqj dw gdwh w zh nqrz wkdw
wkh vxejdph shuihfw htxloleulxp sd|r�v zloo eh ghwhuplqhg lq wkh xvxdo zd|= wkh sursrvdo
zloo r�hu d sulfh wkdw pdnhv wkh uhvsrqghu lqgl�huhqw ehwzhhq dffhswlqj wkdw sulfh dqg
uhmhfwlqj lw lq idyru ri wkh sd|r� iurp wkh frqwlqxdwlrq jdph1 Lq wklv htxloleulxp/ wkh
sd|r�v duh ghwhuplqhg qrw e| wkh qxpehu ri ex|huv dqg vhoohuv exw udwkhu e| wkh sd|r�v
lq wkh frqwlqxdwlrq jdph zlwk E � V ex|huv dqg rqh vhoohu1 Zkhwkhu wklv lv wkh rqo|
htxloleulxp lv qrw nqrzq1 Li wklv lv wkh xqltxh htxloleulxp/ lw vxjjhvwv rqfh djdlq wkdw wkh
h�hfw ri odujh qxpehuv lv vwurqjo| ghshqghqw rq wkh ghwdlov ri wkh h{whqvlyh0irup jdph1
Qr pdwwhu krz odujh E dqg V duh/ lw lv wkh gl�huhqfh E� V wkdw dsshduv wr eh fulwlfdo lq
ghwhuplqlqj wkh htxloleulxp sd|r�v1



5141 UXELQVWHLQ DQG ZROLQVN\ +4<<3, :

UZ kdyh d fohyhu frphedfn wr wkdw fkdujh1 Wkh| srlqw rxw wkdw wkh srzhu
ri glvfrxqwlqj wr lqfuhdvh wkh frvw ri pdlqwdlqlqj uhodwlrqvklsv ghshqgv rq
wkh dvvxpswlrq wkdw erwk wkh irupdwlrq dqg wkh whuplqdwlrq ri pdwfkhv duh
udqgrp dqg h{rjhqrxv1 Li wkh fkrlfh ri sduwqhu zhuh hqgrjhqrxv/ lw rxjkw
wr eh srvvleoh wr vkrz wkh h{lvwhqfh ri pxowlsoh htxloleuld lq wkh suhvhqfh ri
glvfrxqwlqj1 Wr vxssruw wklv fodlp/ wkh| frqvlghu d prgho lq zklfk wkhuh lv d
vlqjoh vhoohu dqg wkh vhoohu fdq fkrrvh/ dw wkh ehjlqqlqj ri hdfk shulrg/ zklfk
ex|hu kh zdqwv wr edujdlq zlwk lq wkdw shulrg1

Wkhruhp 7 Li 7 ' � dqg wkh vhoohu fdq fkrrvh lq hdfk shulrg wkh ex|hu
zlwk zkrp kh zlvkhv wr edujdlq/ wkhuh lv d frqwlqxxp ri vxejdph shuihfw
htxloleulxp rxwfrphv= iru hdfk ex|hu K dqg hdfk sulfh %E�� � R � �/ zkhuh
%E�� lv gh�qhg lq Wkhruhp 6/ wkhuh lv d vxejdph shuihfw htxloleulxp lq zklfk
ex|hu K uhfhlyhv wkh jrrg dqg wkh sulfh lv hlwkhu R ru BR*E2 � B�/ dffruglqj
wr zkhwkhu wkh vhoohu ru ex|hu K lv wkh sursrvhu lq wkh �uvw phhwlqj ehwzhhq
wkhp1

Wkxv/ lqghwhuplqdf| vxuylyhv glvfrxqwlqj1
Wkh lqghwhuplqdf| irxqg lq wklv prgho kdv d idplo| uhvhpeohqfh wr dq

lqghwhuplqdf| wkdw dulvhv lq wkh Uxelqvwhlq0Zrolqvn| +4<;8, prgho ghvfulehg
lq Fkdswhu f1 Lq wkh ruljlqdo sdshu/ lw lv dvvxphg wkdw d sdlu ri djhqwv
vhsdudwhv zkhqhyhu rqh ri wkhp lv pdwfkhg zlwk d qhz djhqw1 Wklv ehkdylru
lv rswlpdo/ jlyhq wkdw hdfk djhqw h{shfwv doo wkh rwkhuv wr iroorz wkh vdph
uxoh1 Vlqfh doo ex|huv duh lghqwlfdo dqg doo vhoohuv duh lghqwlfdo/ dq djhqw lv
lqgl�huhqw ehwzhhq vzlwfklqj wr d qhz sduwqhu dqg uhpdlqlqj zlwk wkh rog/
dqg li wkhuh lv d srvlwlyh suredelolw| wkdw klv fxuuhqw sduwqhu zloo jr r� zlwk
vrphrqh qhz/ wkh djhqw vwulfwo| suhihuv wr sod| lw vdih e| krrnlqj xs zlwk
d qhz sduwqhu klpvhoi1 Krzhyhu/ e| d vlplodu uhdvrqlqj/ lw zrxog dovr eh
rswlpdo iru dq djhqw wr uhpdlq zlwk klv fxuuhqw sduwqhu dqg ljqruh wkh qhz
pdwfkhv/ li wkdw lv zkdw kh eholhyhv doo rwkhu djhqwv zloo gr1 Lq wkdw fdvh/ wzr
djhqwv/ rqfh pdwfkhg/ zloo vwd| wrjhwkhu xqwlo dq djuhhphqw lv uhdfkhg1 Wkh
h{lvwhqfh ri d odujh qxpehu ri ex|huv dqg vhoohuv ehfrphv lppdwhuldo dqg wkh
htxloleulxp rxwfrph zloo eh wkh vdph dv lq wkh wzr0shuvrq edujdlqlqj jdph1

Wkh vdph wzr nlqgv ri htxloleuld h{lvw lq wkh yroxqwdu| pdwfklqj jdph
ghvfulehg lq Wkhruhp 71 Lq rqh/ wkh vhoohu edujdlqv zlwk d vlqjoh ex|hu/
ljqrulqj wkh h{lvwhqfh ri wkh rwkhu ex|huv1 Wklv htxloleulxp vhwv d orzhu
erxqg wr wkh htxloleulxp sulfh/ qdpho| %E��/ wkh sulfh ghwhuplqhg lq wkh
wzr0shuvrq edujdlqlqj jdph1 Lq wkh rwkhu/ frpshwlwlrq dprqj wkh ex|huv
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lv doorzhg ixoo irufh dqg wkh htxloleulxp sulfh lv R ' �1 Rqfh zh kdyh wzr
htxloleuld lq wkh prgho/ lw lv hdv| wr vxssruw pruh1 Rwkhu htxloleuld fdq eh
vxssruwhg e| pdnlqj wkh ghflvlrq wr vhsdudwh ghshqg rq wkh djhqwv* ehkdylru1

Dowkrxjk wkhuh h{lvwv d frqwlqxxp ri htxloleulxp rxwfrphv lq wkh yroxqwdu|0
pdwfklqj prgho +Wkhruhp 7,/ wkh ghjuhh ri lqghwhuplqdf| ghshqgv rq wkh
qxpehu ri ex|huv � dqg wkh glvfrxqw idfwru B1 Mxvw dv lq wkh fdvh ri h{0
rjhqrxv pdwfklqj zlwk glvfrxqwlqj +Wkhruhp 6,/ wkh lqwhuydo ri htxloleulxp
sulfhv froodsvhv wr R ' � li hlwkhu +l, wkh qxpehu ri ex|huv jurzv xqerxqghgo|
odujh/ ru +ll, wkh glvfrxqw idfwru dssurdfkhv �1

Lq wkh hqg/ rqh frxog xvh wkhvh uhvxowv wr dujxh hlwkhu djdlqvw ru lq idyru
ri wkh frpshwlwlyh rxwfrph/ ghshqglqj rq zklfk vhw ri dvvxpswlrqv rqh �qgv
prvw dwwudfwlyh1 Wkh ydoxh ri wkh uhvxowv lv uhdoo| wkdw lw vkrzv wkh lpsruwdqfh
ri wkh �qh ghwdlov ri wkh prgho lq ghwhuplqlqj wkh rxwfrph1 Ixuwkhu lw fodul�hv
wkh uroh ri dqrq|plw|/ frqwlqxlw|/ dqg wkh Pdunry surshuw| lq vxssruwlqj
frpshwlwlyh rxwfrphv1

� Dqrq|plw| dqg rwkhu lqirupdwlrqdo uhvwulfwlrqv/ zklfk UZ wuhdw lq d
zd| wkdw lv htxlydohqw wr wkh Pdunry surshuw|/ duh xvhg wr uxoh rxw frp0
soh{ vwudwhjlhv wkdw duh uhtxluhg wr vxssruw lqghwhuplqdf| lq prghov
zlwk odujh exw �qlwh qxpehuv ri djhqwv1

� Wkh sduwlfxodu vwudwhjlhv wkdw duh xvhg lq wkh surri ri Wkhruhp 4 hqvxuh
wkdw d vlqjoh djhqw pd| kdyh d odujh lpsdfw rq wkh vxevhtxhqw sod| ri
wkh jdph/ hyhq zkhq wkh qxpehu ri sod|huv lv odujh1

� Glvfrxqwlqj uhvwruhv �xqltxhqhvv� zkhq pdwfklqj lv h{rjhqrxv +Wkh0
ruhp 6,/ exw qrw zkhq lw lv hqgrjhqrxv +Wkhruhp 7,1 Krzhyhu/ lq wkh
yroxqwdu|0pdwfklqj jdph zlwk glvfrxqwlqj/ qrq0Pdunry vwudwhjlhv duh
uhtxluhg wr vxssruw lqghwhuplqdf|1

Lw lv shukdsv dovr zruwk qrwlqj wkdw dqrwkhu idfwru wkdw pdnhv lw gl!fxow
wr lqwhusuhw wkhvh uhvxowv dv vxssruwlqj ru frqwudglfwlqj wkh frpshwlwlyh wkh0
ru| lv wkh idfw wkdw wkh frpshwlwlyh rxwfrph lv wkh vdph dv wkh prqrsrolvwlf
rxwfrph1

515 Erxqghg Udwlrqdolw| dqg Xqltxhqhvv
Lq wkh UZ jdph/ vwudwhjlhv duh vhtxhqfhv ri ixqfwlrqv pdsslqj klvwrulhv lqwr
dfwlrqv1 Li zh wklqn ri wkh frpsoh{lw| ri d vwudwhj| dv ehlqj phdvxuhg e|
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wkh qxpehu ri yduldeohv rq zklfk dq djhqw*v dfwlrq fdq eh frqglwlrqhg/ wkhq
wkh vwudwhjlhv dydlodeoh lq vrph yhuvlrqv ri wkh UZ jdph duh xqerxqghgo|
frpsoh{1 Pruh suhflvho|/ vlqfh wkhuh lv qr erxqg rq wkh ohqjwk ri d klvwru|/
wkhuh lv qr erxqg rq wkh frpsoh{lw| ri wkh vwudwhj| wkdw pd| eh dgrswhg1 Lq
wklv vhfwlrq zh h{soruh d uhvwulfwlrq rq djhqwv* vwudwhjlhv wkdw lv ohvv uhvwulf0
wlyh wkdq wkh Pdunry surshuw|/ exw qrqhwkhohvv doorzv iru vrph erxqg rq wkh
delolw| ri wkh djhqwv wr frqglwlrq wkhlu ehkdylru rq wkh klvwru| ri wkh jdph1
Zkhuhdv UZ lqwhusuhw wkhlu uhvwulfwlrqv rq vwudwhjlhv lq whupv ri wkh lqiru0
pdwlrq dydlodeoh wr djhqwv/ wkh uhvwulfwlrqv frqvlghuhg khuh duh lqwhusuhwhg
dv d irup ri erxqghg udwlrqdolw|= wkhuh lv d olplw rq wkh dprxqw ri lqiru0
pdwlrq derxw sdvw sod| ri wkh jdph wkdw dq djhqw fdq uhwdlq dqg surfhvv lq
ghwhuplqlqj wkh ixwxuh sod| ri wkh jdph1 Iru wkh sxusrvh ri wklv glvfxvvlrq/
L uhwdlq wkh dvvxpswlrqv wkdw dsshdu wr eh prvw dphqdeoh wr lqghwhuplqdf|/
qdpho|/ yroxqwdu| pdwfklqj dqg qr glvfrxqwlqj1 Dovr/ rqo| wkh fdvh zlwk d
vlqjoh vhoohu dqg �qlwh qxpehu ri ex|huv lv frqvlghuhg1

51514 Erxqghg phpru| vwdwhv

Wkh Pdunry dvvxpswlrq holplqdwhv wkh xvh ri dq| lqirupdwlrq iurp wkh sdvw
wr frqglwlrq wkh ixwxuh sod| ri wkh jdph1 Lq idfw/ wkh dvvxpswlrq wkdw vwudwh0
jlhv duh phpru|ohvv lv wkh prvw uhvwulfwlyh dvvxpswlrq wkdw lv frqvlvwhqw zlwk
h{lvwhqfh ri dq htxloleulxp1 Dw wkh rwkhu h{wuhph/ wkh hqwluh klvwru| ri wkh
jdph fdq eh uhphpehuhg dqg xvhg wr frqglwlrq wkh ixwxuh sod| ri wkh jdph1
Lq wklv vhfwlrq/ zh wdnh dq lqwhuphgldwh frxuvh/ e| doorzlqj djhqwv wr uhphp0
ehu d olplwhg dprxqw ri zkdw kdsshqhg lq wkh sdvw1 E| sodflqj d erxqg rq
wkh djhqwv* phpru| zh sxw d erxqg rq wkh frpsoh{lw| ri wkhlu vwudwhjlhv1

Dq djhqw*v phpru| lv uhsuhvhqwhg e| d vhw ri phpru| vwdwhv/ hdfk ri
zklfk uhsuhvhqwv dq dgplvvleoh dprxqw ri lqirupdwlrq wkdw fdq eh uhwdlqhg
iurp wkh sdvw1 Ohw 7 ghqrwh wkh vhw ri phpru| vwdwhv dqg qrwh wkdw 7 lv
frpprq wr doo djhqwv1 Wkh vhoohu pdnhv r�huv dqg fkrrvhv wkh ex|hu wr
zkrp wkh r�hu lv pdgh dw hdfk gdwh1 D vwudwhj| iru wkh vhoohu lv d ixqfwlrq
s G 7 $ U � dfc �o wkdw pdsv d phpru| vwdwh r lqwr dq rughuhg sdlu E�c R�/
zlwk wkh lqwhusuhwdwlrq wkdw wkh vhoohu r�huv ex|hu � wkh remhfw iru d sulfh ri
R1 D vwudwhj| iru d ex|hu � lv d ixqfwlrq }� G 7 � dfc �o $ itc�j wkdw pdsv
dq rughuhg sdlu Erc R�/ uhsuhvhqwlqj dq r�hu ri wkh remhfw wr djhqw � dw sulfh
R/ lqwr d uhvsrqvh t ru � 1 Wkhvh vwudwhjlhv dsso| rqo| li wkh remhfw kdv qrw
douhdg| ehhq vrog/ ri frxuvh1 Jlyhq d phpru| vwdwh r/ wkh vwudwhj| sur�oh
Esc }� ' Esc }�c ���c }?� ghwhuplqhv d xqltxh dfwlrq @ ' E�c Rc o� dffruglqj wr
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wkh htxdwlrqv
E�c R� ' sEr� +514,

dqg
o ' }�Erc R� +515,

Wkh phpru| vwdwh hyroyhv dffruglqj wr dq h{rjhqrxvo| jlyhq uxoh �1 Wklv
uxoh uhsuhvhqwv wkh djhqw*v delolw| wr hqfrgh qhz lqirupdwlrq wkdw kh uhfhlyhv
lq wkh odqjxdjh ri wkh phpru| vwdwhv1 Irupdoo|/ � pdsv wkh fxuuhqw phpru|
vwdwh dqg wkh dfwlrqv fkrvhq lq wkh fxuuhqw shulrg lqwr wkh ixwxuh phpru|
vwdwh1 Li r| lv wkh fxuuhqw phpru| vwdwh/ @| wkh mrlqw dfwlrq dw gdwh |/ dqg
r|n� wkh phpru| vwdwh dw gdwh | n �/ wkhq wkh odz ri prwlrq lv zulwwhq

r|n� ' �Er|c @|� +516,

zkhuh @| ' E�|c R|c o|�/ E�|c R|� ' sEr|� dqg o| ' }�|Er|c R|�1 Iru dq| vwudwhj|
sur�oh Esc }� dqg lqlwldo vwdwh rf/ wkhuh lv d xqltxh sdwk ghwhuplqhg e| wkh
htxdwlrqv +514,/ +515,/ dqg +516,1 Zlwk wklv vhw ri vwudwhjlhv dqg wklv sdwk zh
fdq dvvrfldwh d xqltxh sd|r� ixqfwlrq iru wkh sod|huv1 Ohw LEsc }c rf� +uhvs1
T�Esc }c rf�, ghqrwh wkh vhoohu*v +uhvs1 ex|hu �*v, sd|r� iurp wkh vwudwhj|
sur�oh Esc }� dqg lqlwldo vwdwh rf1

Li wkh vhw ri phpru| vwdwhv lv ulfk hqrxjk/ wklv zd| ri ghvfulelqj vwudwhjlhv
grhv qrw uhvwulfw wkh jdph dw doo1 Iru h{dpsoh/ li 7 lv wkh vhw ri doo srvvleoh
klvwrulhv M dqg � G M � � $ M lv gh�qhg e|

�E�c @� � E�c @�c

wkhq wkh jdph lq zklfk vwudwhjlhv duh gh�qhg rq phpru| vwdwhv lv vwudwhjl0
fdoo| htxlydohqw wr wkh UZ jdph lq zklfk vwudwhjlhv duh gh�qhg rq frpsohwh
klvwrulhv1 Wkh srlqw ri wklv irupdolvp lv wr doorz iru  h{lelolw| lq fkrrvlqj
uhvwulfwlrqv rq wkh vhw ri vwudwhjlhv1 Iru h{dpsoh/ li zh wdnh wkh vhw 7 wr
eh d vlqjohwrq/ wkhq zh duh uhvwulfwhg wr wkh Pdunry vwudwhjlhv16 Dvvxplqj
7 wr eh d �qlwh vhw doorzv iru d ulfkhu vhw ri vwudwhjlhv/ exw rqh wkdw olplwv
frpsoh{lw| zkhq ? lv odujh1 Uhvwulfwlqj wkh vhw 7 wr eh �qlwh/ zh fdq vkrz
wkdw wkhuh lv dq hvvhqwldoo| xqltxh rxwfrph/ lq zklfk wkh vhoohu jhwv doo wkh
vxusoxv/ zkhq wkh qxpehu ri sod|huv lv vx!flhqwo| odujh1

6Wkh jdph frqwlqxhv rqo| li wkhuh kdv ehhq qr wudgh/ vr wkhuh lv rqo| rqh sd|r�0uhohydqw
vwdwh lq zklfk wkh jdph frqwlqxhv1
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Wkhruhp 8 Li Esc }� lv d vxejdph shuihfw htxloleulxp ri wkh jdph zlwk d
�{hg vhw ri phpru| vwdwhv 7 dqg m7m 	 ?/ wkhq wkh vhoohu r�huv wkh remhfw wr
rqh ri wkh ex|huv dw d sulfh R ' � dqg wkh ex|hu dffhswv1

Surri1 Wkh htxloleulxp sd|r� iru wkh vhoohu +uhvs1 ex|hu �, lq vwdwh r lv
ghqrwhg e| �Er� ' LEsc }c r� +uhvs1 ��Er� ' T�Esc }c r�,1 Lw ghshqgv rqo| rq
wkh vwdwh r ehfdxvh/ iru d jlyhq vwudwhj| sur�oh Esc }�/ wkh ixwxuh sod| ri wkh
jdph lv d ixqfwlrq ri wkh fxuuhqw vwdwh1 Ihdvlelolw| uhtxluhv wkdw

f �
?[
�'�

��Er� � � +517,

iru doo vwdwhv r1 Wklv lpsolhv wkdw wkhuh h{lvwv d ex|hu � vxfk wkdw

��Er� � �

2
c ;r +518,

Rwkhuzlvh/ iru hdfk ex|hu � wkhuh h{lvwv d vwdwh r� vxfk wkdw ��Er� : �*21
Vlqfh m7m 	 ?/ r� ' r� iru vrph sdlu ri djhqwv � 9' �1 Lq rwkhu zrugv/ wkhuh
h{lvwv d vwdwh r vxfk wkdw ��Er� : �*2 iru dw ohdvw wzr ex|huv/ frqwudglfwlqj
wkh ihdvlelolw| frqglwlrq +517,1 Wklv frqwudglfwlrq suryhv wkdw +518, pxvw krog
iru vrph � ' &/ vd|1

Wkh frqglwlrq +518, doorzv xv wr sodfh d orzhu erxqg rq wkh htxloleulxp
sd|r� ri wkh vhoohu1 Jlyhq dq| vwdwh r/ wkh vhoohu nqrzv wkdw djhqw & fdqqrw
h{shfw d sd|r� kljkhu wkdq �*2 iurp wkh frqwlqxdwlrq ri wkh jdph1 Wkhuhiruh
djhqw & vkrxog dffhsw dq| sulfh r�hu R 	 �*21 Exw wklv phdqv wkdw wkh vhoohu
fdq jhw d sd|r� ri �*2� 0 e| r�hulqj d sulfh R� �*2� 0 wr ex|hu &1 Vlqfh
0 lv duelwudu|/ wkh vhoohu pxvw jhw �*2 lq htxloleulxp=

�Er� � �

2
c ;r� +519,

Frqglwlrq +519, dqg ihdvlelolw| lpso| d qhz erxqg rq wkh vxp ri ex|huv*
sd|r�v

f �
?[
�'�

��Er� � �

2
c ;r

dqg wklv lpsolhv e| wkh suhylrxv dujxphqw wkdw iru vrph djhqw �

��Er� � �

e
c ;r�
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Frqwlqxlqj lq wklv zd|/ zh fdq vhh wkdw/ lq wkh olplw/ zh pxvw kdyh ��Er� ' f
iru doo r dqg � dqg �Er� ' � iru doo �1

Wkh surri ri Wkhruhp 8 xvhv lqgxfwlrq1 Dq dowhuqdwlyh surri/ zklfk lv
ohvv khxulvwlf exw pruh h!flhqw/ grhv qrw uhtxluh lqgxfwlrq= li zh ohw

k ' 4�?
�

4@ 
r

i��Er�j

wkhq zh fdq vhh wkdw �Er� � �� k dqg/ e| wkh xvxdo dujxphqw/ wklv lpsolhv
wkdw k � k*2 dqg khqfh k ' f1 E| fkrrvlqj wr ghdo zlwk wkh zhdnhvw ex|hu
�/ iru zkrp 4@ ri��Er�j ' f/ wkh vhoohu fdq jxdudqwhh klpvhoi wkh pd{lpxp
sd|r�1

Lw lv reylrxv wkdw wudgh pxvw wdnh sodfh lq htxloleulxp ru wkh sd|r�v lq
Wkhruhp 8 fdqqrw eh dfklhyhg1 Krzhyhu/ wudgh grhv qrw kdyh wr wdnh sodfh
dw wkh �uvw gdwh1 Dowkrxjk wkh djhqwv* vwudwhjlhv gr qrw fkdqjh ryhu wlph
wkh vwdwh r fdq fkdqjh ryhu wlph dqg wklv doorzv xv wr lqwurgxfh ghod| lq
wkh htxloleulxp vwudwhjlhv1 Iru h{dpsoh/ ohw 7 ' i�c 2c ���c Aj dqg rf ' � dqg
vxssrvh wkdw iru dq| dfwlrq sur�oh @ wkh hyroxwlrq ri wkh phpru| vwdwh lv

�Erc @� '

+
rn � li r 	 A
r li r ' A

�

Wkhq wkh phpru| vwdwh lv hvvhqwldoo| frxqwlqj wlph dqg zh fdq xvh lw wr frgh
wkh gdwh dw zklfk wudgh wdnhv sodfh1 Iru h{dpsoh/ dw dq| r 	 A wkh vhoohu
r�huv wkh remhfw dw d sulfh R ' � wr ex|hu � dqg ex|hu � uhmhfwv wkh r�hu1 Dw
r ' A wkh vhoohu r�huv wkh remhfw dw d sulfh R ' � wr ex|hu � dqg � dffhswv1
Vlqfh wkhuh lv qr glvfrxqwlqj/ erwk djhqwv duh lqgl�huhqw dprqj wkh A gdwhv
dw zklfk wudgh frxog wdnh sodfh1

Wkh dujxphqw lq wkh surri ri Wkhruhp 8 lv vlplodu wr wkh dujxphqw lq
wkh khxulvwlf surri ri Wkhruhp 51 Lq wkh dqrq|prxv htxloleulxp/ wkhuh lv
d vlqjoh phpru| vwdwh +wkh Pdunry fdvh, dqg wkhuh duh wzr ex|huv/ vr wkh
qxpehu ri ex|huv lv juhdwhu wkdq wkh qxpehu ri phpru| vwdwhv1 Iru wkh surri
ri Wkhruhp 8/ lw lv rqo| qhfhvvdu| wr h{whqg wkh dujxphqw wr dq duelwudu|
�qlwh qxpehu ri phpru| vwdwhv dqg d +odujhu, �qlwh qxpehu ri ex|huv1 Zkdw
pdnhv erwk dujxphqwv zrun lv wkh idfw wkdw wkhuh lv rqo| rqh xqlw ri vxusoxv
dydlodeoh wr uhzdug doo wkh ex|huv iru sxqlvklqj wkh vhoohu1 Lq wkh surri ri
Wkhruhp 4/ wklv rqh xqlw ri vxusoxv lv fohyhuo| xvhg wr uhzdug wkh djhqw zkr
uhsrqgv wr d ghyldqw sursrvdo= e| uhmhfwlqj wkh ghyldwlqj r�hu wkh uhvsrqghu
jhwv doo wkh vxusoxv/ dqg wkdw lv hqrxjk wr glvfrxudjh klp iurp dffhswlqj dq|
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ghyldwlrq iurp wkh htxloleulxp sdwk1 Wkh dvvxpswlrq wkdw wkh vhw ri vwdwhv
lv ohvv wkdq wkh qxpehu ri ex|huv suhyhqwv wkh vhw ri vwudwhjlhv iurp ehlqj
ulfk hqrxjk wr lpsohphqw wklv vfkhph ri sxqlvkphqw dqg uhzdug1 Wkhuh zloo
dozd|v eh rqh ex|hu zkr lv d �Orvhu�/ wkdw lv/ jhwv ohvv wkdq rqh xqlw ri
vxusoxv qr pdwwhu zkdw wkh vhoohu grhv1 Wkh vhoohu fdq wdujhw wklv ex|hu dqg
h{wudfw wkh pd{lpdo dprxqw ri vxusoxv1 Wkh Orvhu lv wkh zhdn olqn lq wkh
fkdlq1 Wkh h{lvwhqfh ri rqh Orvhu hqvxuhv wkdw doo wkh ex|huv duh Orvhuv dqg
xowlpdwho| wkh| doo hqg xs zlwk qrwklqj1

Wkh lqwhusuhwdwlrq ri wkh rxwfrph ri wklv jdph dv �frpshwlwlyh� pd| qrw
eh hqwluho| frqylqflqj1 Lw lv zhoo nqrzq lq edujdlqlqj jdphv zlwk glvfrxqwlqj
wkdw doorzlqj rqh djhqw wr pdnh doo wkh r�huv w|slfdoo| doorzv wkdw djhqw wr
fdswxuh doo wkh vxusoxv1 Vlqfh wkh prqrsrolvwlf rxwfrph lv wkh vdph dv wkh
frpshwlwlyh rxwfrph/ wkh idfw wkdw wkh vhoohu fdswxuhv doo wkh vxusoxv frxog
eh lqwhusuhwhg/ txlwh qdwxudoo|/ dv d prqrsrolvwlf rxwfrph1 Krzhyhu/ wkh
vdph rxwfrph fdq eh rewdlqhg lq d prgho lq zklfk wkh sursrvhu lv fkrvhq
udqgrpo|1 Iru h{dpsoh/ vxssrvh wkdw wkh vhoohu fkrrvhv wkh ex|hu � zlwk
zkrp wr edujdlq dqg wkhq wkh sursrvhu lv fkrvhq zlwk htxdo suredelolw| wr
eh wkh vhoohu ru ex|hu �1 Vlqfh wkhuh lv qr glvfrxqwlqj dqg wkh vhoohu zloo eh
fkrvhq dv sursrvhu lq�qlwho| riwhq/ wkh dujxphqw deryh fdq eh xvhg wr suryh
wkdw wkh vhoohu fdq irufh dq rxwfrph lq zklfk kh jhwv doo wkh vxusoxv1

51515 Lpshuihfw phpru|

Wkh erxqghg phpru| dvvxpswlrq fodul�hv rqh vhqvh lq zklfk erxqghg ud0
wlrqdolw|/ ru erxqghg frpsoh{lw| ri vwudwhjlhv/ fdq vhohfw wkh frpshwlwlyh
rxwfrph iurp d odujh/ srvvleo| lq�qlwh vhw ri htxloleuld1 Dw wkh vdph wlph/
lw lv d udwkhu vwurqj dvvxpswlrq1 Dqrwkhu dssurdfk wr wklv sureohp grhv qrw
uhvwulfw wkh qxpehu ri phpru| vwdwhv lq uhodwlrq wr wkh qxpehu ri sod|huv1
Lqvwhdg/ lw lqwurgxfhv d �vpdoo� dprxqw ri udqgrpqhvv wr plplf wkh h�hfwv
ri lpshuihfw phpru|1 Vshfl�fdoo|/ iru vrph �{hg ydoxh ri 0 : f zh dvvxph
wkdw/ zlwk suredelolw| �� 0/ wkh wudqvlwlrq lv ghwhuplqhg htxdwlrq +516, dqg
zlwk suredelolw| 0 wkh qhz vwdwh lv xqlirupo| glvwulexwhg rq 7=

r|n� '

+
�Er|c @|� z1 su1 �� 0n 0*m7m
r 9' �Er|c @|� z1 su1 0*m7m�

Wkh udqgrp hohphqw lq wkh wudqvlwlrq lv olnh d �wuhpeolqj kdqg� lq wkh sod| ri
wkh jdph1 Lw hqvxuhv wkdw wkhuh lv dozd|v d vpdoo suredelolw| wkdw wkh sod|huv
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lq wkh frqwlqxdwlrq jdph duh iroorzlqj wkh �zurqj� vwudwhj|/ iru h{dpsoh/
uhzduglqj wkh zurqj sod|hu1

Wklv hohphqw ri erxqghg udwlrqdolw| lq wkh jdph ohdgv wr wkh vdph rxw0
frph dv ehiruh1 Lqwxlwlyho|/ wkh vpdoo dprxqw ri udqgrpqhvv suhyhqwv dq|
rqh ex|hu iurp ehlqj dzdughg wkh hqwluh vxusoxv1 Wklv hqvxuhv wkdw wkh vhoohu
fdq jxdudqwhh klpvhoi d srvlwlyh dprxqw ri wkh vxusoxv lq dq| vwdwh1 Wklv lq
wxuq uhgxfhv wkh pd{lpxp wkdw wkh ex|huv dv d jurxs fdq krsh wr jhw dqg
wkh vpdoo dprxqw ri udqgrpqhvv hqvxuhv wkdw dq| ex|hu pxvw jhw ohvv wkdq
wklv qhz/ orzhu pd{lpxp1 Wkhq wkh vhoohu fdq jxdudqwhh klpvhoi hyhq pruh1
Sxuvxlqj wklv dujxphqw wr lwv orjlfdo frqfoxvlrq vkrzv wkdw/ lq htxloleulxp/
wkh vhoohu pxvw jhw wkh hqwluh vxusoxv1

Wkhruhp 9 Li Esc }� lv d vxejdph shuihfw htxloleulxp ri wkh jdph zlwk lp0
shuihfw phpru| dqg ? : 2/ wkhq wkh vhoohu r�huv wkh remhfw wr rqh ri wkh
ex|huv dw d sulfh R ' � dw wkh �uvw gdwh dqg wkh ex|hu dffhswv1

Surri1 Dv ehiruh/ ohw Esc }� eh d �{hg vxejdph shuihfw htxloleulxp dqg sxw
�Er� ' LEsc }c r� dqg ��Er� ' T�Esc }c r� iru � ' �c ���c ?1 Ohw � � k eh wkh
plqlpxp sd|r� wr wkh vhoohu/ wkdw lv/

�� k ' 4�?i�Er� G r 5 7j�

Wkhq ihdvlelolw| lpsolhv wkdw

?[
�'�

��Er� � kc ;r� +51:,

Iurp wkh ihdvlelolw| frqvwudlqw +51:, lw iroorzv wkdw/ iru vrph ex|hu �/ ��Er� �
k*2 iru dw ohdvw d iudfwlrq E?� ��*? ri wkh vwdwhv1 Wr vhh wklv/ ohw

7� ' ir 5 7m��Er� : k*2j�

E| wkh gh�qlwlrq ri 7� dqg wkh ihdvlelolw| frqglwlrq +51:, lw lv fohdu wkdw
7� _ 7� ' > iru � 9' � vr wkhuh pxvw h{lvw dq djhqw � vxfk wkdw

m7�m � 4�?
�'�c���c?

m7�m � m7m
?
�

Iru wklv djhqw �/ m7q7�m � ?3�
?
m7m dv fodlphg1
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Qrz frqvlghu wkh h{shfwhg sd|r� ri djhqw � iru dq| phpru| vwdwh r| dqg
dfwlrq @| ' E�c R�=
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Dv orqj dv ? : 2c wkh suhfhglqj lqhtxdolw| vkrzv wkdw ��Er� 	 �k*e iru hyhu|
r dqg/ lq d vxejdph shuihfw htxloleulxp/ wklv phdqv wkdw djhqw � pxvw dffhsw
dq| r�hu R 	 �� kE�� 0*2�1 Wkhq wkh vhoohu fdq jxdudqwhh klpvhoi d sd|r�
duelwudulo| forvh wr � � kE� � 0*2�1 Wklv frqwudglfwv wkh gh�qlwlrq ri � � k
xqohvv k ' f1

Wkh uhtxluhphqwv iru Wkhruhp 9 duh zhdnhu wkdq iru Wkhruhp 8= Wkhr0
uhp 9 rqo| uhtxluhv wkh h{lvwhqfh ri zkdw zh pljkw fdoo dq 00Orvhu/ wkdw lv/
vrphrqh zkr uhfhlyhv ohvv wkdq E� � 0�k lq hyhu| vwdwh/ dqg 0 : f fdq eh
duelwudulo| vpdoo1 Lq wkh vdph whuplqrorj|/ Wkhruhp 8 uhtxluhv wkh h{lvwhqfh
ri d �*20Orvhu1

Wkh dvvxpswlrqv pdgh lq Wkhruhp 9 duh lq rqh uhvshfw vwurqjhu wkdq
qhfhvvdu|1 Wkh dujxphqw qhyhu uhihuv wr wkh qxpehu ri hohphqwv lq 71 Lq
idfw/ orrnlqj dw wkh ghwdlov ri wkh surri/ lw dsshduv wkdw wkh vdph dujxphqw
dssolhv wr dq duelwudu| phdvxudeoh vsdfh 7/ iru h{dpsoh/ vxssrvh wkdw 7 lv
d frpsdfw phwulf vsdfh hqgrzhg zlwk wkh Eruho vhwv EE7� dqg d qrq0dwrplf
suredelolw| phdvxuh � 1

Zkdw erwk wkhruhpv whdfk xv lv wkdw lw lv qrw qhfhvvdu| wr dvvxph frp0
sohwho| phpru|ohvv vwudwhjlhv lq rughu wr uxoh rxw doo qrq0frpshwlwlyh ehkdy0
lru1 Vwudwhjlhv fdq eh frqglwlrqhg rq d odujh dprxqw ri lqirupdwlrq derxw
wkh sdvw/ dv orqj dv wkh frpsoh{lw| ri wkh vwudwhjlhv lv uhvwulfwhg vr dv wr suh0
yhqw wkh nlqgv ri frpsolfdwhg sxqlvkphqwv qhhghg wr vxssruw wkh frqwlqxxp
ri htxloleuld ghvfulehg lq Wkhruhp 41

Iroorzlqj d gl�huhqw dssurdfk/ Fkdwwhumhh dqg Vderxuldq +4<<;, kdyh
dqdo|}hg edujdlqlqj jdphv ehwzhhq �qlwh dxwrpdwd1 Wkh lghd ri uhtxlulqj
vwudwhjlhv wr eh sod|hg e| �qlwh dxwrpdwd +�qlwh vwdwh pdfklqhv, lv lqwhqghg
wr lpsrvh vrph erxqg rq wkh frpsoh{lw| ri sod|1 Wkh dxwrpdwrq lv ghvljqhg
wr sod| d ehvw uhvsrqvh/ exw lw kdv wkh plqlpdo qxpehu ri vwdwhv qhhghg
dorqj wkh htxloleulxp sdwk1 Wklv dvvxpswlrq dvvxpswlrq grhv qrw holplqdwh
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qrq0xqltxhqhvv/ exw lw grhv olplw wkh dprxqw ri ghod| wkdw fdq rffxu lq
htxloleulxp1

516 Wkh Olplw Sulqflsoh

Qrq0frrshudwlyh prghov ri roljrsro| kdyh orqj ehhq xvhg wr surylgh d vwudwh0
jlf irxqgdwlrq iru frpshwlwlyh htxloleulxp +vhh glvfxvvlrq lq Fkdswhu 3,1 Wkh
hduolhvw dqg ehvw nqrzq dssurdfk lv edvhg rq wkh zhoo nqrzq Frxuqrw prgho
ri roljrsro|1 Lq wklv prgho/ wkhuh duh ? lghqwlfdo �upv/ hdfk ri zklfk vlpxo0
wdqhrxvo| fkrrvhv wkh txdqwlw| ri rxwsxw lw zdqwv wr surgxfh1 Dq lqyhuvh
ghpdqg ixqfwlrq/ uhsuhvhqwlqj wkh ehkdylru ri wkh frqvxphuv lq wkh pdunhw/
ghwhuplqhv wkh pdunhw0fohdulqj sulfh dv d ixqfwlrq ri wkh djjuhjdwh rxwsxw1
Wkh sur�w ri hdfk �up lv ghwhuplqhg e| wkh sulfh dqg wkh �up*v rxwsxw/ vr
zh kdyh d zhoo gh�qhg jdph lq zklfk wkh sd|r� ri hdfk �up lv d ixqfwlrq
ri wkh ?0wxsoh ri txdqwlwlhv fkrvhq1 Wkh rxwfrph lv ghvfulehg e| d Qdvk
htxloleulxp ri wklv jdph1

Zkhq wkh qxpehu ri �upv lq wkh pdunhw lv �qlwh/ wkh vwdwlf Frxuqrw
roljrsro| jdph suhglfwv wkdw frpshwlwlrq zloo eh lpshuihfw/ dqg wkh sulfh
zloo eh kljkhu dqg rxwsxw orzhu wkdq lq wkh frpshwlwlyh/ sulfh0wdnlqj htxl0
oleulxp1 Krzhyhu/ dv wkh qxpehu ri �upv ehfrphv xqerxqghgo| odujh/ wkh
roljrsrolvwlf htxloleuld frqyhujh wr wkh shuihfwo| frpshwlwlyh/ sulfh0wdnlqj
htxloleulxp1 Vrph vwurqj uhjxodulw| frqglwlrqv duh uhtxluhg iru wkh surri ri
wklv olplw wkhruhp dqg/ lq dq lpsruwdqw sdshu/ Urehuwv +4<;3, surylghg d
frxqwhu0h{dpsoh1 Urehuwv +4<;3, vkrzv wkdw/ xqghu fhuwdlq frqglwlrqv/ wkh
pdunhw ghpdqg fxuyh lv qrw lqyhuwleoh1 D vhohfwlrq iurp wkh ghpdqg fruuh0
vsrqghqfh pd| eh lqyhuwhg/ exw wkh uhvxowlqj lqyhuvh ghpdqg fxuyh zloo qrw
eh frqwlqxrxv1 Vshfl�fdoo|/ dw vrph srlqw/ dq lqfuhdvh lq wkh djjuhjdwh txdq0
wlw| vxssolhg pd| fdxvh d vkdus +glvfrqwlqxrxv, idoo lq wkh pdunhw sulfh1 Wkh
h�hfw ri wklv glvfrqwlqxlw| lv wr suhyhqw wkh lqfuhdvlqj frpshwlwlyh suhvvxuh
iurp h{sdqglqj djjuhjdwh rxwsxw eh|rqg wkh glvfrqwlqxlw| srlqw1 Zkhq wkh
pdunhw lv srlvhg dw d glvfrqwlqxlw| srlqw/ surgxflqj dq h{wud xqlw ri rxwsxw
fdxvhv d orvv rq lqiudpdujlqdo xqlwv wkdw lv d kljkhu rughu ri pdjqlwxgh wkdq
wkh uhyhqxh iurp vhoolqj dq h{wud xqlw1 Qr pdwwhu krz pdq| �upv duh lq
wkh pdunhw/ wkh djjuhjdwh rxwsxw pd| qrw lqfuhdvh eh|rqg wklv glvfrqwlqxlw|
srlqw1

Dqrwkhu zd| ri orrnlqj dw wkh sureohp lv wr vd| wkdw/ qr pdwwhu krz
pdq| �upv dqg frqvxphuv duh lq wkh pdunhw/ hdfk �up frqwlqxhv wr kdyh d



5161 WKH OLPLW SULQFLSOH 4:

qrq0qhjoljleoh h�hfw rq wkh pdunhw/ vlqfh wkh voljkwhvw lqfuhdvh lq rxwsxw e|
rqh �up sxvkhv wkh pdunhw ryhu wkh suhflslfh dqg ohdgv wr d vkdus idoo lq wkh
pdunhw sulfh1

Wkh Urehuwv +4<;3, h{dpsoh looxvwudwhv d pruh jhqhudo sureohp1 Xqohvv
vrph uhvwulfwlrqv duh sodfhg rq wkh sd|r� ixqfwlrqv wr hqvxuh frqwlqxlw| ri
wkh sd|r�v dv ixqfwlrqv ri wkh vwudwhj| sur�ohv/ wkhuh lv qr krsh ri dfklhylqj
d olplw wkhruhp fkdudfwhul}lqj wkh ehkdylru ri vhtxhqfhv ri Qdvk htxloleuld
dv wkh qxpehu ri sod|huv lqfuhdvhv zlwkrxw erxqg1 Wklv sureohp zdv vwxglhg
lq Juhhq +4<;7,*v zrun rq olplwv ri Qdvk htxloleuld lq jdphv1 Wkh sureohp
srvhg e| Urehuwv +4<;3, dqg vwxglhg e| Juhhq +4<;7, pd| dsshdu wr eh d
sxuho| whfkqlfdo sureohp/ rqh wkdw fdq eh uhphglhg e| dvvxplqj wkdw jdphv
duh vx!flhqwo| zhoo ehkdyhg1 Krzhyhu/ d pruh urexvw irup ri glvfrqwlqxlw|
dulvhv txlwh qdwxudoo| lq uhshdwhg jdphv1

Rqh zhdnqhvv ri wkh vwdwlf Frxuqrw prgho lv wkdw lw grhv qrw fdswxuh wkh
srvvlelolwlhv iru frooxvlrq lq d uhdolvwlf zd|1 Lq prvw lqgxvwulhv/ wkh frpshwl0
wlrq dprqj �upv frqwlqxhv ryhu pdq| shulrgv1 Wklv uhshdwhg lqwhudfwlrq lv
qdwxudoo| uhsuhvhqwhg e| d uhshdwhg jdph lq zklfk wkh vwdjh jdph dw hdfk
shulrg lv wkh vwdwlf Frxuqrw roljrsro| jdph1 Rqfh zh doorz iru uhshdwhg
lqwhudfwlrq/ wkh vhw ri +vxejdph shuihfw, htxloleuld ehfrphv pxfk odujhu1
Dffruglqj wr wkh Iron Wkhruhp iru uhshdwhg jdphv +vhh/ h1j1/ Ixghqehuj dqg
Wluroh +4<<5,,/ dq| sur�oh ri lqglylgxdoo| udwlrqdo sd|r�v fdq eh vxssruwhg
e| d vxejdph shuihfw htxloleulxp/ dv orqj dv wkh udwh ri wlph suhihuhqfh lv
vx!flhqwo| orz1 Lq sduwlfxodu/ wkhuh zloo eh dq htxloleulxp lq zklfk �upv
frooxgh wr vkduh wkh prqrsro| sur�wv1

Rqh zd| ri vxssruwlqj wkh frooxvlyh rxwfrph lv e| xvlqj wkh �Qdvk uhyhu0
vlrq� vwudwhjlhv1 Vxssrvh wkhuh duh ? �upv lq wkh pdunhw/ rshudwlqj xqghu
frqvwdqw uhwxuqv wr vfdoh1 Li +6 lv wkh prqrsrolvwlf ohyho ri rxwsxw/ wkhq
hdfk �up lv dvvljqhg dq rxwsxw ri +6*? dqg uhfhlyhv d iudfwlrq Z6*? ri wkh
prqrsro| sur�wv Z6 hdfk shulrg1 Krzhyhu/ li dq| �up ghyldwhv iurp wkh
rxwsxw ohyho +6*?/ wkhq hyhu| �up uhyhuwv lq wkh qh{w shulrg wr wkh Qdvk0
Frxuqrw htxloleulxp ri wkh rqh0vkrw jdph/ wkdw lv/ wr wkh ohyho +S1 Sod|lqj
dq htxloleulxp vwudwhj| ri wkh rqh0vkrw jdph lq hyhu| shulrg lv d vxejdph
shuihfw htxloleulxp vwudwhj|/ dqg vlqfh wkh sur�wv lq hyhu| shulrg zloo eh
orzhu xqghu wklv vwudwhj|/ wkh sxqlvkphqw rq wkh ghyldwlqj �up zloo eh odujh
hqrxjk wr ghwhu wkh ghyldwlrq/ dv orqj dv wkh glvfrxqw udwh lv vx!flhqwo| orz1

Li zh uhsolfdwh wklv pdunhw e| lqfuhdvlqj wkh qxpehu ri �upv dqg frq0
vxphuv/ lw dfwxdoo| ehfrphv hdvlhu wr vxssruw wkh prqrsro| rxwfrph1 Wkh
prqrsro| rxwfrph grhv qrw fkdqjh/ exw wkh Qdvk0Frxuqrw htxloleulxp ri
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wkh rqh0vkrw jdph frqyhujhv wr wkh sulfh0wdnlqj htxloleulxp/ vr wkh wkuhdw
ri uhyhuwlqj wr wkh Qdvk0Frxuqrw htxloleulxp ehfrphv odujhu dqg pruh h�hf0
wlyh1 Wkxv/ lqfuhdvlqj wkh qxpehu ri �upv grhv qrwklqj wr xqghuplqh wkh
srvvlelolwlhv iru frooxvlyh ehkdylru1

Wklv sureohp zdv vwxglhg e| Hgzdug Juhhq lq d suhvflhqw sdshu +Juhhq
+4<;3,,1 Wkh irfxv ri Juhhq*v vwxg| zdv djdlq wkh Frxuqrw prgho ri roljrsro|1
Olnh Urehuwv/ Juhhq zdv lqwhuhvwhg lq zkdw kh fdoohg wkh Olplw Sulqflsoh/ xq0
ghu zklfk wkh htxloleuld ri wkh vwdwlf Frxuqrw roljrsro| jdph frqyhujh wr d
sulfh0wdnlqj frpshwlwlyh htxloleulxp zkhq wkh qxpehu ri �upv ehfrphv yhu|
odujh1 Dv zh kdyh vhhq/ wkh Olplw Sulqflsoh idlov wr krog lq wkh uhshdwhg jdph1

Dqrwkhu zd| ri wklqnlqj derxw wkh idloxuh ri wkh Olplw Sulqflsoh lv dv d
idloxuh ri frqwlqxlw| lq wkh olplw= hyhq wkrxjk wkh qxpehu ri �upv ehfrphv
xqerxqghgo| odujh/ vr wkdw wkh vlqjoh �up ehfrphv qhjoljleoh uhodwlyh wr wkh
hqwluh pdunhw/ wkh dfwlrqv ri d �up duh vwloo vljql�fdqw/ ehfdxvh wkh hqwluh
pdunhw uhyhuwv wr wkh Qdvk vwudwhjlhv zkhq d vlqjoh �up ghyldwhv1

Lw lv dovr zruwk qrwlqj wkdw wkh htxloleulxp vwudwhjlhv gr qrw vdwlvi| wkh
Pdunry surshuw|/ ehfdxvh wkh sxqlvkphqwv duh edvhg rq wkh klvwru| ri wkh
jdph1

Wklv ehkdylru ri vhtxhqfhv ri uhsolfd hfrqrplhv lv lq pdunhg frqwudvw
wr wkh olplw hfrqrp| zlwk d qrq0dwrplf frqwlqxxp ri �upv1 Vxssrvh wkdw
lqvwhdg ri uhsolfdwlqj wkh hfrqrp| zh kdg dvvxphg wkh h{lvwhqfh ri d frq0
wlqxxp ri �upv zlwk wkh vdph furvv0vhfwlrqdo glvwulexwlrq ri fkdudfwhulvwlfv
dv wkh �qlwh pdunhw1 +Suhylrxvo| zh dvvxphg lghqwlfdo �upv zlwk frqvwdqw
uhwxuqv wr vfdoh> qrz �upv duh doorzhg wr eh khwhurjhqhrxv,1 Rqh zd| ri
grlqj wklv lv wr uhsodfh hdfk �up lq wkh �qlwh pdunhw zlwk d qrq0dwrplf
frqwlqxxp ri �upv kdylqj lghqwlfdo frvw ixqfwlrqv1 Vxssrvh ixuwkhu wkdw wkh
pdunhw jdph lv dqrq|prxv/ lq wkh vhqvh wkdw �upv fdqqrw revhuyh wkh rxw0
sxw ghflvlrqv ri rwkhu �upv> wkh| fdq rqo| revhuyh wkh sulfh lq wkh pdunhw dw
hdfk gdwh1 Qrz d vlqjoh �up lq wklv frqwlqxxp prgho kdv olwhudoo| qr h�hfw
rq sulfh/ ehfdxvh lwv rxwsxw kdv qr h�hfw rq wkh wrwdo txdqwlw| surgxfhg1
+Hdfk �up kdv phdvxuh }hur dqg vr fdqqrw d�hfw djjuhjdwh rxwsxw,1 Dv d
uhvxow/ hdfk �up zloo wdnh wkh sulfh dv jlyhq dqg lw lv hdv| wr vhh wkdw wkh
htxloleulxp dw hdfk gdwh zloo eh wkh vwdqgdug sulfh0wdnlqj ru shuihfwo| frp0
shwlwlyh htxloleulxp ri wkh vwdwlf pdunhw1 Wkh �up grhv qrw kdyh wr zruu|
derxw wkuhdwv ri uhwdoldwlrq1 Lw fdq gr zkdwhyhu lw olnhv zlwkrxw dq| ihdu wkdw
lwv ghyldwlrq zloo eh ghwhfwhg1 Lq idfw/ wklv lv mxvw wkh Dqwl0Iron Wkhruhp iru
uhshdwhg dqrq|prxv jdphv +vhh Urvhqwkdo dqg Pdvvr +4<;<,,1

Wklv srlqwv wr wkh fuxfldo gl�huhqfh ehwzhhq wkh frqwlqxxp prgho dqg
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wkh odujh0exw0�qlwh prgho1 Lq wkh frqwlqxxp prgho/ wk �up kdv qr lpsdfw
rq wkh htxloleulxp sulfh1 Lq wkh odujh exw �qlwh prgho/ qr pdwwhu krz pdq|
wlphv wkh pdunhw kdv ehhq uhsolfdwhg/ d vlqjoh ghyldwlrq zloo ohdg wr vrph
fkdqjh lq sulfh dqg wklv sulfh fkdqjh fdq wuljjhu wkh sxqlvkphqw skdvh lq
zklfk hyhu| �up uhyhuwv wr wkh Qdvk0Frxuqrw htxloleulxp1 D vlqjoh �up kdv
d vpdoo gluhfw lpsdfw rq sulfh/ ehfdxvh wkh �up*v rxwsxw lv vpdoo uhodwlyh wr
wkh vl}h ri wkh pdunhw1 Krzhyhu/ wkdw vpdoo sulfh fkdqjh kdv d odujh vwudwhjlf
lpsdfw rq wkh ixwxuh sod| ri wkh jdph dqg khqfh rq wkh ixwxuh pdunhw sulfh1

Juhhq*v lqvljkw lv wkdw wkh frooxvlyh htxloleulxp lv xqolnho| wr eh urexvw1
Lq sudfwlfh/ pdq| udqgrp dqg xqrevhuydeoh idfwruv zrxog lq xhqfh wkh sulfh
lq dgglwlrq wr wkh dfwlrqv ri wkh �upv1 Lw lv xqolnho| wkdw �upv lq jhqhudo zloo
kdyh hqrxjk lqirupdwlrq wr lqihu iurp dq revhuydwlrq ri wkh sulfh zkhwkhu ru
qrw vrph �up kdv ghyldwhg iurp wkh frooxvlyh htxloleulxp1 Li hqrxjk qrlvh
hqwhuv wkh lqirupdwlrq fkdqqho/ �upv fdq fkhdw rq wkh frooxvlyh djuhhphqw
zlwkrxw ihdu ri ghwhfwlrq1 Lq wkdw fdvh/ wkh Olplw Sulqflsoh pljkw eh uhlq0
vwdwhg1

Juhhq +4<;3, frqwdlqv d ghwdlohg vwxg| ri wkh olplwlqj surshuwlhv ri vh0
txhqfhv ri uhsolfdwhg/ dqrq|prxv/ uhshdwhg jdphv lq zklfk sod|huv fdq re0
vhuyh qrlv| sxeolf vljqdov wkdw ghshqg rq lqglylgxdo dfwlrqv1 Dowkrxjk wkh
pdunhw vwxglhg lv yhu| vshfl�f/ wkh iudphzrun ghyhorshg lq wkh sdshu lv yhu|
jhqhudo dqg dssolhv wr rwkhu uhshdwhg jdphv1 Juhhq*v uhvxowv duh jhqhudol}hg
e| Vderxuldq +4<<3,/ zklfk pdnhv xvh ri wkh vdph iudphzrun dqg h{whqgv
wkh dqdo|vlv lq vhyhudo gluhfwlrqv1 Juhhq frqvlghuv rqo| htxloleuld vxssruwhg
e| Qdvk uhyhuvlrq vwudwhjlhv dqg dovr doorzv rqo| vwudwhjlhv lq zklfk djhqwv*
dfwlrqv ghshqghg rq sxeolf vljqdov1 Vderxuldq*v dqdo|vlv dssolhv wr jhq0
hudo htxloleuld/ qrw mxvw htxloleuld zlwk Qdvk uhyhuvlrq vwudwhjlhv/ dqg doorzv
vwudwhjlhv wr ghshqg rq sdvw vljqdov dv zhoo dv wkh djhqw*v rzq sdvw dfwlrqv1

Wkh qh{w ihz vhfwlrqv ri wklv fkdswhu duh ghyrwhg wr uh0lqwhusuhwlqj wkh
dqdo|vlv ri Juhhq dqg Vderxuldq lq wkh frqwh{w ri uhshdwhg jdphv zlwk olp0
lwhg phpru|1 Wkh remhfwlyh lv wr suryh d olplw wkhruhp dqdorjxh ri wkh
Dqwl0Iron Wkhruhp1 Wklv wkhru| zloo dsso| qrw mxvw wr pdunhw jdphv/ exw
wr uhshdwhg jdphv lq jhqhudo1 Wklv wuhdwphqw lv pruh olplwhg wkdq Juhhq
+4<;3, dqg Vderxuldq +4<<3,�L gr qrw dwwhpsw wr fkdudfwhul}h wkh olplwlqj
frqwlqxxp jdph dqg wkh dujxphqwv duh ghyhorshg voljkwo| gl�huhqwo|�dqg
wkh dujxphqwv duh pruh gluhfw dqg ohvv devwudfw1 Wkh xqghuo|lqj lghdv duh wkh
vdph/ krzhyhu1 Iru dq hohjdqw wuhdwphqw/ wkh uhdghu lv uhihuuhg wr Vderxuldq
+4<<3,1

Wkh qh{w wzr vhfwlrqv ghvfuleh wkh jhqhudo iudphzrun1 Lq wkh vhfwlrq diwhu
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wkdw L ghulyh d olplw wkhruhp dqg frqvlghu wkh lpsolfdwlrqv iru wkh dqdo|vlv
ri g|qdplf jdphv1

517 Uhshdwhg Jdphv

D �qlwh/ qrupdo0irup jdph lv ghqrwhg e| K ' E�cfc ��/ zkhuh

� � ' i�c ���c ?j lv wkh vhw ri sod|huv>
� f� lv wkh +�qlwh, vwudwhj| vhw ri sod|hu � dqg f � �?

�'�f� lv wkh vhw ri
vwudwhj| sur�ohv>

� �� G f $ + lv wkh sd|r� ixqfwlrq iru sod|hu � dqg � � E��c ���c �?� lv
wkh sd|r� ixqfwlrq iru wkh jdph1

Wkh jdph lv h{whqghg wr doorz iru pl{hg vwudwhjlhv lq wkh xvxdo zd|1 Ohw

{Ef�� �
;?
=R� G f� $ +nm

[
%�Mf�

RE%�� ' �

<@
>

ghqrwh wkh vhw ri pl{hg vwudwhjlhv dqg {Ef� � �?
�'�{Ef��1 Wkhq gh�qh

�� G {Ef� $ + e| sxwwlqj

��ER� '
[
%Mf

� E%���E%�

zkhuh R � ER�c ���c R?� dqg � E%� � �?
�'�R�E%��1

D Qdvk htxloleulxp ri K lv d vwudwhj| sur�oh RW vxfk wkdw iru dq| sod|hu �

��ER
W� � ��ER

W
3�c R��c;R� 5 {Ef��c

zkhuh RW3� ghqrwhv wkh sur�oh ri vwudwhjlhv ri sod|huv rwkhu wkdq � dqg ER
W
3�c R�� �

ERW�c ���c R
W
�3�c R�c R

W
�n�c ���c R

W
?�1 Wkh vhw ri Qdvk htxloleuld lv ghqrwhg e| �.EK�1

D uhshdwhg jdph frqvlvwv ri dq lq�qlwh qxpehu ri sod|v ri d �qlwh jdph/
zlwk sod| ri wkh jdph rffxuulqj dw d vhtxhqfh ri gdwhv | ' �c 2c �c ���1 Dw
hdfk gdwh wkh sod|huv fdq revhuyh wkh sod| ri wkh jdph lq doo ri wkh suhfhglqj
vwdjhv dqg frqglwlrq wkhlu sod| lq wkh fxuuhqw vwdjh rq wkdw lqirupdwlrq1
Wkh sd|r� lq wkh uhshdwhg jdph lv wkh suhvhqw ydoxh ri wkh sd|r�v iurp wkh
vhtxhqfh ri vwdjh jdphv1
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Ohw K" ghqrwh wkh frxqwdeoh uhshwlwlrq ri wkh �qlwh vwdjh jdph K1 Wkh
vhw ri gdwhv dw zklfk sod| rffxuv lv ghqrwhg e| A ' i�c 2c ���j1 Wkh klvwru|
ri wkh jdph dw gdwh | lv d �qlwh vhtxhqfh ri +sxuh, vwudwhj| sur�ohv/ i%rj|r'�
lq f1 Ohw M ghqrwh wkh vhw ri klvwrulhv ri wkh jdph/ lqfoxglqj wkh qxoo
klvwru| >1 Wkhq d vwudwhj| iru sod|hu � lv d ixqfwlrq s� G M $ {Ef��/ zlwk
wkh lqwhusuhwdwlrq wkdw s�E�� 5 {Ef�� lv sod|hu �*v pl{hg vwudwhj| lq wkh
vwdjh jdph K dw wkh lqirupdwlrq vhw �1 D sur�oh iru wkh uhshdwhg jdph lv d
ixqfwlrq s G M $ {Ef�1 Ohw 8� ghqrwh wkh vhw ri vwudwhjlhv iru sod|hu � dqg
ohw 8 ' �?

�'�8� ghqrwh wkh vhw ri vwudwhj| sur�ohv1 Iru hdfk vwudwhj| sur�oh
s wkhuh lv d xqltxh sdwk 1Es� ' i1|Es�j1 Wklv sdwk lv udqgrp li wkh sod|huv
fkrrvh pl{hg +ehkdylrudo, vwudwhjlhv dqg kdv d suredelolw| glvwulexwlrq >s 1
Zh fdq gh�qh wkh sd|r� ixqfwlrq e| sxwwlqj

LEs� ' .

%
"[
|'�

B|3��E1|Es��

&
+51;,

iru hyhu| s / zkhuh B 5 Efc �� lv wkh frpprq glvfrxqw idfwru iru doo sod|huv/
dqg wkh h{shfwdwlrqv rshudwru .d�olv zlwk uhvshfw wr >s 1

D Qdvk htxloleulxp ri K" lv d vwudwhj| sur�oh s W vxfk wkdw iru hdfk � dqg
dq| vwudwhj| s�

L�Es
W� � LEs W3�c s���

Iru d �{hg klvwru| � dqg d vwudwhj| s / zh gh�qh d qhz vwudwhj| s m� e|
sxwwlqj

Es m��E��� ' sE�c ����

Wkhq zh vd| wkdw s W lv d vxejdph shuihfw htxloleulxp +VSH, li s Wm� lv d Qdvk
htxloleulxp iru hyhu| �1

518 Olplwhg Phpru|
Lq wklv vhfwlrq/ L h{whqg wkh iudphzrun ri wkh uhshdwhg jdph wr doorz iru wkh
srvvlelolw| wkdw sod|huv fdqqrw frqglwlrq wkhlu ehkdylru rq wkh suhflvh klvwru|
ri wkh jdph1 Wklv pljkw eh wkh uhvxow ri erxqghg udwlrqdolw|/ olplwhg phpru|/
ru vrph rwkhu ghsduwxuh iurp wkh dvvxpswlrqv ri wkh vwdqgdug prgho1

Ohw 7 eh d vhw ri vwdwhv ri wkh jdph1 Wkhvh vwdwhv uhsuhvhqw zkdw wkh
sod|huv fdq uhphpehu derxw wkh klvwru| ri wkh jdph1 Wkh vwdwhv gr qrw
kdyh dq| gluhfw lpsdfw rq wkh djhqwv vwudwhjlhv ru wkhlu sd|r�v1 Wkh rqo|
ixqfwlrq ri wkh vwdwhv lv wr doorz sod|huv wr frqglwlrq wkhlu dfwlrqv rq vrph



55 FKDSWHU 51 FRQWLQXLW\ DQG DQRQ\PLW\

olplwhg lqirupdwlrq derxw wkh sdvw sod| ri wkh jdph1 7 lv dvvxphg wr eh d
phwulf vsdfh1 Wkh phdvxuh vsdfh E7cEE7�c b� lv iruphg e| hqgrzlqj 7 zlwk
wkh j��hog EE7� frqvlvwlqj ri wkh Eruho vhwv ri 7 dqg d j0dgglwlyh/ srvlwlyh
phdvxuh b1 +Iru gh�qlwlrqv dqg vwdqgdug uhvxowv/ vhh dq| wh{w rq suredelolw|
dqg phdvxuh wkhru|/ h1j1/ Eloolqjvoh| +4<;8,,1

Wkh hyroxwlrq ri wkh vwdwh lv ghwhuplqhg e| wkh sod| ri wkh jdph wkurxjk
d suredelolw| wudqvlwlrq ixqfwlrq1 Iru hdfk vwudwhj| sur�oh % dqg vwdwh r/ wkh
suredelolw| glvwulexwlrq ri wkh vwdwh lq wkh qh{w shulrg lv ghqrwhg e| �E%c r�1
Wkhq � vdwlv�hv wkh iroorzlqj surshuwlhv=

� � G f � 7 $ {E7�/ zkhuh {E7� lv wkh vhw ri suredelolw| phdvxuhv rq
E7cEE7��1

� Iru dq| phdvxudeoh vhw � 5 EE7�/ �E�m%c r� lv d phdvxudeoh ixqfwlrq
ri E%c r�1

Wkh lqlwldo vwdwh ri wkh jdph r� lv dvvxphg wr eh �{hg1
D uhshdwhg jdph zlwk olplwhg phpru| K"u Er�� lv gh�qhg e| wkh uhshdwhg

jdph K" wrjhwkhu zlwk wkh phdvxuh vsdfh ri vwdwhv E7cEE7�c b�/ wkh wudqvl0
wlrq suredelolw| ixqfwlrq � dqg wkh lqlwldo vwdwh r�1 Irupdoo|/ wklv jdph lv d
vwrfkdvwlf jdph/ exw lw lv d ghjhqhudwh nlqg ri vwrfkdvwlf jdph ehfdxvh wkh
vwdwhv gr qrw d�hfw wkh sd|r�v ru wkh vhw ri vwudwhjlhv dydlodeoh1 Wkh| duh
dnlq wr wkh �vxqvsrwv� lq prghov ri fruuhodwhg htxloleuld1

E| gh�qlwlrq/ doo vwudwhjlhv lq d jdph ri olplwhg phpru| kdyh wkh vwurqj
Pdunry surshuw|= d vwudwhj| sur�oh iru wkh vwrfkdvwlf jdph lv d phdvxudeoh
ixqfwlrq s G 7 $ {Ef�1 Lq rwkhu zrugv/ wkh vwudwhj| sur�oh fkrvhq lq wkh
vwdjh jdph K lv d ixqfwlrq ri wkh fxuuhqw vwdwh ri wkh jdph rqo|1 Wrjhwkhu
zlwk wkh wudqvlwlrq ixqfwlrq � wkh vwudwhj| s gh�qhv d vwrfkdvwlf surfhvv
1Es� ' i1|Es�j"|'� dqg wkh sd|r� ixqfwlrq L fdq eh gh�qhg lq wkh vdph zd|
dv ehiruh e| +51;,1 D Pdunry shuihfw htxloleulxp +PSH, iru wkh vwrfkdvwlf
jdph K"u lv d Pdunry vwudwhj| sur�oh s W vxfk wkdw iru dq| gdwh dqg vwdwh r/
wkh vwudwhj| s W lv d Qdvk htxloleulxp ri wkh jdph K"u Er�1

51814 Pdunry Shuihfw Htxloleuld

Lw pd| dsshdu wkdw wkh PSH ri wkh vwrfkdvwlf jdph duh vshfldo/ exw lq idfw
wkhuh lv qr hvvhqwldo orvv ri jhqhudolw| lq irfxvlqj rq PSH dv orqj dv wkh vwdwh
vsdfh 7 dqg wkh wudqvlwlrq suredelolw| � duh vxlwdeo| gh�qhg1 Uhfdoo wkdw
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wkh vwdwhv gr qrw d�hfw dq|wklqj ri vxevwdqfh lq wkh vwdjh jdph K1 Wkh|
duh phuho| �vxqvsrwv�1 Vr zh fdq xvh wkhp wr fduu| lqirupdwlrq derxw wkh
sdvw1 Li wklv lv grqh dssursuldwho|/ wkhq dq| VSH ri wkh uhshdwhg jdph fdq
eh uhsolfdwhg dv d PSH ri wkh vwrfkdvwlf jdph1

Wkhruhp : Vxssrvh wkdw s W lv d VSH ri wkh uhshdwhg jdph K" dqg frq0
vlghu wkh vwrfkdvwlf jdph K"u Er�� vxfk wkdw 7 � M/ r� ' > dqg 8 lv wkh
�ghwhuplqlvwlf� wudqvlwlrq suredelolw| ixqfwlrq gh�qhg e| sxwwlqj

�E��m%c �� '
+

� li �� ' E�c %�
f rwkhuzlvh/

iru dq| E��c %c ��1 Wkhq zh fdq gh�qh d PSH }W ri K"u Er�� e| sxwwlqj }
WE�� '

s WE�� iru hyhu| � 5 M1

Surri1 Wkh vwdwhphqw ri wkh wkhruhp lv doprvw d surri1 Lw lv hqrxjk wr
vkrz wkdw iru hyhu| vwdwh � wkh sd|r� dvvrfldwhg zlwk }W zloo eh wkh vdph dv
wkh sd|r� lq wkh uhshdwhg jdph diwhu wkh klvwru| �1

Qrwh wkdw wkh sduwlfxodu vwdwh vsdfh dqg wudqvlwlrq suredelolw| xvhg iru
wkh wkhruhp duh qrw hvvhqwldo1 Dv orqj dv 7 lv +dw ohdvw, frxqwdeo| lq�qlwh
dqg wkh wudqvlwlrq suredelolw| lv dq lqyhuwleoh ixqfwlrq/ Wkhruhp : frqwlqxhv
wr krog1 Wkh hvvhqwldo wklqj lv wkdw wkh vwuxfwxuh ri wkh jdph doorzv xv wr
hqfrgh wkh klvwru| lq wkh vhw ri vwdwhv1

Wkhruhp : vkrzv wkdw wkh Pdunry dvvxpswlrq orvhv lwv srzhu wr uhgxfh
wkh vhw ri htxloleuld li wkh vwdwh vsdfh lv dssursuldwho| h{sdqghg1 Wkh srlqw
ri lqwurgxflqj wklv uhvxow lv vlpso| wr vkrz wkdw wkhuh lv qr orvv ri jhqhudolw|
lq pdnlqj wkh Pdunry dvvxpswlrq lq wklv frqwh{w1

Zkloh Wkhruhp : vkrzv wkdw zh fdq uhsolfdwh wkh VSH ri d uhshdwhg jdph
dv PSH ri d jdph zlwk olplwhg phpru|/ wkh uhsolfdwlrq uhtxluhv d kxjh vwdwh
vsdfh1 Wkh idfw wkdw wkhvh vwudwhjlhv duh Pdunry grhv qrw phdq wkdw wkh| duh
vlpsoh vwudwhjlhv zkhq wkh vwdwh vsdfh lv vr odujh1 Lq sudfwlfh/ lw pd| vhhp
xqolnho| wkdw lqglylgxdov frxog lpsohphqw vwudwhjlhv wkdw frqglwlrq rq vxfk
d frpsoh{ phpru| vsdfh1 Hyhq li wkh| kdg wkh delolw| wr lpsohphqw vxfk
vwudwhjlhv/ krz zrxog wkh| fdofxodwh wkh htxloleulxp vwudwhjlhvB Uhvwulfwlqj
wkh vwdwh vsdfh lv d qdwxudo dqg dwwudfwlyh zd| wr fdswxuh wkh qrwlrq wkdw
djhqwv kdyh vrph erxqgv rq wkhlu udwlrqdolw| +delolw| wr shuirup frpsoh{
frpsxwdwlrqv,1

Rqh zd| ri uhsuhvhqwlqj �erxqghg udwlrqdolw|� lv wkdw wr dvvxph wkdw 7
lv �qlwh1 Wklv dvvxpswlrq lqfoxghv dv vshfldo fdvhv d qxpehu ri zhoo nqrzq
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prghov ri erxqghg udwlrqdolw|1 Dq h{dpsoh lqwurgxfhg e| Juhhq +4<;5, dqg
Uxelqvwhlq +4<;9, lv wkh �qlwh dxwrpdwrq/ wkdw lv/ d �qlwh0vwdwh pdfklqh1 Wkh
pdfklqh uhsuhvhqwlqj sod|hu � kdv d �qlwh qxpehu ri vwdwhv/ ghqrwhg e| wkh
vhw 7�/ dqg klv vwudwhj| +rxwsxw, lv d ixqfwlrq s� G 7� $ f�1 Wkh sod|hu*v vwdwh
hyroyhv dffruglqj wr d uxoh +wudqvlwlrq ixqfwlrq, }� G 7� �f $ 7�1 Lq zrugv/
li klv vwdwh dw gdwh | lv r� dqg wkh dfwlrq sur�oh lv % wkhq sod|hu �*v vwdwh dw
gdwh | n � zloo eh r�� ' }�Er�c %�1 Erwk s� dqg }� duh frqvlghuhg hqgrjhqrxv/
lq rwkhu zrugv/ erwk duh fkrvhq wr vdwlvi| wkh htxloleulxp frqglwlrqv1 Lq
sudfwlfh/ wkh vhw ri vwdwhv lv nhsw dv vpdoo dv srvvleoh1 Wkh lqwhuhvw ri wklv
nlqg ri dqdo|vlv olhv lq vhhlqj zkdw nlqg ri htxloleuld fdq eh vxssruwhg e|
yhu| vlpsoh vwudwhjlhv1

Wr vhh wkdw wkh �qlwh dxwrpdwrq lv d vshfldo fdvh ri wkh suhvhqw iudphzrun/
vlpso| gh�qh wkh phpru| vwdwhv dv ?0wxsohv ri lqglylgxdo +pdfklqh, vwdwhv/
wkdw lv/ sxw r ' Er�c ���c r?� dqg xvh wkh ixqfwlrq } ' E}�c ���c }?� wr gh�qh wkh
+ghwhuplqlvwlf, wudqvlwlrq suredelolw| �/

�Er�m%c r� '
+

� li r� ' }Erc %�
f rwkhuzlvh1

Wkh vwudwhj| s� fdq eh wuhdwhg dv d ixqfwlrq ri r dv orqj dv zh uhphpehu
wkdw lw vkrxog ghshqg rqo| rq wkh frpsrqhqw r�1

Dqrwkhu prgho ri erxqghg udwlrqdolw| dvvxphv wkdw sod|huv kdyh �qlwh
phprulhv1 Wkh dvvxpswlrq ri �qlwh phpru| lv pruh uhvwulfwlyh wkdq wkh
dvvxpswlrq ri d �qlwh phpru| vsdfh 71 Dq djhqw zlwk �qlwh phpru| fdq
rqo| uhphpehu zkdw kdv kdsshqhg lq d �qlwh qxpehu ri uhfhqw shulrgv1 Wklv
lpsolhv wkdw vwudwhjlhv fdq rqo| ghshqg rq wkh klvwru| ri d �qlwh qxpehu ri
shulrgv1 Iru h{dpsoh/ wkh vwudwhj| ri sod|hu � dw gdwh | zrxog eh d ixqfwlrq
s�E%|3A c ���c %|3�� ri wkh klvwru| ri sod| lq wkh odvw A shulrgv1 Lq wkdw fdvh/ zh
sxw 7 ' f � ����f dqg gh�qh wkh wudqvlwlrq suredelolw| e| sxwwlqj

�Er�m%c r� '
+

� li r� ' E%|3An�c ���c %|3�c %� dqg r ' E%|3A c ���c %|3��
f rwkhuzlvh1

Wklv lv fohduo| mxvw d yduldqw ri wkh iudphzrun ghvfulehg hduolhu/ zkhuh zh
sxw 7 ' M1 Dq h{dpsoh ri �qlwh phpru| lv irxqg lq Dxpdqq dqg Vrulq
+4<<B,/ zkr vwxg| frrshudwlrq lq wzr0sod|hu frruglqdwlrq jdphv1 Wkh sod|0
huv* dfwlrqv duh dvvxphg wr ghshqg rq d �qlwh klvwru| ri wkhlu rssrqhqw*v
dfwlrqv1 Wklv phdqv wkdw dq| ghyldwlrq iurp htxloleulxp sod| lv hyhqwxdoo|
irujrwwhq e| wkh rssrqhqw dqg wklv doorzv sod|huv wr h{shulphqw zlwkrxw ihdu
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ri shupdqhqw sxqlvkphqw1 Lw lv lpsruwdqw lq wkh Dxpdqq0Vrulq vhwxs wkdw
sod|huv gr qrw frqglwlrq wkhlu dfwlrqv rq wkh klvwru| ri wkhlu rzq sod|1 Li
wkh| glg frqglwlrq rq wkhlu rzq sdvw sod|/ wkh| frxog xvh wkh idfw wkdw wkh|
kdg sxqlvkhg odvw shulrg dv d vljqdo wr sxqlvk djdlq wklv shulrg1 Lq wklv
zd|/ wkhlu rzq sdvw dfwlrqv frxog dfw dv d shupdqhqw uhplqghu ri dq rssr0
qhqw*v ghyldwlrq dqg wklv zrxog xqghuplqh wkh h�hfw ri wkh �qlwh phpru|
dvvxpswlrq1

Wkhvh wzr h{dpsohv vkrz wkdw wkh suhvhqw iudphzrun fdq dffrpprgdwh
idploldu prghov ri erxqghg udwlrqdolw|/ exw lw lv pruh jhqhudo wkdq wkhvh
prghov ri lqglylgxdo ehkdylru1 D �qlwh phpru| vsdfh lv ohvv uhvwulfwlyh wkdq
Dxppdq dqg Vrulq*v xvh ri �qlwh phpru|/ ehfdxvh lw doorzv iru lq�qlwh sxq0
lvkphqw1 D �qlwh phpru| vsdfh lv ohvv uhvwulfwlyh wkdq wkh �qlwh dxwrpdwrq
prgho ehfdxvh lw doorzv iru fruuhodwlrq ri vwudwhjlhv dqg udqgrpqhvv1

519 Odujh Dqrq|prxv Jdphv
Ohw K ghqrwh d �qlwh ?�sod|hu jdph1 Zh vd| wkdw wkh jdph K lv dqrq|prxv li
lw vdwlv�hv wkh iroorzlqj frqglwlrqv1 Iluvw/ wkh sod|huv kdyh lghqwlfdo vwudwhj|
vhwv

f� ' f iru doo � ' �c 2c ���c ?

dqg/ vhfrqgo|/ d sod|hu*v sd|r� ghshqgv rqo| rq klv rzq vwudwhj| dqg wkh
glvwulexwlrq ri wkh vwudwhjlhv fkrvhq e| rwkhu sod|huv

�� G f �{Ef� $ + iru doo � ' �c 2c ���c ?�

Li sod|hu � fkrrvhv %� dqg wkh vwudwhjlhv ri sod|huv � 9' � duh uhsuhvhqwhg e|
>3�/ wkhq sod|hu �*v sd|r� lv ��E%�c >3��1 Lq rwkhu zrugv/ lw grhv qrw pdwwhu
zklfk sod|huv fkrrvh zklfk vwudwhjlhv1 Lw rqo| pdwwhuv krz pdq| ri wkh
sod|huv � 9' � fkrrvh d sduwlfxodu vwudwhj|1 Qrwh wkdw zlwk rqo| ? sod|huv/
qrw doo wkh glvwulexwlrqv lq wkh vhw {Ef� fruuhvsrqg wr ihdvleoh fkrlfhv iru
wkh rwkhu sod|huv1 Lw lv frqyhqlhqw wr dvvxph wkdw wkh sd|r� ixqfwlrq �� lv
gh�qhg rq doo ri {Ef� ehfdxvh odwhu zh vkdoo zdqw wr wuhdw wkh qxpehu ri
sod|huv ? dv odujh dqg yduldeoh1

Wkh fruuhvsrqglqj uhshdwhg jdph zlwk olplwhg phpru| K"u Er�� zloo dovr
eh dqrq|prxv li wkh wudqvlwlrq suredelolw| ixqfwlrq lv dqrq|prxv lq wkh vhqvh
wkdw lw ghshqgv rqo| rq wkh glvwulexwlrq ri wkh vwudwhjlhv fkrvhq dqg qrw rq
wkh sur�oh ri vwudwhjlhv=

� G 7 �{Ef� $ {E7��
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Wkh remhfwlyh ri lqwurgxflqj dqrq|plw| lv wr surylgh d vlpsoh iudphzrun
lq zklfk zh fdq dqdo|}h wkh lpsdfw ri d vlqjoh sod|hu*v dfwlrqv rq wkh vxevh0
txhqw frxuvh ri d jdph dv wkh qxpehu ri sod|huv ehfrphv yhu| odujh1 Qrwh
wkdw wkh phpru| vsdfh 7 zloo eh khog �{hg dv wkh qxpehu ri sod|huv ? lq0
fuhdvhv zlwkrxw erxqg1 Li wkh phpru| vsdfh 7 lv erxqghg lq dq dssursuldwh
vhqvh dqg wkh qxpehu ri sod|huv lv yhu| odujh/ wkhq wkhuh lv qrw hqrxjk lq0
irupdwlrq lq wkh froohfwlyh phpru| wr pdnh prvw sod|huv slyrwdo1 Wklv lv d
wkhph wkdw zh vkdoo uhwxuq wr dw wkh hqg ri wkh fkdswhu1

Hyhqwxdoo|/ zh vkdoo zdqw wr dsso| wklv dqdo|vlv wr uhshdwhg jdphv zlwk
olplwhg phpru|/ exw �uvw zh frqvlghu d vshfldo fdvh/ zklfk wxuqv rxw wr
hqfrpsdvv doo wkdw zh qhhg wr nqrz derxw uhshdwhg jdphv zlwk olplwhg
phpru|1

51914 Wkh Pdlq Ohppd

Vxssrvh wkdw d �qlwh v|pphwulf jdph K lv iroorzhg e| dqrwkhu jdph wkdw
|lhogv d sd|r� ghshqglqj rqo| rq wkh vwdwh ghwhuplqhg e| wkh sod| ri wkh
�uvw jdph1 Li wkh iroorzlqj vwdwh lv r wkhq wkh sd|r� wr sod|hu � lv ghqrwhg
e| ��Er� dqg wkh sd|r� ixqfwlrq lv ghqrwhg e| � ' E��c ���c �?�1 Li wkh sod| ri
wkh �uvw jdph jhqhudwhv wkh dfwlrq sur�oh % +zlwk glvwulexwlrq >, wkhq wkh
sd|r� iurp wkh frqyroxwlrq ri wkh wzr jdphv lv jlyhq e|

��E%�c >3�� n B
]
��Er�_�E>c r���

Ri frxuvh/ sod|hu � grhv qrw nqrz wkh ydoxh ri > zkhq kh fkrrvhv %� xqohvv
doo sod|huv duh fkrrvlqj sxuh vwudwhjlhv1 Wr doorz iru pl{hg vwudwhjlhv/ zh
dvvxph wkdw 8� lv wkh suredelolw| glvwulexwlrq ri > zkhq � fkrrvhv %�1 Wkhq
wkh sd|r� wr sod|hu � iurp wkh frqwlqxdwlrq jdph fdq eh zulwwhq dv

Z� '
] ]

��Er�_�E>c r��_8��

Zh zdqw wr vkrz wkdw/ xqghu fhuwdlq frqglwlrqv/ wkh sd|r� iurp wkh
frqwlqxdwlrq jdph lv lqghshqghqw ri sod|hu �*v fxuuhqw fkrlfh %� zkhq wkh
qxpehu ri sod|huv ehfrphv xqerxqghgo| odujh1 Wr gr wklv/ zh �uvw kdyh wr
gh�qh d vhtxhqfh ri jdphv dqg htxloleuld zlwk lqfuhdvlqj qxpehuv ri sod|huv1
Dq lqfuhdvlqj vhtxhqfh ri jdphv lv gh�qhg e|

� d �qlwh vwudwhj| vhw f>
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� d vhtxhqfh ri sod|huv � ' �c 2c ���>

� d vhtxhqfh ri lqglylgxdo sd|r� ixqfwlrqv �� G f �{Ef� $ +/ rqh iru
hdfk � ' �c 2c ���>

� d v|pphwulf suredelolw| wudqvlwlrq ixqfwlrq � G {Ef�� 7 $ {E7�>

� d vhtxhqfh ri phdvxudeoh frqwlqxdwlrq0sd|r� ixqfwlrqv �? G 7 $ +?1

Iru hdfk ?/ wkh jdph xqghu frqvlghudwlrq frqvlvwv ri wkh sod|huv i�c ���c ?j
zlwk wkh sd|r� ixqfwlrq

L?
� E%�c >3�� ' ��E%�c >3�� n B

]
�?� Er�_�E>c r���

Zh lpsrvh wkh iroorzlqj dvvxpswlrqv rq wkh vhtxhqfh ri jdphv=

� Wkh vhtxhqfh ri ixqfwlrqv i�?� j lv xqlirupo| erxqghg/ wkdw lv/ iru vrph
� dqg doo ?/ m�?� m � �1

� Wkh wudqvlwlrq suredelolw| ixqfwlrq � lv dvvxphg wr eh qrlv|/ lq wkh
vhqvh wkdw �Erc >� lv xqlirupo| devroxwho| frqwlqxrxv iru dq| Erc >�1 Wr
eh pruh suhflvh/ li b lv wkh phdvxuh rq 7 wkhq iru vrph frqvwdqw g dqg
dq| Erc >� 5 7 �{Ef�/

�Erc >�E�� � gbE��

iru dq| phdvxudeoh vhw � frqwdlqhg lq 71

� � lv zhdno| frqwlqxrxv/ wkdw lv/ iru dq| vhtxhqfh iEr?c >?�j frqyhujlqj
wr Erfc >f�/ �Er?c >?� frqyhujhv zhdno| wr �Erfc >f�1 +Vhh Eloolqjvoh|
+4<;8,/ s1668 hw vht1,1

Il{ dq duelwudu| sod|hu � dqg frqvlghu wzr srvvleoh sxuh vwudwhjlhv %�f dqg
%��1 Iru hdfk ?/ wkh htxloleulxp vwudwhjlhv ri wkh rwkhu sod|huv ghwhuplqh
d suredelolw| glvwulexwlrq ryhu wkh dfwlrq sur�ohv1 Ohw 8 ?

�� 5 {Ef� ghqrwh
wkh suredelolw| glvwulexwlrq ryhu dfwlrq sur�ohv fruuhvsrqglqj wr sod|hu �*v
fkrlfh %�� iru � ' fc � uhvshfwlyho|1 Ohw Z?�� ghqrwh wkh frqwlqxdwlrq sd|r�
fruuhvsrqglqj wr wkh fkrlfh ri %�� lq wkh ?�wk jdph/ wkdw lv/

Z?�� '
] ]

�?� Er�_�E>c r��_8
?
���

Zh zdqw wr fkdudfwhul}h wkh olplwlqj gl�huhqfh Z?�f � Z?�� dv ? $ 41
Wr gh�qh d olplwlqj htxloleulxp zh pxvw dvvxph wkdw
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� �?� $ �f� d1h1 dbo

� 8 ?
�� $ 8 f

� iru � ' fc �1

Qrwlfh wkdw wkh vhfrqg vwdwhphqw lpsolhv wkdw lq wkh olplw/ wkh glvwulexwlrqv
duh lqghshqghqw ri wkh vwudwhjlhv fkrvhq e| sod|hu �1 Wklv lv reylrxv/ vlqfh
wkhuh lv dq lq�qlwh qxpehu ri sod|huv lq wkh olplw1 Vr wkh rqo| uhdo irufh ri wklv
dvvxpswlrq lv wr uhtxluh wkdw wkh glvwulexwlrqv 8 ?

�� frqyhujh wr �vrphwklqj�1
Zlwk wkhvh dvvxpswlrqv/ zh duh �qdoo| uhdg| wr vkrz wkdw wkh dfwlrq ri

djhqw � kdv d qhjoljleoh lpsdfw rq klv sd|r� lq wkh frqwlqxdwlrq jdph1 Khqfh/
kh vkrxog fkrrvh d ehvw uhvsrqvh lq wkh fxuuhqw vwdjh jdph1 Wkh iroorzlqj
ohppd irupdol}hv wklv fodlp1

Ohppd ; Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ EZ?�f � Z?��� $ f dv ? $ 41

Surri1 Qrz] ]
�?� Er��E_rmr�c >�8 ?

��E_>��
] ]

�f� Er��E_rmr�c >�8 f

� E_>�

'
] ]

E�?� Er�� �f� Er���E_rmr�c >�8 ?
��E_>��] ]

�f� Er��E_rmr�c >�E8 ?
��E_>�� 8 f

� E_>��

vr wkdw

m
] ]

�?� Er��E_rmr�c >�8 ?
��E_>��

] ]
�f� Er��E_rmr�c >�8 f

� E_>�m

�
] ]

m�?� Er�� �f� Er�m�E_rmr�c >�8 ?
��E_>� n

m
] ]

�f� Er��E_rmr�c >�E8 ?
��E_>�� 8 f

� E_>��m�

E| Hjrur�*v wkhruhp +Ur|ghq +4<;;,/ s1:6/ H{huflvh 63,/ zh nqrz wkdw �?�
frqyhujhv doprvw xqlirupo| wr �f� / wkdw lv/ iru dq| 0 : f wkhuh h{lvwv d vhw
� � 7 vxfk wkdw bE�� � 0 dqg �?� frqyhujhv xqlirupo| wr �

f
� rq 7q�1 Fkrrvh

�� vr wkdw
m�?� Er�� �f� Er�m � 0

iru doo ? � �� dqg r 5 7q�1 Iru r 5 � zh nqrz wkdw m�?� Er�� �f� Er�m � � iru
doo ?c vr ] ]

m�?� Er�� �f� Er�m�E_rmr�c >�8 ?
��E_>� � 0n�g0
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iru ? � ��1 E| Oxvlq*v Wkhruhp +Kdoprv +4<:7,/ s1575,/ �f� lv doprvw frq0
wlqxrxv/ wkdw lv/ wkhuh h{lvwv d frpsdfw vhw � � 7 vxfk wkdw bE7q�� � 0 dqg
�f� lv frqwlqxrxv rq �1 Wkhuhiruh/ iurp wkh gh�qlwlrq ri zhdn frqyhujhqfh
dqg iurp wkh idfw wkdw 8 ?

�� frqyhujhv zhdno| wr 8 f
� / wkhuh h{lvwv d qxpehu

�2 vxfk wkdw

m
] ]

�f� Er��E_rmr�c >�E8 ?
��E_>�� 8 f

� E_>��m
� m

] ]
�
�f� Er��E_rmr�c >�E8 ?

��E_>�� 8 f

� E_>��mn

m
] ]

7.�
�f� Er��E_rmr�c >�E8 ?

��E_>�� 8 f

� E_>��m
� 0n�g0

iru doo ? � �21 Sxwwlqj wkh wzr lqhtxdolwlhv wrjhwkhu/ zh kdyh

m
] ]

�?� Er��E_rmr�c >�8 ?
��E_>��

] ]
�f� Er��E_rmr�c >�8 f

� E_>�m � 2E0n�g0�

iru ? � � ' 4@ i��c �2j1 Vlqfh 0 lv duelwudu|/ lw iroorzv wkdw Z?�� $ Zf� �U U
�f� Er��E_rmr�c >�8 f

� E_>� dv ? $ 4 iru erwk � ' fc �1

Wkh surri ri Ohppd ; lv lqwhqghg wr eh khxulvwlf udwkhu wkdq h!flhqw1 Lq
sduwlfxodu/ lw lv lqwhuhvwlqj wr vhh krz wzr ri wkh wkuhh sulqflsohv ri ixqfwlrqdo
dqdo|vlv/ Hjrur�*v wkhruhp dqg Oxvlq*v wkhruhp/ frph lqwr sod| lq wkh surri1
Qhhgohvv wr vd|/ wkh zkroh dujxphqw frxog eh uhsodfhg dv d vlqjoh frqwlqxlw|
dvvxpswlrq/ exw wkdw zrxog kdyh ehhq yhu| xqlooxplqdwlqj1

Vderxuldq +4<<3, vxppdul}hv klv fhqwudo whfkqlfdo surri dv iroorzv=

�Wkh surri lv edvhg rq

+d, vkrzlqj wkdw lq dq| �qlwh0sod|hu uhshdwhg jdph/ wkh pd{l0
pxp jdlq d sod|hu fdq pdnh/ lq dq| shulrg/ e| ghyldwlqj iurp dq|
Qdvk htxloleulxp sdwk ri wkh uhshdwhg jdph/ lv erxqghg deryh
e| d surgxfw whup frqvlvwlqj ri d �{hg qxpehu dqg wkh +phwulf,
glvwdqfh +zkhq wrwdo yduldwlrq qrup lv xvhg, ehwzhhq wkh glvwul0
exwlrq ri wkh udqgrp rxwfrph zkhq d ghyldwlrq wdnhv sodfh/ dqg
wkdw zkhq wkh ghyldwlrq grhv qrw wdnh sodfh>

+e, vkrzlqj wkdw dqrq|plw| dqg frqwlqxlw| lpso| wkdw wkh deryh
glvwdqfh ehwzhhq wkh wzr glvwulexwlrqv dssurdfkhv }hur dv wkh
qxpehu ri sod|huv ehfrphv odujh>
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+f, frqvwuxfwlqj d vhtxhqfh ri �qlwh sod|hu jdphv wkdw frqyhujh
wr d frqwlqxxp/ xvlqj Vnrurkrg*v hpehgglqj wkhruhp +riwhq xvhg
lq fruh wkhru|,1� +Vderxuldq +4<<3> ss1<80<9,,1

Ohppd ; fruuhvsrqgv wr sduwv +d, dqg +e, ri wklv surri vwudwhj|1 Zlwkrxw
jrlqj ixuwkhu wr fduu| rxw sduw +f,/ zh fdqqrw gh�qh d olplw jdph ru vd|
lq zkdw h{dfw vhqvh wkh Olplw Sulqflsoh krogv lq wklv iudphzrun1 Krzhyhu/
lw lv lqwxlwlyho| fohdu wkdw �lq wkh olplw� hdfk sod|hu zloo fkrrvh dq dfwlrq/
frqwlqjhqw rq dq| phpru| vwdwh r/ wkdw lv d ehvw uhvsrqvh lq wkh fxuuhqw vwdjh
jdph1 Lq wklv vhqvh/ zkdw zh vkrxog h{shfw wr revhuyh lv d sur�oh ri dfwlrqv
wkdw irupv d Qdvk htxloleulxp ri wkh vwdjh jdph dw hyhu| gdwh | dqg lq hyhu|
phpru| vwdwh r1 Wklv lpsolhv vhyhudo gl�huhqw ihdwxuhv ri wkh htxloleulxp +lq
wkh olplw, wkdw duh uhohydqw wr rxu hqtxlu|=

� Lq fkrrvlqj klv dfwlrq dw dq| gdwh | dqg lq dq| phpru| vwdwh r/ dq
djhqw grhv qrw wdnh lqwr dffrxqw wkh h�hfw wkdw klv dfwlrq pd| kdyh rq
wkh ixwxuh sod| ri wkh jdph1 Wklv lv ehfdxvh/ dv|pswrwlfdoo|/ klv dfwlrq
kdv d qhjoljleoh h�hfw rq wkh qh{w phpru| vwdwh dqg khqfh d qhjoljleoh
h�hfw rq wkh ixwxuh sod| ri wkh jdph1

� Dowkrxjk wkh htxloleulxp grhv qrw kdyh wkh Pdunry surshuw| +wkh
djhqwv* vwudwhjlhv ghshqg rq wkh hqwluh klvwru| ri sxeolf vljqdov dv zhoo/
srvvleo|/ dv wkhlu rzq dfwlrqv,/ lw grhv vkduh wkh fuxfldo ihdwxuh ri
Pdunry htxloleuld/ qdpho| wkdw sxqlvkphqw vwudwhjlhv edvhg rq dq lq0
glylgxdo sod|hu*v ghyldwlrq duh uxohg rxw1 Pdunry vwudwhjlhv uxoh rxw
sxqlvkphqw vwudwhjlhv e| suhyhqwlqj dq| ghshqghqfh rq phpru|> khuh
zh dfklhyh wkh vdph hqg e| uhvwulfwlqj wkh ghshqghqfh wr djjuhjdwh
vljqdov dqg pdnlqj vxuh wkdw wklv ghshqghqfh lv frqwlqxrxv dv dq lqgl0
ylgxdo sod|hu ehfrphv ydqlvklqjo| vpdoo1

� Wklv grhv qrw phdq/ krzhyhu/ wkdw wkh phpru| vwdwhv gr qrw pdwwhu1
Wkh phpru| vwdwhv fdq vhuyh dv d fruuhodwlrq ghylfh dqg udqgrp hyrox0
wlrq ri wkh phpru| vwdwhv/ lqghshqghqwo| ri wkh dfwlrqv ri wkh djhqwv/
fdq jhqhudwh �vxqvsrw skhqrphqd�1 Zkdw zh revhuyh ryhu wlph lv
htxlydohqw wr d fruuhodwhg htxloleulxp lq wkh vhqvh ri Dxpdqq +4<:7,1

Zkdw pljkw eh fdoohg wkh Frqwlqxlw| Sulqflsoh/ wkh surshuw| wkdw d vlqjoh
djhqw*v dfwlrq kdv d ydqlvklqjo| vpdoo h�hfw rq wkh sod| ri wkh jdph zkhq
wkh qxpehu ri djhqwv lv xqerxqghgo| odujh/ kdv ehhq mxvwl�hg e| lqwurgxflqj
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+d, d vpdoo dprxqw ri qrlvh dqg +e, d vx!flhqwo| vpdoo phpru| vsdfh1 Wkhvh
duh wkh nlqg ri dvvxpswlrqv wkdw zh qhhg iru wr mxvwli| wkh frqglwlrqv xvhg
lq Fkdswhu 41

51: Qrq0Dqrq|prxv Jdphv

Zkloh dqrq|plw| vhhpv d qdwxudo dvvxpswlrq lq wkh frqwh{w ri pdq| prghov
ri pdunhwv/ lw lv dovr uhvwulfwlyh1 Iluvw/ cdqrq|plw|* lv rqh ri wkh surshuwlhv
wkdw zh zrxog olnh wr rewdlq hqgrjhqrxvo| iurp d vwxg| ri wkh vwuxfwxuh ri wkh
pdunhw jdph/ udwkhu wkdq lpsrvlqj lw e| dvvxpswlrq rq wkh pdunhw jdph1
Vhfrqg/ dqrq|plw| dovr uhgxfhv wkh glphqvlrqdolw| ri wkh phpru| vsdfh e|
djjuhjdwlqj wkh dfwlrqv ri wkh djhqwv lqwr d glvwulexwlrq wkdw ghwhuplqhv wkh
hyroxwlrq ri wkh vwdwh ri wkh jdph1 H{sdqglqj wkh glphqvlrqdolw| ri wkh vwdwh
vsdfh pd| fkdqjh wkh uhvxowv1 D wklug uhvwulfwlrq ri wkh suhfhglqj dqdo|vlv
grhv qrw iroorz iurp dqrq|plw| shu vh/ exw lv dvvrfldwhg zlwk lw= lq rughu wr
ghulyh wkh olplw sulqflsoh zh kdyh wr dvvxph wkdw wkh wudqvlwlrq suredelolw|
lv xqlirupo| devroxwho| frqwlqxrxv1 Zkdw wklv phdqv lq pruh dffhvvleoh
whupv lv wkdw wkh qrlvh lqwurgxfhg lqwr phpru| ehfrphv odujh uhodwlyh wr wkh
vl}h ri dq lqglylgxdo djhqw*v lpsdfw rq wkh hfrqrp|1 Zkloh wklv grhv qrw
lpphgldwho| lpso| wkdw wkh lqglylgxdo djhqw*v dfwlrq lv qrw slyrwdo/ lw pljkw
eh vxvshfwhg ri kdylqj vrphwklqj wr gr zlwk lw1 Lq sduwlfxodu/ lw zrxog eh
lqwhuhvwlqj wr vhh zkhwkhu vpdoohu dprxqwv ri xqfhuwdlqw| zrxog gr wkh mre1

Lq wklv vhfwlrq/ dqrwkhu dssurdfk lv dgrswhg wr whvw wkh urexvwqhvv ri wkh
uhvxowv edvhg rq dqrq|prxv jdphv1 Wkh hvvhqwldo lghdv duh gudzq iurp d
uhodwhg sureohp lq wkh olwhudwxuh rq phfkdqlvp ghvljq dqg wkh surylvlrq ri
sxeolf jrrgv1

51:14 Frqwlqxlw| lq wkh Surylvlrq ri Sxeolf Jrrgv

Vxssrvh wkhuh duh ? lqglylgxdov � ' �c ���c ? lq d frppxqlw| zklfk kdv wr
ghflgh zkhwkhu wr xqghuwdnh d surmhfw wr surylgh d sxeolf jrrg1 Wkh surmhfw
lv lqglylvleoh/ vr zlwkrxw orvv ri jhqhudolw| zh fdq dvvxph wkdw wkh dprxqw
ri wkh sxeolf jrrg lv hlwkhu f ru �1 Suhihuhqfhv duh olqhdu lq prqh|1 Wkhq
zh fdq qrupdol}h wkh xwlolw| ixqfwlrq vr wkdw hdfk lqglylgxdo jhwv d sd|r� ri
� � R li wkh jrrg lv surylghg/ zkhuh � lv wkh ydoxh ri rqh xqlw ri wkh jrrg
dqg R lv wkh lqglylgxdo*v frqwulexwlrq wr wkh surylvlrq ri wkh sxeolf jrrg1 Li
wkh jrrg lv qrw surylghg/ hdfk lqglylgxdo uhfhlyhv d sd|r� ri f1
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Wkhuh duh wzr w|shv ri lqglylgxdov/ ghshqglqj rq wkh ydoxh dvvljqhg wr
wkh sxeolf jrrg1 Vrph jhw xwlolw| �M iurp wkh jrrg dqg vrph jhw xwlolw| �u/
zkhuh f 	 �u 	 �M 1 Lqglylgxdov duh h{ dqwh lghqwlfdo dqg kdyh lqghshqghqwo|
glvwulexwhg w|shv/ zlwk suredelolw| f 	 k 	 � wkdw wkh ydoxh ri wkh sxeolf
jrrg lv kljk1 Wkh wrwdo frvw ri wkh jrrg lv ?S/ zkhuh

�u 	 S 	 E�� k��u n k�M �

Lq rwkhu zrugv/ wkh dyhudjh frvw ri wkh sxeolf jrrg lv juhdwhu wkdq wkh orz
ydoxdwlrq/ vr dq djhqw zlwk d orz ydoxdwlrq zloo qrw zdqw wkh jrrg li kh kdv
wr sd| wkh dyhudjh frvw> exw wkh h{shfwhg ydoxh ri wkh jrrg wr d w|slfdo djhqw
lv juhdwhu wkdq wkh dyhudjh frvw/ vr h{ dqwh lw lv h!flhqw wr surylgh wkh jrg1

Zh dvvxph wkdw lqglylgxdov fdq rsw rxw ri wkh surmhfw= li wkh| duh dvnhg
wr frqwulexwh pruh wkdq wkh jrrg lv zruwk wr wkhp/ wkh| fdq uhixvh wr sdu0
wlflsdwh1

Ohw �� ghqrwh wkh ydoxdwlrq ri djhqw �/ ohw R� ghqrwh wkh frqwulexwlrq ri
djhqw �/ dqg ohw % ghqrwh wkh txdqwlw| ri wkh sxeolf jrrg surylghg1 D phfk0
dqlvp iru surylglqj wkh jrrg lv d ixqfwlrq wkdw pdsv d sur�oh ri phvvdjhv
E��c ���c �?� lqwr d ghflvlrq derxw wkh surylvlrq ri wkh jrrg % ' fc � dqg d
sur�oh ri frqwulexwlrqv ER�c ���c R?� vxfk wkdw

S?
�'� R� � %?S1 Wkh lqglylgxdo

udwlrqdolw| frqvwudlqw uhtxluhv wkdw �� � R� � f iru doo � zkhuh �� lv wkh df0
wxdo ydoxdwlrq ri djhqw �1 E| wkh Uhyhodwlrq Sulqflsoh +vhh/ h1j1/ P|huvrq
+4<<4,/ s1593, zh fdq uhvwulfw dwwhqwlrq wr wuxwk0whoolqj htxloleuld1 Wkh sure0
ohp idfhg e| wkh phfkdqlvp ghvljqhu lv wkdw/ jlyhq wkh lqglylgxdo udwlrqdolw|
frqvwudlqw/ lqglylgxdov duh olnho| wr zdqw wr plvuhsuhvhqw wkhlu suhihuhqfhv/
fodlplqj wr kdyh d orz ydoxdwlrq lq rughu wr eh dvvljqhg d orz frqwulexwlrq1
Zk| zrxog dq|rqh zrxog zdqw wr sduwlflsdwh lq wkh surylvlrq ri wkh sxeolf
jrrg li e| rswlqj rxw wkh| fdq dyrlg sd|lqj dq|wklqjB Wkh dqvzhu lv wkdw wkh
lqglylgxdo pd| uhjdug klpvhoi dv slyrwdo lq ghwhuplqlqj zkhwkhu wkh sxeolf
jrrg lv surylghg ru qrw1 Zh fdq vhh wklv srlqw wkurxjk d vlpsoh h{dpsoh1

Vxssrvh wkhuh duh rqo| wzr lqglylgxdov/ � ' �c 21 Li erwk kdyh orz ydox0
dwlrqv lw lv qrw zruwk surylglqj wkh jrrg> li erwk kdyh kljk ydoxdwlrqv lw lv
zruwk surylglqj wkh jrrg> dqg li rqh kdv d kljk ydoxdwlrq dqg rqh kdv d orz
ydoxdwlrq lw lv zruwk surylglqj wkh jrrg li

2S 	 �u n �M c

zklfk L dvvxph wr krog lq zkdw iroorzv1 Frqvlghu wkh iroorzlqj phfkdqlvp=
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� li erwk dqqrxqfh orz ydoxdwlrqv/ wkh jrrg lv qrw surylghg dqg qr frq0
wulexwlrqv duh sdlg>

� li erwk dqqrxqfh kljk ydoxdwlrqv/ wkh jrrg lv surylghg dqg erwk sd|
S 	 �M >

� li rqh dqqrxqfhv wkh kljk ydoxdwlrq dqg rqh dqqrxqfhv wkh orz ydox0
dwlrq/ wkh jrrg lv surylghg/ wkh djhqw zlwk wkh orz ydoxdwlrq sd|v �u
dqg wkh djhqw zlwk wkh kljk ydoxdwlrq sd|v 2S� �u1

E| pdnlqj wkh orz0ydoxdwlrq djhqw sd| wkh pd{lpxp frqvlvwhqw zlwk klv
lqglylgxdo udwlrqdolw| frqvwudlqw/ zh uhod{ wkh lqfhqwlyh frqvwudlqw rq wuxwk0
whoolqj dv pxfk dv srvvleoh1 Wklv phfkdqlvp lv fohduo| ihdvleoh/ lqglylgxdoo|
udwlrqdo/ dqg h!flhqw li djhqwv whoo wkh wuxwk1 Qrz frqvlghu wkh lqfhqwlyhv
iru wkh djhqwv wr whoo wkh wuxwk1

Li dq djhqw kdv wkh orz ydoxdwlrq/ lw fdqqrw eh lq klv lqwhuhvw wr uhsruw wkh
kljk ydoxdwlrq1 Dw ehvw wklv zloo udlvh klv frqwulexwlrq zlwkrxw fkdqjlqj wkh
surylvlrq ri wkh sxeolf jrrg> dw zruvw lw zloo udlvh klv frqwulexwlrq dqg fdxvh
lqh!flhqw surylvlrq ri wkh sxeolf jrrg1 Vr vxssrvh wkdw wkh djhqw kdv wkh
kljk ydoxdwlrq dqg frqvlghuv uhsruwlqj wkh orz ydoxdwlrq1 Li wkh rwkhu djhqw
dqqrxqfhv wkh kljk ydoxdwlrq/ uhsruwlqj wkh orz ydoxdwlrq grhv qrw fkdqjh
wkh surylvlrq exw uhgxfhv wkh frqwulexwlrq1 Li wkh rwkhu djhqw dqqrxqfhv wkh
orz ydoxdwlrq/ dqqrxqflqj wkh orz ydoxdwlrq hqvxuhv wkdw wkh jrrg lv qrw
surylghg/ dqg wklv uhgxfhv wkh djhqw*v sd|r�1 Vr wkhuh lv d wudghr� ehwzhhq
uhgxflqj rqh*v frqwulexwlrq dqg uhgxflqj wkh suredelolw| ri surylglqj wkh
jrrg1 Wkh djhqw nqrzv wkdw lq vrph vwdwhv kh lv slyrwdo lq ghwhuplqlqj wkh
surylvlrq ri wkh sxeolf jrrg dqg wklv glvflsolqhv klp djdlqvw plv0uhsruwlqj
klv ydoxdwlrq1

Wkh sd|r� iurp plv0uhsruwlqj zkqh wkh wuxh ydoxdwlrq lv �M lv

kE�M � �u�

dqg wkh sd|r� iurp wuxwk0whoolqj lv

�M � E�� k�E2S� �u�� kS�

Wkh lqfhqwlyh frqvwudlqw wkhq lv

kE�M � �u� � �M � E�� k�E2S� �u�� kS
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ru

E�� k��M n �u � E2� k�S�

Wklv frqvwudlqw lv vdwlv�hg li wkh vxusoxv lv kljk dqg wkh ydoxh ri k lv qrw wrr
kljk1 Iru h{dpsoh/ li k ' � wkhq wkh frqvwudlqw lv fohduo| lqfrpsdwleoh zlwk
wkh dvvxpswlrq wkdw �u 	 S1

Zkdw lv wuxh iru vpdoo qxpehuv ri djhqwv pd| qrw eh wuxh iru odujh qxp0
ehuv/ krzhyhu1 Dv wkh qxpehu ri sod|huv jhwv odujhu/ surylglqj wkh sxeolf
jrrg lv h!flhqw dv orqj dv wkh iudfwlrq ri djhqwv zlwk d kljk ydoxdwlrq lv dw
ohdvw k1 D vlqjoh djhqw*v vljqdo zloo qrw fkdqjh wkh glvwulexwlrq ri vljqdov
uhsruwhg yhu| pxfk dqg vr wkh fkdqfh ri wkh djhqw ehlqj slyrwdo vhhpv lqwx0
lwlyho| wr ehfrph vpdoo1 Zkhq wkh qxpehu ri djhqwv lv yhu| odujh/ wkh odz ri
odujh qxpehuv hqvxuhv wkdw wkh iudfwlrq ri djhqwv zlwk wkh kljk ydoxdwlrq zloo
eh yhu| forvh wr k zlwk kljk suredelolw|/ vr wkh jrrg zloo eh surgxfhg zlwk
suredelolw| forvh wr rqh li djhqwv whoo wkh wuxwk1 Wkh whpswdwlrq iru dq djhqw
zlwk d kljk ydoxdwlrq wr plv0uhsruw klv vljqdo ehfrphv yhu| vwurqj1 Lq idfw/ lw
lv hdv| wr vhh wkdw wkh sxeolf jrrg zloo qrw eh surylghg zlwk suredelolw| rqh
dv h!flhqf| uhtxluhv1 Eh|rqg wklv reylrxv vwdwhphqw/ krzhyhu/ lw lv kdug wr
vd| h{dfwo| zkdw zloo kdsshq1 Dv orqj dv dq djhqw wklqnv wkdw kh lv slyrwdo/
kh pd| kdyh dq lqfhqwlyh wr whoo wkh wuxwk1 Ixuwkhupruh/ iru dq| odujh exw
�qlwh qxpehu ?/ vrph djhqwv fdq eh slyrwdo1 Zkdw lv qrw reylrxv lv krz
pdq| djhqwv fdq eh pdgh slyrwdo dqg krz pxfk ri wkh sxeolf jrrg fdq eh
surylghg1

Wklv sureohp zdv vwxglhg e| Pdlodwk dqg Srvwohzdlwh +4<<3, zkr vkrzhg
wkdw dv wkh qxpehu ? ehfrphv xqerxqghgo| odujh/ wkh suredelolw| wkdw wkh
sxeolf jrrg lv surylghg frqyhujhv wr }hur iru dq| lqglylgxdoo| udwlrqdo dqg
lqfhqwlyh frpsdwleoh phfkdqlvp1 Wkh pdlq vwhs lq surylqj wklv uhvxow lv
d ohppd wkdw vkrzv wkdw/ dv ? jurzv xqerxqghgo| odujh/ doprvw doo djhqwv
ehfrph qrq0slyrwdo1 D sduwlfxoduo| hohjdqw surri ri wklv sulqflsoh lv frqwdlqhg
lq dq dsshqgl{ wr Pdlodwk dqg Srvwohzdlwh +4<<3, dqg lv dwwulexwhg e| wkhp
wr d uhihuhh ri wkh sdshu1 Lq zkdw iroorzv/ L dp jrlqj wr dgdsw wkh uhihuhh*v
dujxphqw wr d jdph0wkhruhwlf hqylurqphqw wr vkrz wkdw hyhq lq jdphv wkdw
duh qrw v|pphwulf +dqrq|prxv,/ wkh Frqwlqxlw| Sulqflsoh krogv iru doprvw
doo sod|huv dv wkh qxpehu ri sod|huv ehfrphv xqerxqghgo| odujh1
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51:15 Wkh Uhihuhh*v Ohppd

Vxssrvh wkdw wkhuh lv d frxqwdeoh vhtxhqfh ri sod|huv � ' �c 2c ��� dqg wkdw
hdfk sod|hu kdv d �qlwh dfwlrq vhw f�1 Iru dq| ? zh gh�qh wkh jdph K?

wr frqvlvw ri wkh �uvw ? sod|huv � ' �c ���c ?1 Zlwkrxw wkh dvvxpswlrq ri
dqrq|plw|/ wkh sd|r� ixqfwlrq ri d jlyhq sod|hu fkdqjhv dv wkh qxpehu ri
sod|huv ydulhv1 Ohw �?� eh d uhdo ydoxhg ixqfwlrq gh�qhg rqf? � f�� ����f?

dqg ohw �? � E�?� c ���c �
?
?� eh wkh sd|r� ixqfwlrq iru K?1

Dv ehiruh/ wkh sd|r� iurp wkh frqwlqxdwlrq jdph lv uhsuhvhqwhg e| wkh
sd|r� ixqfwlrqv �?� G 7 $ + iru hyhu| � � ? dqg ? ' �c 2c ���1

Wkh hyroxwlrq ri wkh vwdwh lv ghwhuplqhg e| wkh wudqvlwlrq suredelolw|
ixqfwlrq �? G f? $ {E7�/ zkhuh uhihuhqfh wr wkh lqlwldo vwdwh lv vxssuhvvhg
ehfdxvh lw lv khog �{hg lq zkdw iroorzv1 Zh dvvxph wkdw 7 lv +frqwdlqhg lq,
d Edqdfk vsdfh1 +Vhh Ur|ghq +4<;;,/ s154:,1

Iru hdfk ? wkh htxloleulxp vwudwhjlhv kdyh wkh glvwulexwlrq 8 ? 5 {Ef?�1
Qrz frqvlghu d vhtxhqfh ri jdphv dqg wkh fruuhvsrqglqj htxloleuld vdw0

lvi|lqj wkh iroorzlqj frqglwlrqv=

� �?� lv d phdvxudeoh ixqfwlrq dqg iru hdfk �/ wkh srlqwzlvh olplw *�4?<" �?� '
�f� lv d phdvxudeoh ixqfwlrq>

� iru hdfk ? wkh ixqfwlrq �? lv frqwlqxrxv zkhq {E7� lv hqgrzhg zlwk
wkh wrsrorj| ri zhdn frqyhujhqfh> ixuwkhupruh/ *�4?<" �? ' �f lq wkh
vhqvh wkdw iru dq| vhtxhqfh i%?j frqyhujlqj wr %f/ �?E%?� frqyhujhv
zhdno| wr �fE%f�>

� wkhuh h{lvwv d glvwulexwlrq 8 f rq ff ' f� � f2 � ��� vxfk wkdw wkh
pdujlqdo glvwulexwlrqv ri 8 ? frqyhujh wr wkh pdujlqdo glvwulexwlrqv ri
8 f1

Rxu lqwhuhvw lv �uvw zlwk wkh olplwlqj �htxloleulxp� uhsuhvhqwhg e| 8 f1 Wkh
lqghshqghqfh ri wkh vwudwhjlhv xvhg e| wkh sod|huv lpsolhv wkdw iru hdfk ?

8 ? ' �?
�'�8

?
�

vr lq wkh olplw zh kdyh
8 f ' �"

�'�8
f
� c

zkhuh zh fdq lqwhusuhw wkh pdujlqdo glvwulexwlrq 8 f
� dv wkh glvwulexwlrq ri

sod|hu �*v pl{hg vwudwhj|1 Ohw ElcEEl�c � � eh d suredelolw| phdvxuh vsdfh
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dqg iru hdfk � ohw %� eh d udqgrp yduldeoh gh�qhg rq ElcEEl�c � � zlwk ydoxhv
lq f� dqg zlwk pdujlqdo glvwulexwlrq 8 f

� 1 Vlploduo|/ ohw + eh wkh udqgrp
yduldeoh rq ElcEEl�c � � zlwk ydoxhv lq 7 dqg kdylqj d glvwulexwlrq jlyhq e|
�f � 8 f1 Wkhq gh�qh wkh udqgrp yduldeoh +� wr eh wkh h{shfwdwlrq ri wkh
vwdwh + frqglwlrqdo rq sod|hu �*v pl{hg vwudwhj| %�=

+� ' .d+m%�o
dqg qrupdol}h wkh udqgrp yduldeohv +� e| sxwwlqj

7+� '
+�

.dE+��2o

vr wkdw .dE7+��
2o ' � dqg .d+�o ' .d+o1 Zlwkrxw orvv ri jhqhudolw| zh fdq

qrupdol}h + vr wkdw .d+o ' f lq zkdw iroorzv vr wkdw .d+�o ' f iru hdfk �1
Qrz/ lw lv lpsruwdqw iru zkdw zh duh jrlqj wr gr wkdw hdfk ri wkh udqgrp

yduldeohv +� eh glvwlqfw1 Iru wklv wr eh wuxh/ wkh udqgrp yduldeohv pxvw eh
qrq0ghjhqhudwh1 Wkhuh duh wzr zd|v wkdw wklv pd| kdsshq1 Iluvw/ li %� lv
ghjhqhudwh wkhq/ ri frxuvh/ +� zloo eh ghjhqhudwh wrr1 Vr zh pxvw dvvxph
wkdw %� lv qrw ghjhqhudwh1 Krzhyhu/ hyhq li %� lv qrq0ghjhqhudwh lw pd| vwloo
eh wkh fdvh wkdw +� ' f li %� grhv qrw lq xhqfh +1 Krzhyhu/ vlqfh zh zdqw wr
suryh wkdw %� kdv qr lq xhqfh rq +/ wkhuh lv qr orvv ri jhqhudolw| lq dvvxplqj
wkdw wklv fdvh grhv qrw dulvh1 Htxlydohqwo|/ glvuhjdug wkh djhqwv iru zkrp
wklv lv wuxh1 Vr wkh fulwlfdo dvvxpswlrq lv wkdw %� lv qrq0ghjhqhudwh/ l1h1/ qrw
d sxuh vwudwhj|1

Lw lv hdv| wr vhh zk| sxuh vwudwhjlhv qhhg wr eh uxohg rxw1 Vxssrvh wkdw

f� ' ifc �jc;�c
7 ' ifc �jc

�fE%� ' 4@ 
�

i%�jc;% 5 f"

dqg
�f� Er� ' �r�

iru vrph odujh qxpehu� 1 Wkhq lw zloo eh hdv| wr vxssruw wkh fkrlfh ri %W� ' f
iru doo � e| fkrrvlqj � vx!flhqwo| odujh1 Dq| ghyldwlrq iurp %W� ' f e| d
vlqjoh sod|hu zloo vxemhfw wkh sod|hu wr d odujh sxqlvkphqw wkdw r�vhwv dq|
vkruw uxq jdlq1 Ghvslwh wkh idfw wkdw wkhuh lv dq xqerxqghgo| odujh qxpehu
ri sod|huv/ hdfk sod|hu uhjdugv klpvhoi dv slyrwdo dqg lw lv wklv shufhswlrq
wkdw vxssruwv wkh fkrlfh ri %W� ' f dv dq htxloleulxp1
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Qrwh wkdw hyhq d vpdoo dprxqw ri xqfhuwdlqw| zloo xsvhw wklv htxloleulxp1
Iru h{dpsoh/ vxssrvh wkdw zh dsshdo wr wkh �wuhpeolqj kdqg� dujxphqw
ri Vhowhq +4<:8, wr whvw wkh urexvwqhvv ri wklv htxloleulxp1 Zh lqwurgxfh
d vpdoo �wuhpeoh� e| uhtxlulqj hdfk djhqw wr sodfh d suredelolw| zhljkw ri
dw ohdvw 0 : f rq hdfk sxuh vwudwhj|1 Krzhyhu vpdoo 0 lv/ wkh qxpehu ri
djhqwv fkrrvlqj %� ' � zloo eh lq�qlwh zlwk suredelolw| rqh1 Wr pdnh hdfk
sod|hu slyrwdo lq wklv zd| uhtxluhv hdfk sod|hu wr eh vwdqglqj rq wkh hgjh
ri d suhflslfh vr wkdw d vpdoo dprxqw ri xqfhuwdlqw| zloo sxvk vrph ri wkhp
ryhu1 Olnhzlvh/ li sod|huv fkrrvh d pl{hg vwudwhj|/ wkhq 4@ i%�j ' � zlwk
suredelolw| rqh vr djdlq wkh dfwlrq ri dq lqglylgxdo sod|hu kdv qr h�hfw1

Qrwh dovr wkdw lq d dqrq|prxv jdph lw lv rqo| wkh glvwulexwlrq ri wkh
sod|huv* dfwlrqv wkdw frxqwv dqg wkh h�hfw ri wkh wuhpeolqj kdqg glvdsshduv lq
wkh olplw1 Wkh iudfwlrq ri djhqwv fkrrvlqj hdfk vwudwhj| zloo eh doprvw vxuho|
frqvwdqw e| wkh vwurqj odz ri odujh qxpehuv1 Vr wkh xqfhuwdlqw| lqwurgxfhg
e| wkh wuhpeolqj kdqg zrxog qrw kdyh ehhq vx!flhqw wr surgxfh wkh ghvluhg
uhvxow lq wkh suhfhglqj vhfwlrq1 Krzhyhu/ lw lv vx!flhqw lq zkdw iroorzv1 L
dvvxph wkhuhiruh wkdw iru vrph 0 : f dqg doo � wkh suredelolw| sodfhg rq hdfk
vwudwhj| e| 8 f

� lv dw ohdvw 0=

� d%� ' 1o � 0c;1 5 f��

Vlqfh wkh vwudwhj| ri sod|hu � sxwv srvlwlyh suredelolw| rq hdfk dfwlrq +sxuh
vwudwhj|,/ wkhuh lv d zhoo gh�qhg h{shfwdwlrq ri wkh vwdwh frqglwlrqdo rq dq|
fkrlfh ri dfwlrq e| sod|hu �1 Wklv doorzv xv wr vhh wkh h�hfw wkdw dq| fkrlfh
ri dfwlrq e| sod|hu � zrxog kdyh rq wkh frqwlqxdwlrq sd|r� dqg ghwhuplqh
zkhwkhu sod|hu � lv slyrwdo ru qrw1

Vlqfh wkh udqgrp yduldeohv %� duh lqghshqghqw/ wkh udqgrp yduldeohv +�
duh dovr1 Li zh dvvxph wkdw +� lv qrq0ghjhqhudwh/ l1h1/ qrw lghqwlfdoo| f/ wkhq
lw iroorzv wkdw doo wkh hohphqwv ri i7+�j duh glvwlqfw1

Frqvlghu wkh udqgrp yduldeohv i7+�j dqg + dv hohphqwv ri u2EElcEEl�c � �c 7�/
wkdw lv/ wkh olqhdu vsdfh ri vtxduh lqwhjudeoh ixqfwlrqv iurp ElcEEl�c � � wr
71 +Wkh pdwkhpdwlfdo edvlv iru wkh iroorzlqj lv irxqg lq Ur|ghq +4<<;,/
s1578 hw vht1,1 Zlwk wkh lqqhu surgxfw gh�qhg e|

% � + '
]
%+_�c

u2 lv d Kloehuw vsdfh dqg i7+�j lv dq ruwkrqrupdo v|vwhp/ wkdw lv/ wkh hohphqwv
duh ruwkrjrqdo

7+� � 7+� ' f iru doo � 9' �(
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wkh| duh glvwlqfw
+� 9' +� iru doo � 9' �(

dqg wkh| kdyh xqlw qrupv

n7+�n �
]
E7+��

2_� ' � iru doo �1

Gh�qh wkh Irxulhu frh!flhqwv i@�j e| sxwwlqj

@� ' .d+7+�o

iru hdfk �1 Wkhq Ehvvhoo*v Lqhtxdolw| +Ur|ghq +4<;3,/ s1579, whoov xv wkdw

"[
�'�

@2� � n+n ' .d+2o 	 4�

Lq rwkhu zrugv/ @� $ f dv � $ 41 Wklv phdqv wkdw iru dq| 0 : f/ m@�m 	 0
iru doo h{fhsw d �qlwh qxpehu ri sod|huv �1 Qrz @� phdvxuhv wkh lpsdfw ri %�
rq wkh phpru| vwdwh +1 Pruh suhflvho|/ @� phdvxuhv wkh fruuhodwlrq ehwzhhq
wkh vwdwh + dqg wkh frqglwlrqdo h{shfwdwlrq ri wkh vwdwh +�1 Zkhq @� lv vpdoo/
wkh dfwlrq fkrvhq e| djhqw � kdv olwwoh ydoxh lq suhglfwlqj wkh rxwfrph +1

D pruh jhqhudo wuhdwphqw ri wkh wkhvh sureohpv kdv ehhq surylghg e|
Ohkuhu dqg Qhhpdq +4<<;, dqg Do0Qdmmdu dqg Vprurglqvn| +4<<;d, lq wkh
frqwh{w ri phfkdqlvp ghvljq sureohpv1 Do0Qdmmdu dqg Vprurglqvn| +4<<;e,
kdyh h{whqghg wkh hduolhu uhvxowv ri Juhhq +4<;3, dqg Vderxuldq +4<<3, wr
doorz iru jdphv lq zklkfk wkh djjuhjdwh rxwfrph lv qrw qhfhvvdulo| dq dqrq|0
prxv ixqfwlrq ri sod|huv* dfwlrqv dqg zkhuh sod|huv vwudwhjlh pd| ghshqg
qrq0dqrq|prxvo| rq vljqdov ri rwkhu sod|huv* dfwlrqv1

51:16 Slyrwdo Sod|huv lq Jdphv

Vshdnlqj orrvho|/ wkh Uhihuhh*v Wkhruhp whoov xv wkdw doo exw d �qlwh qxpehu
ri djhqwv zloo kdyh olwwoh h�hfw rq wkh rxwfrph ri wkh jdph/ vr doprvw hyhu|
sod|hu zloo eh fkrrvlqj dq dfwlrq wkdw pd{lpl}hv klv sd|r� lq wkh vwdjh
jdph/ lqghshqghqwo| ri zkdw kdsshqv lq wkh frqwlqxdwlrq jdph1 Wklv lv d
yhu| srzhuixo dqg jhqhudo uhvxow/ exw lw lv lpsruwdqw wr vhh zkdw lw grhv dqg
grhv qrw phdq1 Wkh iroorzlqj h{dpsoh zloo eh xvhixo1

Frqvlghu wkh iroorzlqj wzr vwdjh jdph1 Wkhuh lv d odujh exw �qlwh qxpehu
ri vhoohuv 7 dqg d odujh exw �qlwh qxpehu ri ex|huv � : 71 Hyhu| vhoohu kdv
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rqh xqlw ri dq lqglylvleoh jrrg/ zkrvh ydoxh wr wkh vhoohu lv }hur/ dqg hyhu|
ex|hu zdqwv wr sxufkdvh rqh xqlw ri wkh jrrg/ zkrvh ydoxh wr wkh ex|hu lv
rqh1 Doo djhqwv kdyh txdvl0olqhdu xwlolw| ixqfwlrqv1 Lq wkh �uvw vwdjh ri wkh
jdph/ wkh ex|huv dqg vhoohuv duh udqgrpo| pdwfkhg dqg wkh vhoohu pdnhv d
sursrvdo wr wkh ex|hu +xqpdwfkhg ex|huv pxvw uhpdlq sdvvlyh,1 Wkh vhoohu
fdq r�hu rqh ri wzr sulfhv f 	 Ru 	 RM 	 �1 Wkh ex|hu dffhswv ru uhmhfwv
wkh r�hu1 Li wkh r�hu lv dffhswhg/ wkh wudgh lv fduulhg rxw dw wkh sursrvhg
sulfh> wkh ex|hu jhwv d sd|r� ri �� R dqg wkh vhoohu jhwv d sd|r� ri R1 Wkh
djhqwv zkr kdyh wudghg ohdyh wkh jdph dqg wdnh qr ixuwkhu sduw1 Wkh uhvw ri
wkh sod|huv/ zkhwkhu wkh| zhuh pdwfkhg ru qrw/ surfhhg wr wkh vhfrqg vwdjh
ri wkh jdph1 Dw wkh vhfrqg vwdjh/ wkh pdwfklqj ri wkh uhpdlqlqj ex|huv dqg
vhoohuv dqg wkh sulfhv dw zklfk wkh jrrgv duh h{fkdqjhg ehwzhhq hdfk sdlu duh
ghwhuplqhg e| dq h{rjhqrxv phfkdqlvp1 Djdlq/ li d ex|hu dqg vhoohu wudgh
wkh jrrg dw wkh sulfh R/ wkh ex|hu*v sd|r� lv �� R dqg wkh vhoohu*v sd|r� lv
R1 Djhqwv zkr gr qrw wudgh jhw f1

Wkh phfkdqlvp wkdw frphv lqwr sod| dw wkh vhfrqg vwdjh lv/ ri frxuvh/
lqwhqghg wr uhsuhvhqw wkh frqwlqxdwlrq ri wkh jdph zlwkrxw iruflqj xv wr
dqdo|}h d +srwhqwldoo|, lq�qlwh0krul}rq jdph1 E| fkrrvlqj dq dssursuldwh
phfkdqlvp dw wkh vhfrqg vwdjh/ zh fdq hdvlo| pdqlsxodwh wkh djhqwv* sd|r�v
lq dq| zd| zh olnh1 Vxssrvh/ iru h{dpsoh/ wkdw zh zdqwhg wkh jrrgv wr wudgh
dw wkh sulfh Ru1 Li d vhoohu ghpdqgv d sulfh RM wkhq wkh ex|hu uhmhfwv dqg
qh{w shulrg jhwv wkh jrrg dw d sulfh ri }hur1 Li wkh vhoohu ghpdqgv Ru dqg wkh
ex|hu uhmhfwv/ wkhq wkh ex|hu jhwv wkh jrrg lq wkh qh{w shulrg iru d sulfh ri
rqh1 Lq wkh vdph zd|/ zh frxog vxssruw dq| pl{wxuh ri kljk dqg orz sulfhv
e| dssursuldwho| sxqlvklqj lqglylgxdo ex|huv dqg vhoohuv iru wkhlu ghyldwlrqv
dw wkh �uvw vwdjh1 Lw grhv qrw pdwwhu krz pdq| djhqwv wkhuh duh lq wkh jdph/
hdfk djhqw shufhlyhv wkdw klv dfwlrqv duh jrlqj wr kdyh d pdunhg h�hfw rq wkh
ixwxuh ri wkh jdph1 Lq zkdw zd|v grhv wklv h{dpsoh ylrodwh wkh frqglwlrqv
ri wkh Uhihuhh*v WkhruhpB

Iluvw ri doo/ zh kdyh rqo| frqvlghuhg sxuh vwudwhjlhv/ zkhuhdv wkh Uhihu0
hh*v Wkhruhp uhtxluhv xv wr kdyh frpsohwho| pl{hg vwudwhjlhv1 Wkh h{dpsoh
lv hdvlo| dgdswhg wr doorz iru pl{wxuhv e| lqwurgxflqj d wuhpeolqj kdqg1
Vxssrvh wkdw zlwk suredelolw| 0 wkh sulfh r�huhg lv wkh rssrvlwh ri wkh rqh
fkrvhq e| wkh vhoohu1 Iru 0 : f vpdoo hqrxjk/ wklv zloo kdyh qr h�hfw rq wkh
htxloleulxp ghvfulehg deryh1 Li wkh wuhpeolqj kdqg irufhv wkh vhoohu wr r�hu
wkh zurqj sulfh/ kh zloo eh sxqlvkhg dw wkh vhfrqg gdwh/ exw wklv zloo qrw
dowhu klv ehvw uhvsrqvh ehfdxvh wkh suredelolw| ri sxqlvkphqw lv vpdoo dqg
h{rjhqrxv1 Vlploduo|/ li wkhuh lv d vpdoo suredelolw| wkdw wkh ex|hu zloo dffhsw
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zkhq kh vkrxog uhmhfw ru uhmhfw zkhq kh vkrxog dffhsw/ wkdw zloo qrw fkdqjh
wkh vhoohu*v ehvw uhvsrqvh li wkh suredelolw| ri wkh wuhpeoh lv vx!flhqwo| vpdoo1
Vr wkh devhqfh ri pl{hg vwudwhjlhv grhv qrw e| lwvhoi h{sodlq wkh h{lvwhqfh ri
pxowlsoh htxloleuld khuh1

Wkh vhfrqg srlqw wr qrwh lv wkdw wkh vsdfh ri rxwfrphv iurp wkh �uvw vwdjh
ri wkh jdph lqfoxghv/ iru hdfk sdlu frqvlvwlqj ri d ex|hu dqg d vhoohu/ wkh sulfh
r�huhg dqg wkh uhvsrqvh1 Wkh glphqvlrq ri wkh phpru| vsdfh uhtxluhg wr
ghvfuleh wklv rxwfrph lv sursruwlrqdo wr wkh qxpehu ri djhqwv1 Dv wkh qxpehu
ri djhqwv lqfuhdvhv/ wkh glphqvlrq ri wkh phpru| vsdfh lqfuhdvhv1 Zlwk pruh
ex|huv dqg vhoohuv/ wkhuh duh pruh jrrgv wr wudgh/ pruh sulfhv wr fkrrvh/ dqg
pruh sd|r�v wr ghwhuplqh1 Lq wkh iudphzrun xvhg wr ghvfuleh wkh Uhihuhh*v
Wkhruhp/ wkhuh lv d �{hg phpru| vsdfh1 Dv wkh qxpehu ri djhqwv lqfuhdvhv/
wkh glphqvlrq ri wkh vsdfh ri dfwlrq sur�ohv lqfuhdvhv/ exw wkh udqjh ri wkh
ixqfwlrq wkdw pdsv dfwlrq sur�ohv lqwr phpru| vwdwhv ru rxwfrphv uhpdlqv
wkh vdph1 Vr d odujhu dqg odujhu dfwlrq vsdfh lv ehlqj pdsshg lqwr d �{hg
phpru| vsdfh1 Wr gr wklv lq d uhdvrqdeo| rughuo| zd|/ rqh kdv wr ljqruh
prvw ri wkh lqirupdwlrq lq wkh odujhu vsdfh/ wkdw lv/ prvw ri wkh frpsrqhqwv
ri wkh dfwlrq sur�oh gr qrw pdwwhu yhu| pxfk lq ghwhuplqlqj wkh rxwfrph1

Lq d sxeolf jrrg surylvlrq sureohp/ wkh rxwfrph wkdw djhqwv fduh derxw/
wkh surylvlrq ri wkh sxeolf jrrg/ grhv qrw fkdqjh dv wkh qxpehu ri djhqwv
lqfuhdvhv1 Vr lw lv qdwxudo wr zrun zlwk d �{hg rxwfrph vsdfh1 Wklv lv qrw
wuxh lq d pdunhw zlwk sulydwh jrrgv/ zkhuh wkh glphqvlrq ri wkh doorfdwlrq
lqfuhdvhv zlwk wkh qxpehu ri djhqwv1 Lq wkh edujdlqlqj jdph deryh/ wzr
wklqjv duh kdsshqlqj dv wkh qxpehu ri ex|huv dqg vhoohuv lqfuhdvhv1 Iluvw/
wkh glphqvlrq ri wkh phpru| vsdfh lqfuhdvhv/ doorzlqj wkh dfwlrqv ri pruh
djhqwv wr eh uhfrughg lq wkh phpru| vwdwh1 Vhfrqgo|/ wkh sduw ri wkh phpru|
vwdwh wkdw d vlqjoh djhqw fduhv derxw lv jhwwlqj vpdoohu uhodwlyh wr wkh rxwfrph
ru phpru| vwdwh1 D w|slfdo ex|hu/ iru h{dpsoh/ grhv qrw fduh derxw wkh
hqwluh doorfdwlrq> kh rqo| fduhv derxw jhwwlqj rqh xqlw ri wkh jrrg iru klpvhoi
dqg wkh sulfh kh kdv wr sd| iru lw1 Dq lqglylgxdo djhqw*v dfwlrq kdv olwwoh
h�hfw rq wkh rxwfrph ri wkh �uvw vwdjh/ lq wkh vhqvh wkdw klv wudgh dqg wkh
fruuhvsrqglqj sulfh duh d qhjoljleoh sduw ri wkh uhvxowlqj ghvfulswlrq lq wkh
phpru| vwdwh> exw wkh djhqw*v dfwlrq kdv d elj h�hfw rq klv sd|r� lq wkh
frqwlqxdwlrq jdph1 Wklv lv zk| wkh vhoohu grhv qrw pd{lpl}h klv vkruw0whup
sd|r� lq wkh h{dpsoh1

Wr uxoh rxw wklv nlqg ri htxloleulxp/ lq zklfk d vhoohu*v �uvw0vwdjh dfwlrq
kdv d odujh h�hfw rq klv vhfrqg0vwdjh sd|r�/ lw lv qrw hqrxjk wr krog wkh
phpru| vsdfh frqvwdqw dv wkh qxpehu ri djhqwv lqfuhdvhv1 Rqh frxog dozd|v
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dfklhyh wkh vdph h�hfw e| dvvxplqj wkh phpru| vsdfh 7 lv vr odujh wkdw lw
dffrpprgdwhv d frpsohwh ghvfulswlrq ri wkh �uvw vwdjh rxwfrph iru dq| qxp0
ehu ri sod|huv1 Vr lq dgglwlrq rqh qhhgv wr dvvxph wkdw 7 lv qrw �wrr odujh�
dqg wkdw lq wxuq uhtxluhv vrph vwuxfwxuh lq whupv ri wkh frqwlqxlw| surshuwlhv
ri wkh sd|r�v �f� dqg wkh wrsrorj| rq 71 Rqh qhhgv erwk wkh dvvxpswlrq wkdw
d vlqjoh djhqw*v dfwlrq kdv d vpdoo h�hfw rq r dqg wkh dvvxpswlrq wkdw d vpdoo
fkdqjh lq r kdv d odujh h�hfw rq �f� 1 Wkh vhfrqg dvvxpswlrq lv ylrodwhg lq wkh
h{dpsoh/ ehfdxvh wkh dfwlrq ri wkh vhoohu kdv d vpdoo h�hfw rq wkh vwdwh exw d
odujh h�hfw rq �f� 1 Wr uxoh wklv rxw/ zh frxog dvvxph wkdw wkh sd|r� ixqfwlrqv
i�f� j duh lq vrph vhqvh htxl0frqwlqxrxv1 Wklv djdlq lv d irup ri dqrq|plw|/ d
uhvwulfwlrq rq wkh h{whqw wr zklfk lqglylgxdo dfwlrqv fdq eh uhphpehuhg dqg
xvhg wr frqglwlrq wkh ixwxuh sd|r�v ri lqglylgxdo djhqwv1 Lq wkh hqg zh duh
dvvxplqj wkdw dq djhqw*v ixwxuh sd|r� lv ghshqghqw rq dq djjuhjdwh vwdwh
zklfk wkh djhqw*v fxuuhqw dfwlrq fdq rqo| h�hfw pdujlqdoo|1

Zkdw wklv h{dpsoh pdnhv fohdu lv wkdw/ hyhq lq d qrq0dqrq|prxv jdph/
vrph irup ri wkh dqrq|plw| dvvxpswlrq lv uhtxluhg1


