
Fkdswhu 4

Shuihfw Frpshwlwlrq

414 Lqwurgxfwlrq

Wkh remhfwlyh ri wklv fkdswhu lv wr surylgh d frpsohwh dqg suhflvh ghvfulswlrq
ri shuihfw frpshwlwlrq dv wkh htxloleulxp ri d qrq0frrshudwlyh jdph zlwk d
odujh exw �qlwh qxpehuv ri sod|huv1

Iru uhdvrqv ri wudfwdelolw|/ doo wkh dqdo|vlv wdnhv sodfh zlwklq wkh iudph0
zrun ri d vwdwlf sxuh h{fkdqjh hfrqrp|1 Ljqrulqj surgxfwlrq lv d idluo|
gudvwlf vlpsol�fdwlrq1 Wkh mxvwl�fdwlrq lv wkdw lw doorzv xv wr irfxv rq sulfh
irupdwlrq dqg h{fkdqjh zlwkrxw xqqhfhvvdu| frpsolfdwlrqv1 Wr lqfoxgh sur0
gxfwlrq/ rqh zrxog kdyh wr dqvzhu d qxpehu ri dznzdug txhvwlrqv1 Zkdw lv
wkh remhfwlyh ixqfwlrq ri wkh �upB Zkhq dqg krz gr krxvhkrogv uhfhlyh lq0
frph iurp �upvB Zkdw lv wkh wlplqj ri lqsxwv dqg rxwsxwv zkhq surgxfwlrq
sodqv kdyh wr eh ihdvleohB Wkhvh duh txhvwlrqv wkdw ghvhuyh wr eh dqvzhuhg
exw duh rxwvlgh wkh vfrsh ri wkh suhvhqw vwxg|1

Lq d sxuh h{fkdqjh hfrqrp|/ frpshwlwlyh htxloleulxp lv fkdudfwhul}hg e|
wzr surshuwlhv/ h!flhqf| dqg exgjhw edodqfh1 Wkh Iluvw Wkhruhp ri Zho0
iduh Hfrqrplfv whoov xv wkdw frpshwlwlyh htxloleulxp doorfdwlrqv duh h!flhqw1
Xqghu wkh xvxdo frqyh{lw| dvvxpswlrqv/ wkh Vhfrqg Wkhruhp whoov xv wkdw dq
h!flhqw doorfdwlrq kdv d yhfwru ri vxssruwlqj sulfhv R 9' f dw zklfk hdfk djhq0
w*v frqvxpswlrq exqgoh plqlpl}hv wkh frvw ri dfklhylqj wkdw ohyho ri xwlolw|1
Li %� lv djhqw �*v frqvxpswlrq exqgoh dqg dqrwkhu exqgoh %�� lv suhihuuhg wr %�
wkhq R�%�� : R �%�1 Krzhyhu/ wkh ydoxh ri wkh djhqw*v frqvxpswlrq exqgoh pd|
qrw eh htxdo wr wkh ydoxh ri klv hqgrzphqw dw wkhvh sulfhv1 Wr hqvxuh wkdw
dq h!flhqw doorfdwlrq lv d frpshwlwlyh htxloleulxp/ zh qhhg wr kdyh exgjhw
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edodqfh= wkh ydoxh ri dq djhqw*v frqvxpswlrq exqgoh/ ghwhuplqhg xvlqj wkh
h!flhqf| sulfhv/ pxvw eh htxdo wr wkh ydoxh ri klv hqgrzphqw= R � %� ' R � e�1
Wkxv zh fdq wklqn ri d frpshwlwlyh htxloleulxp doorfdwlrq dv dq h!flhqw
doorfdwlrq wkdw vdwlv�hv exgjhw edodqfh1

Lw lv frqyhqlhqw wr glylgh wkh dqdo|vlv ri frpshwlwlrq lqwr wzr sduwv/ rqh
frqfhuqhg zlwk h!flhqf| dqg rqh zlwk exgjhw edodqfh1 Wkh frqglwlrqv
qhhghg iru h!flhqf| duh vrphzkdw zhdnhu wkdq wkrvh uhtxluhg iru exgjhw
edodqfh dqg wkh dqdo|vlv lv vrphzkdw pruh jhqhudo1 Lq sduwlfxodu/ h!flhqf|
lv d surshuw| ri vwudwhjlf htxloleulxp lq �qlwh hfrqrplhv/ zkhuhdv exgjhw
edodqfh uhtxluhv odujh qxpehuv ri sod|huv1

Pdq| ri wkh dujxphqwv xvhg lq wklv fkdswhu duh idploldu1 Wkh qryho sduw
ri wkh dqdo|vlv lv wkh dvvxpswlrq ri d �qlwh qxpehu ri sod|huv1 Wkh hdu0
olhu olwhudwxuh dvvxphv d qrq0dwrplf frqwlqxxp ri sod|huv1 Wkh frqwlqxxp
dvvxpswlrq lv mxvwl�hg e| wkh fodlp wkdw d frqwlqxxp ri djhqwv lv d jrrg
dssur{lpdwlrq wr d odujh exw �qlwh qxpehu ri sod|huv1 Lw lv lpsruwdqw wr
whvw wkh ydolglw| ri wklv dvvxpswlrq e| surylqj d frpshwlwlyh olplw wkhruhp/
vkrzlqj wkdw dv wkh qxpehu ri sod|huv ehfrphv xqerxqghgo| odujh/ wkh eh0
kdylru ri wkh �qlwh jdph lv lqghhg d jrrg dssur{lpdwlrq wr wkh frqwlqxxp
jdph1

Wkh yhklfoh xvhg iru wkh dqdo|vlv lv d g|qdplf pdwfklqj dqg edujdlqlqj
jdph +GPEJ,1 Wkh GPEJ lv vshfldo dqg kdv qr sduwlfxodu fodlp wr jhqhu0
dolw|1 Wkh lpsruwdqw dgydqwdjh ri wkh GPEJ lv wkdw lw lv d sod|deoh jdph/
lq zklfk doo wkh uxohv dqg dvvxpswlrqv duh zhoo vshfl�hg1 Li zh fdq dqdo|}h
lw frqylqflqjo| zh vkdoo kdyh ohduqhg d orw1

Wkh pdlq glvfryhu| ri wklv fkdswhu zloo eh wkdw lq rughu wr suryh d frp0
shwlwlyh olplw wkhruhp zh qhhg vrph dvvxpswlrqv wkdw duh qrw lpsrvhg rq
sulplwlyhv ri wkh prgho dqg duh qrw ghulyhg gluhfwo| iurp surshuwlhv ri htxl0
oleulxp1 Wkh prvw lpsruwdqw ri wkhvh frqfhuqv wkh lghd wkdw lq d frpshwlwlyh
pdunhw d vlqjoh djhqw kdv d qhjoljleoh h�hfw rq wkh htxloleulxp1 Wklv lghd
frphv lpphgldwho| lqwr frq lfw zlwk wkh zhoo hvwdeolvkhg sulqflsoh wkdw/ lq
uhshdwhg jdphv/ dq| sod|hu fdq kdyh d odujh h�hfw ehfdxvh rwkhu sod|huv frq0
glwlrq wkhlu dfwlrqv rq klv1 Wkh Iron Wkhruhp ri uhshdwhg jdphv/ zklfk krogv
iru duelwudu| qxpehuv ri sod|huv/ lv shukdsv wkh ehvw nqrzq h{dpsoh ri wklv
sulqflsoh1 Wkh jdphv xqghu frqvlghudwlrq khuh duh qrw uhshdwhg jdphv/ exw
wkh vdph jhqhudo lghd dssolhv1 Lq fkrrvlqj d vwudwhj|/ d sod|hu kdv wr frqvlghu
qrw mxvw lwv gluhfw lpsdfw rq klv sd|r�v/ exw dovr wkh uhdfwlrq ri wkh rwkhu
sod|huv1 Ehfdxvh ri wkh srvvleoh uhdfwlrqv ri rwkhu sod|huv/ lw pd| eh srvvleoh
wr vxvwdlq pdq| gl�huhqw rxwfrphv dv vwudwhjlf htxloleuld1 Vrph ri wkhvh zloo
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ghsduw iurp wkh shuihfwo| frpshwlwlyh rxwfrph/ hyhq lq d iulfwlrqohvv pdunhw
zlwk pdq| sod|huv1

Lq wklv fkdswhu/ L dp frqwhqw wr srlqw rxw wkh uhvwulfwlrqv wkdw pxvw eh
lpsrvhg +vrphzkdw duelwudulo|, rq htxloleulxp vwudwhjlhv lq rughu wr dfklhyh
d frpshwlwlyh olplw wkhruhp1 Lq wkh qh{w fkdswhu L dwwhpsw wr ghulyh vxfk
uhvwulfwlrqv hqgrjhqrxvo| iurp dvvxpswlrqv derxw wkh sulplwlyhv ri wkh jdph1

415 Sxuh H{fkdqjh Hfrqrplhv

Zh ehjlq e| ghvfulelqj d sxuh h{fkdqjh hfrqrp|1 Lq wklv hfrqrp| wkhuh lv qr
surgxfwlrq1 Lqvwhdg/ d �qlwh qxpehu ri hfrqrplf djhqwv kdyh h{rjhqrxvo|
jlyhq hqgrzphqwv ri d �qlwh qxpehu ri frpprglwlhv1 Ehfdxvh wkh djhqwv
kdyh gl�huhqw hqgrzphqwv dqg suhihuhqfhv/ wkhuh duh jdlqv iurp wudgh1 Wkh
djhqwv h{fkdqjh frpprglwlhv lq rughu wr pd{lpl}h wkhlu suhihuhqfhv1 Wr
ghvfuleh d irupdo prgho ri dq h{fkdqjh hfrqrp|/ zh kdyh wr vshfli| wkh olvw ri
frpprglwlhv/ wkh olvw ri djhqwv/ dqg wkh djhqwv* suhihuhqfhv dqg hqgrzphqwv1

Frpprglwlhv1 Wkhuh lv d �qlwh qxpehu ri frpprglwlhv/ lqgh{hg � ' �c ���c �1
Hdfk frpprglw| lv dvvxphg wr eh krprjhqhrxv dqg shuihfwo| glylvleoh1 Wkh
txdqwlw| ri dq| frpprglw| � lv uhsuhvhqwhg e| d uhdo qxpehu %� dqg zh
dgrsw wkh xvxdo frqyhqwlrq wkdw qhjdwlyh qxpehuv uhsuhvhqw �vxssolhv� ru
�gh�flwv�1 D frpprglw| exqgoh fdq wkhq eh uhsuhvhqwhg e| d yhfwru
% ' E%�c ���c %��/ zkhuh %� uhsuhvhqwv wkh txdqwlw| ri frpprglw| �1 Wkh frp0
prglw| vsdfh frqvlvwlqj ri doo srvvleoh frpprglw| exqgohv lv uhsuhvhqwhg
e| wkh �0glphqvlrqdo Hxfolghdq yhfwru vsdfh +�1

Djhqwv� Wkh hfrqrp| frqvlvwv ri d �qlwh qxpehu ri hfrqrplf djhqwv/ lqgh{hg
� ' �c ���c 6/ zkr fdq eh wkrxjkw ri dv �frqvxphuv�1

Frqvxpswlrq vhwv1 D frqvxpswlrq exqgoh lv d frpprglw| exqgoh wkdw lv
ihdvleoh iru dq djhqw1 Wkh vhw ri ihdvleoh frqvxpswlrq exqgohv iru djhqw � lv
fdoohg klv frqvxpswlrq vhw dqg lv ghqrwhg e| f� � +�1 Iru h{dpsoh/ wkh
vhw f� pd| frqvlvw ri qrq0qhjdwlyh frpprglw| exqgohv wkdw duh frpsdwleoh
zlwk vxevlvwhqfh iru djhqw �1 Hdfk frqvxpswlrq vhw f� lv dvvxphg wr eh
qrq0hpsw|/ forvhg/ frqyh{/ dqg erxqghg ehorz1

Hqgrzphqwv1 Hdfk djhqw kdv dq lqlwldo hqgrzphqw ri frpprglwlhv zklfk
kh zdqwv wr h{fkdqjh iru d pruh suhihuuhg exqgoh1 Djhqw �*v hqgrzphqw lv
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ghqrwhg e| wkh frqvxpswlrq exqgoh e� 5 f�1 Wkh dvvxpswlrq wkdw e� lv d
frqvxpswlrq exqgoh lpsolhv wkdw djhqw � fdq vxuylyh zlwkrxw wudglqj1

Suhihuhqfhv1 Djhqw �*v suhihuhqfhv ryhu frqvxpswlrq exqgohv duh uhsuhvhqwhg
e| wkh xwlolw| ixqfwlrq �� G f� $ +/ zklfk dvvljqv wkh uhdo qxpehu ��E%��
wr hdfk ihdvleoh frqvxpswlrq exqgoh %�1 Lq d sxuh h{fkdqjh hfrqrp|/ djhqwv
pd{lpl}h wkh ydoxh ri d xwlolw| ixqfwlrq e| h{fkdqjlqj frpprglwlhv zlwk
rwkhu djhqwv1 Wkh xwlolw| ixqfwlrq �� lv dvvxphg wr eh frqfdyh/ frqwlqxrxv/
dqg lqfuhdvlqj41 Frqfdylw| lpsolhv wkdw djhqwv zkr pd{lpl}h h{shfwhg xwlo0
lw| duh ulvn dyhuvh/ dv zhoo dv kdylqj wkh xvxdo glplqlvklqj pdujlqdo udwh ri
vxevwlwxwlrq1

Wkh sxuh h{fkdqjh hfrqrp| lv gh�qhg e| wkh duud| H ' iEf�c e�c ���j6�'�1

41514 Sduhwr dqg Sdluzlvh H!flhqf|

Wkh qh{w vwhs lv wr gh�qh wzr frqfhswv ri h!flhqf| dqg fkdudfwhul}h wkh
fruuhvsrqglqj vhwv ri h!flhqw doorfdwlrqv1

Wkh doorfdwlrq ri uhvrxufhv lq d sxuh h{fkdqjh hfrqrp| lv ghvfulehg e| d
olvw ri wkh frqvxpswlrq exqgohv iru doo wkh djhqwv lq wkh hfrqrp|1 Irupdoo|/
dq doorfdwlrq lv dq 60wxsoh ri frqvxpswlrq exqgohv % ' E%�c ���c %6� vxfk
wkdw %� 5 f� iru hdfk �1 Dq doorfdwlrq % lv dwwdlqdeoh li djjuhjdwh ghpdqg
htxdov djjuhjdwh vxsso|/ wkdw lv/ wkh vxp ri wkh frpprglwlhv doorfdwhg wr wkh
djhqwv lv htxdo wr wkh vxp ri wkh hqgrzphqwv=

6[
�'�

%� '
6[
�'�

e��

Ohw 	f ghqrwh wkh vhw ri dwwdlqdeoh doorfdwlrqv1 Vlqfh hdfk frqvxpswlrq vhw
lv forvhg dqg erxqghg ehorz/ lw lv hdv| wr vhh wkdw wkh vhw ri dwwdlqdeoh
doorfdwlrqv lv frpsdfw1

Dq dwwdlqdeoh doorfdwlrq % lv +vwurqjo|, Sduhwr h!flhqw li wkhuh grhv
qrw h{lvw dqrwkhu dwwdlqdeoh doorfdwlrq %� wkdw pdnhv vrph djhqwv ehwwhu r�
dqg qrqh zruvh r�/ wkdw lv/ ��E%��� � ��E%�� iru dq| djhqw � dqg ��E%

�
�� : ��E%��

iru vrph djhqw �1 Ohw � � 	f ghqrwh wkh vhw ri Sduhwr0h!flhqw doorfdwlrqv1

4L xvh wkh skudvh �lqfuhdvlqj� wr phdq lqfuhdvlqj1 Vrph zulwhuv xvh wkh skudvh �vwulfwo|
lqfuhdvlqj� iru wklv sxusrvh1
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Wkh frqwlqxlw| ri wkh xwlolw| ixqfwlrqv lpsolhv wkdw � lv forvhg dqg khqfh
frpsdfw1

Dq dwwdlqdeoh doorfdwlrq % lv sdluzlvh0h!flhqw li lw lv lpsrvvleoh iru
dq| wzr djhqwv � dqg � wr lpsuryh wkhlu xwlolwlhv e| wudglqj wrjhwkhu/ wkdw
lv/ wkhuh grhv qrw h{lvw dq dwwdlqdeoh doorfdwlrq %� dqg d sdlu ri djhqwv E�c ��
vxfk wkdw

+l, %�& ' %&c ;& 9' �c �
+ll, ��E%��� � ��E%��c ��E%

�
�� � ��E%

�
��/ zlwk dw ohdvw rqh vwulfw lqhtxdolw|1

Lq dgglwlrq wr wkh vwdqgdug dvvxpswlrqv/ vrph qrq0vwdqgdug surshuwlhv
zloo eh qhhghg lq wkh vhtxho1 Iluvw/ lw zloo eh dvvxphg wkdw suhihuhqfhv duh
vprrwk=

� iru dq| �/ �� fdq eh h{whqghg wr dq rshq vhw C� frqwdlqlqj f� dqg
�� G C� $ + lv ��1

Wklv dvvxpswlrq lv qrw vwulfwo| qhfhvvdu|/ exw lw vlpsol�hv wkh dqdo|vlv e|
doorzlqj xv wr xvh wkh Nxkq0Wxfnhu wkhruhp wr fkdudfwhul}h vroxwlrqv wr
pd{lpl}dwlrq sureohpv1

Wkh vhfrqg qrq0vwdqgdug surshuw| lv wkdw lqgl�huhqfh vxuidfh wkurxjk
wkh lqlwldo hqgrzphqw grhv qrw lqwhuvhfw wkh erxqgdu| ri wkh frqvxpswlrq
vhw f�=

� iru dq| �/
i%� 5 C�m��E%�� � ��Ee��j _ Yf� ' Bc +414,

zkhuh Yf� ghqrwhv wkh erxqgdu| ri f�1

D idploldu h{dpsoh wkdw vdwlv�hv wklv dvvxpswlrq lv surylghg e| wkh Free0
Grxjodv xwlolw| ixqfwlrq zkhq wkh frqvxpswlrq vhw f� ' +�

n1 Wkh lp0
sruwdqfh ri wkh surshuw| +414, lv wkdw lw hqvxuhv wkdw dq doorfdwlrq wkdw lv
sdluzlvh0h!flhqw lv dovr Sduhwr0h!flhqw/ dv zloo eh vkrzq ehorz1

Ehfdxvh wudgh lv yroxqwdu|/ zh fdq uhvwulfw dwwhqwlrq wr doorfdwlrqv wkdw
duh lqglylgxdoo| udwlrqdo/ wkdw lv/ doorfdwlrqv % vxfk wkdw ��E%�� � ��Ee�� iru
hyhu| �1 Xqghu surshuw| +414, lqglylgxdoo| udwlrqdo frqvxpswlrq exqgohv
ehorqj wr wkh lqwhulru ri wkh frqvxpswlrq vhw/ qrw wr wkh erxqgdu|1 Wkhq zh
gr qrw qhhg wr zruu| derxw wkh erxqgdu| ri wkh frqvxpswlrq vhw zkhq zh
fkdudfwhul}h Sduhwr0h!flhqw doorfdwlrqv1 Zlwkrxw wkh erxqgdu|/ wkhuh zloo
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eh qr �fruqhu vroxwlrqv� wr zruu| derxw dqg wkh �uvw0rughu frqglwlrqv wkdw
fkdudfwhul}h h!flhqf| zloo krog dv htxdwlrqv1

Qrz zh duh uhdg| wr vwdwh dqg suryh wkh surplvhg uhvxow/ qdpho|/ wkdw
sdluzlvh h!flhqf| dqg Sduhwr h!flhqf| duh htxlydohqw xqghu wkh pdlqwdlqhg
dvvxpswlrqv1 Wkh dujxphqw lv vlpsoh1 Xqghu frqglwlrq +414,/ Sduhwr0h!flhqw
doorfdwlrqv duh fkdudfwhul}hg e| wkh frqglwlrq wkdw doo djhqwv kdyh wkh vdph
pdujlqdo udwhv ri vxevlwxwlrq ehwzhhq sdluv ri frpprglwlhv1 Olnhzlvh/ sdluzlvh0
h!flhqw doorfdwlrqv duh fkdudfwhul}hg e| wkh frqglwlrq wkdw dq| wzr djhqwv
kdyh wkh vdph pdujlqdo udwhv ri vxevwlwxwlrq ehwzhhq sdluv ri frpprglwlhv1
Wkhvh frqglwlrqv duh reylrxvo| htxlydohqw vr Sduhwr0h!flhqf| dqg sdluzlvh
h!flhqf| duh htxlydohqw1

Lq jhqhudo/ wkhuh pd| h{lvw doorfdwlrqv wkdw duh sdluzlvh0h!flhqw exw qrw
Sduhwr0h!flhqw1 Lq rwkhu zrugv/ li frqglwlrq +414, lv qrw vdwlv�hg ru li wkh
doorfdwlrq lv qrw lqglylgxdoo| udwlrqdo/ wkhuh pd| h{lvw doorfdwlrqv wkdw fdq
eh lpsuryhg rq e| pdnlqj frpprglw| wudqvihuv dprqj wkuhh ru pruh djhqwv/
exw qrw e| pdnlqj frpprglw| wudqvihuv ehwzhhq d vlqjoh sdlu ri djhqwv1

Sursrvlwlrq 4 Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ dq +dwwdlqdeoh, dqg lq0
glylgxdoo| udwlrqdo doorfdwlrq % lv Sduhwr0h!flhqw li dqg rqo| li lw lv sdluzlvh0
h!flhqw1

Surri1 Li % lv d sdluzlvh0h!flhqw doorfdwlrq/ wkhq lw pxvw vroyh wkh iroorzlqj
pd{lpl}dwlrq sureohp iru hdfk sdlu ri djhqwv E�c ��=

4@ ��E%
�
��

v1w1 %�� n %�� � %� n %�c ��E%
�
�� � ��E%��c

zkhuh %�� dqg %�� duh uhvwulfwhg wr wkh rshq vhwv C� dqg C�1 Qrwh wkdw zh fdq
glvshqvh zlwk wkh frqglwlrqv %�� 5 f� dqg %�� 5 f� vlqfh wkh| duh jxdudqwhhg
e| wkh frqglwlrqv ��E%��� � ��E%�� dqg ��E%

�
�� � ��E%��1 Wklv lv wkh rqo| sodfh

wkdw surshuw| +414, lv xvhg1
Dq dssolfdwlrq ri wkh �qhfhvvlw|� sduw ri wkh Nxkq0Wxfnhu wkhruhp lp0

solhv wkdw d vroxwlrq ri wklv sureohp vdwlv�hv wkh �uvw0rughu frqglwlrqv

u��E%�� 2 u��E%��c ;�c �1
Exw dffruglqj wr wkh �vx!flhqf|� sduw ri wkh Nxkq0Wxfnhu wkhruhp/ wkh
�uvw0rughu frqglwlrqv lpso| wkdw % vroyhv wkh sureohp

4@ ��E%
�
��

v1w1
S6

�'� %
�
� �

S6
�'� %�c ��E%

�
�� � ��E%��c;� 9' �c
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zkhuh %�� lv uhvwulfwhg wr wkh rshq vhw C� dqg %�� lv uhvwulfwhg wr wkh rshq vhw
C� iru hyhu| �1 Lq rwkhu zrugv/ lw lv lpsrvvleoh wr pdnh rqh djhqw ehwwhu r�
zlwkrxw pdnlqj vrph ri wkh rwkhuv zruvh r�1 Vlqfh wkh xwlolw| ixqfwlrqv duh
frqwlqxrxv dqg lqfuhdvlqj/ wklv lv htxlydohqw wr wkh Sduhwr h!flhqf| ri %1

Reylrxvo|/ Sduhwr h!flhqf| lpsolhv sdluzlvh h!flhqf|/ vr wkh surri ri
Sursrvlwlrq 4 lv frpsohwh1

Lq wkh vhtxho zh vwxg| d jdph lq zklfk h{fkdqjh rffxuv ehwzhhq sdluv
ri djhqwv1 Wklv wudglqj surfhvv uhvxowv lq d sdluzlvh0h!flhqw �qdo doorfdwlrq1
Wkh htxlydohqfh ri sdluzlvh h!flhqf| dqg Sduhwr h!flhqf| lpphgldwho| lp0
solhv wkdw wkh �qdo doorfdwlrq lv Sduhwr0h!flhqw1

Dv zdv qrwhg deryh/ zlwkrxw surshuw| +414, wkhuh pd| h{lvw doorfdwlrqv
wkdw duh sdluzlvh0h!flhqw exw qrw Sduhwr0h!flhqw1 D vlpsoh h{dpsoh zloo
pdnh wklv fohdu1 Vxssrvh wkhuh duh wkuhh djhqwv � ' �c 2c � dqg wkuhh jrrgv
� ' �c 2c �1 Hdfk djhqw � kdv dq hqgrzphqw ri rqh xqlw ri jrrg � ' � dqg
qrqh ri wkh jrrgv � 9' �1 Wkh frqvxpswlrq vhw lv dvvxphg wr eh +�

n iru hdfk
djhqw dqg wkh xwlolw| ixqfwlrq ri djhqw � lv gh�qhg e| sxwwlqj

��E%�� '

�
%�� n 2%��n� � ' �c 2
%�� n 2%�� � ' ��

Wkhq wkh doorfdwlrq % ' E%�c %2c %�� ' Ee�c e2c e�� lv sdluzlvh h!flhqw exw qrw
Sduhwr0h!flhqw1 Lw lv qrw Sduhwr0h!flhqw ehfdxvh hdfk djhqw jhwv d xwlolw| ri
� zkhuhdv kh zrxog jhw 2 li kh jdyh xs klv hqgrzphqw lq h{fkdqjh iru rqh
xqlw ri klv suhihuuhg jrrg1 Rq wkh rwkhu kdqg/ qr sdlu ri djhqwv fdq lqfuhdvh
wkhlu xwlolw| ohyhov ehfdxvh ri wkh odfn ri pxwxdo frlqflghqfh ri zdqwv1 Iru
h{dpsoh/ djhqw � zrxog olnh wr jlyh xs rqh xqlw ri jrrg � lq h{fkdqjh iru rqh
xqlw ri jrrg 2/ exw djhqw 2/ zkr kdv rqh xqlw ri jrrg 2/ grhv qrw ydoxh jrrg
�1 D prphqw*v wkrxjkw zloo vkrz wkdw lw lv fuxfldo iru wklv h{dpsoh wkdw hyhu|
djhqw lv rq wkh erxqgdu| ri klv frqvxpswlrq vhw dqg wkdw wkh lqgl�huhqfh
fxuyhv lqwhuvhfw wkh erxqgdu| ri wkh frqvxpswlrq vhw1 +Wkh xwlolw| ixqfwlrqv
lq wklv h{dpsoh duh qrw lqfuhdvlqj/ exw wkh h{dpsoh frxog hdvlo| eh dgmxvwhg
wr vdwlvi| wklv surshuw| zlwkrxw fkdqjlqj wkh uhvxow,1 Iru d pruh ghwdlohg
glvfxvvlrq ri wkh uhodwlrqvkls ehwzhhq sdluzlvh/ |0zlvh dqg Sduhwr h!flhqf|/
vhh Jrogpdq dqg Vwduu +4<;5,1
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416 G|qdplfPdwfklqj dqg Edujdlqlqj Jdphv

Wkh prgho hfrqrp| lq wkh suhfhglqj vhfwlrq ghvfulehv wkh djhqwv* hqylurq0
phqw/ exw qrw wkh uhvwulfwlrqv rq wkhlu ehkdylru1 Wr gr wkdw/ zh qhhg wr
gh�qh dq h{whqvlyh0irup jdph/ d vhw ri uxohv wkdw whoov xv h{dfwo| zkdw df0
wlrqv sod|huv duh doorzhg wr wdnh dqg zkhq wkh| duh doorzhg wr wdnh wkhp1
Wkh uxohv ri wkh jdph dovr whoo xv h{dfwo| zkdw frqvhtxhqfhv iroorz iurp dq|
vhtxhqfh ri dfwlrqv dgrswhg e| wkh sod|huv1

Jdph wkhrulvwv wdnh wkh exvlqhvv ri gh�qlqj d jdph yhu| vhulrxvo|1 Wklv lv
qrw mxvw d pdwwhu ri pdwkhpdwlfdo suhflvlrq1 Dv wkh Qdvk Surjudp ghvfulehg
lq Fkdswhu 3 pdnhv fohdu/ wkh jrdo lq gh�qlqj d qrq0frrshudwlyh jdph lv
wr pdnh wkh dvvxpswlrqv dqg hfrqrplf dqdo|vlv ri wkh jdph dv fohdu dqg
frpsohwh dv srvvleoh1 Rqh fulwhulrq ri zkhwkhu zh kdyh dfklhyhg wkh jrdov
ri wkh Qdvk Surjudp lv wr dvn zkhwkhu wkh jdph lv �sod|deoh�1 Duh wkh
lqvwuxfwlrqv surylghg frpsohwh dqg fohdu hqrxjk vr wkdw vrphrqh zkr zdv
rqo| jlyhq wkhvh lqvwuxfwlrqv frxog/ lq sulqflsoh/ sod| wkh jdphB Iru h{dpsoh/
zrxog dq h{shulphqwdo hfrqrplvw eh deoh wr jr lqwr d oderudwru| dqg kdyh
vxemhfwv sod| wklv jdph ru zrxog kh kdyh wr lqyhqw dgglwlrqdo uxohv dqg
frqyhqwlrqv klpvhoi ehiruh wkh h{shulphqw frxog surfhhgB

Zlwkrxw d �sod|deoh� jdph lq wklv vhqvh/ lw lv qrw fohdu wkdw wkh remhfw ri
vwxg| lv zhoo gh�qhg1 Lpdjlqh wkdw vrphrqh jlyhv |rx dq xqidploldu erdug
jdph dv d jliw/ exw wkh lqvwuxfwlrqv duh plvvlqj1 Zlwkrxw nqrzlqj zkdw |rx
duh vxssrvhg wr gr/ krz fdq |rx sod| wkh jdphB \rx grq*w nqrz zkdw wkh
jdph lv1 Wkh vdph sureohp frqiurqwv d jdph wkhrulvw zkhq kh hqfrxqwhuv d
orrvho| vshfl�hg hfrqrplf hqylurqphqw1 Zlwkrxw olplwlqj wkh dfwlrqv dydlo0
deoh wr wkh sod|huv dqg vshfli|lqj wkh frqvhtxhqfhv ri wkhvh dfwlrqv/ lw lv
gl!fxow wr vd| krz wkh jdph vkrxog eh sod|hg dqg zkdw wkh rxwfrph vkrxog
eh1

Wkh Qdvk Surjudp uhtxluhv d qrq0frrshudwlyh jdph1 Wkh idfw wkdw d
jdph lv qrq0frrshudwlyh lq wklv whfkqlfdo vhqvh grhv qrw uxoh rxw frrshudwlyh
ehkdylru1 Lw vlpso| vd|v wkdw li qhjrwldwlrq/ suh0sod| frppxqlfdwlrq/ elqglqj
djuhhphqwv/ dqg rwkhu hohphqwv ri frrshudwlrq rffxu/ wkhq wkh| pxvw eh
lqfoxghg lq wkh gh�qlwlrq ri wkh jdph1 Wkh Qdvk Surjudp lv d frpplwphqw wr
ehlqj h{solflw derxw dvvxpswlrqv dqg hfrqrplf dqdo|vlv ri wkh jdph/ udwkhu
wkdq d frpplwphqw wr d sduwlfxodu nlqg ri jdph ru sduwlfxodu rxwfrphv1

Kdylqj dgrswhg wkhvh jhqhudo sulqflsohv/ wkhuh uhpdlq pdq| gl�huhqw
zd|v ri prgholqj wudgh dprqj d jurxs ri vhoi0lqwhuhvwhg djhqwv1 Rqh prgho
wkdw kdv suryhg sduwlfxoduo| xvhixo lq dqdo|}lqj ghfhqwudol}hg wudgh lv edvhg
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rq sdluzlvh pdwfklqj dqg edujdlqlqj1 Lqglylgxdo djhqwv vhdufk iru wudglqj
rssruwxqlwlhv dqg phhw rqh rwkhu lqglylgxdo dw d wlph1 Zkhq d sdlu ri djhqwv
hqfrxqwhu rqh dqrwkhu +pdwfklqj,/ wkh| ghwhuplqh zkhwkhu dqg zkdw wr wudgh
+edujdlqlqj,1 Edujdlqlqj lv uhsuhvhqwhg e| wkh �dowhuqdwlqj r�huv� prgho ri
Vwdko +4<:5, dqg Uxelqvwhlq +4<:5, ghvfulehg lq Fkdswhu 31

Hyhq zlwklq wklv iudphzrun/ wkhuh duh pdq| fkrlfhv wr eh pdgh1 Krz duh
pdwfkhv ghwhuplqhgB Zkr phhwv zkrp dqg krz riwhqB Zkhq djhqwv duh
pdwfkhg/ krz grhv wkh edujdlqlqj surfhhgB Duh r�huv pdgh vlpxowdqhrxvo|
ru vhtxhqwldoo|B Krz orqj duh r�huv rq wkh wdeoh ehiruh wkh| fdq eh zlwk0
gudzq ru dphqghgB Zkhq lv d pdwfk glvvroyhgB Xqghu zkdw flufxpvwdqfhv
fdq dq djhqw fkdqjh klv sduwqhuB Zkdw gr djhqwv nqrz derxw hdfk rwkhu
dqg derxw wkh suhylrxv sod| ri wkh jdphB

Wkhvh ghwdlov duh lpsruwdqw ehfdxvh wkh rxwfrph ri wkh jdph pd| ghshqg
fulwlfdoo| rq wkh ghwdlov ri wkh prgholqj1 Vrph shrsoh �qg wkh vhqvlwlylw|
ri wkh dqdo|vlv wr wkh ghwdlov ri wkh prgholqj glvdssrlqwlqj1 Vlqfh zh kdyh
olplwhg lqirupdwlrq derxw zkdw wkh �uljkw� vshfl�fdwlrq ri wkh prgho lv/ zkdw
frq�ghqfh fdq zh kdyh lq wkh suhglfwlrqv ri rxu wkhru|B Fhuwdlqo|/ lw zrxog
eh qlfh wr ghyhors d wkhru| wkdw jlyhv vwurqj/ xqdpeljxrxv suhglfwlrqv xqghu
yhu| jhqhudo frqglwlrqv> exw idlolqj wkdw wkh ehvw zh fdq gr lv wr xqghuvwdqg
wkh uhdvrqv iru wkh vhqvlwlylw| ri wkh uhvxowv1 Dw wkh yhu| ohdvw/ nqrzlqj wkh
vhqvlwlylw| ri rxu uhvxowv wr vshfl�f dvvxpswlrqv fdq whdfk xv wr eh fdxwlrxv1
Pruhryhu/ lw surylghv d vwduwlqj srlqw iru wklqnlqj derxw wkh nlqg ri gdwd
wkdw rqh pljkw qhhg wr pdnh pruh suhflvh suhglfwlrqv1 Ilqdoo|/ dowkrxjk rxu
prghov duh rqo| h{dpsohv/ vhhlqj krz wkh dujxphqw lv frqvwuxfwhg lq frqfuhwh
vhwwlqjv jlyhv xv d ehwwhu xqghuvwdqglqj ri wkh orjlf ri wkh dujxphqw1 Wklv lv
d xvhixo ohvvrq hyhq li lw grhv qrw doorz xv wr suhglfw zkdw wkh zruog lv olnh
iurp �uvw sulqflsohv1

Zlwk wkhvh fdyhdwv zh duh uhdg| wr ehjlq wkh exvlqhvv ri ghvfulelqj wkh
jdph1

Wlph1 Wkh sxuh h{fkdqjh prgho lv wlphohvv dqg vwdwlf1 Wkh g|qdplf pdwfk0
lqj dqg edujdlqlqj jdph wdnhv wlph wr sod|1 Zh dvvxph wkdw wlph lv glylghg
lqwr d frxqwdeoh qxpehu ri shulrgv ru gdwhv/ lqgh{hg | ' �c 2c ���1 Wkh
surfhvv ri pdwfklqj/ edujdlqlqj/ dqg h{fkdqjh rffxuv dw wkhvh gdwhv1 Frq0
vxpswlrq rffxuv diwhu wkh jdph lv �qlvkhg +hdfk djhqw frqvxphv klv whuplqdo
frqvxpswlrq exqgoh,1

Pdwfklqj1 Dw hdfk gdwh dq rughuhg sdlu ri djhqwv E�|c �|� lv pdwfkhg/ zlwk
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�| 9' �|1 Lw lv dvvxphg wkdw iru dq| sdlu E�c �� zlwk � 9' � wkhuh lv dq lq�qlwh
qxpehu ri gdwhv dw zklfk wkh sdlu E�c �� lv pdwfkhg1

Edujdlqlqj1 Vxssrvh wkdw d sdlu ri djhqwv E�c �� kdv ehhq fkrvhq +pdwfkhg,
dw gdwh |1 Djhqw � lv fdoohg wkh sursrvhu dqg � lv fdoohg wkh uhvsrqghu1
Wkh sursrvhu fkrrvhv d yhfwru 5 ri ihdvleoh qhw wudghv1 Wkh uhvsrqghu fdq
dffhsw wkh sursrvdo e| vd|lqj �\hv�/ ru uhmhfw lw e| vd|lqj �Qr�1 Li wkh
sursrvdo lv dffhswhg/ wkh wzr djhqwv h{fkdqjh wkh sursrvhg yhfwru ri wudghv1
Wkh sursrvhu jhwv 5 dqg wkh uhvsrqghu jhwv �51 Li wkh sursrvdo lv uhmhfwhg/
qr wudgh wdnhv sodfh dqg doo djhqwv ehjlq wkh qh{w shulrg zlwk wkh doorfdwlrq
wkh| kdg dw wkh ehjlqqlqj ri wkh suhvhqw shulrg1

Lw fdqqrw eh vwuhvvhg wrr riwhq wkdw wkh jdph ghvfulehg khuh lv vshfldo1
Rwkhu jdphv zrxog jlyh gl�huhqw uhvxowv1 +L zloo wu| wr jlyh vshfl�f zduqlqjv
zkhuh dssursuldwh,1 Wkh srlqw ri wkh h{huflvh lv qrw wr fodlp wkdw wklv lv
wkh xqltxh �wuxh� prgho/ exw udwkhu wr jlyh dq h{dpsoh ri wkh nlqgv ri
dvvxpswlrqv dqg dujxphqwv wkdw duh qhhghg wr hqvxuh d sduwlfxodu rxwfrph/
qdpho|/ shuihfw frpshwlwlrq lq d sxuh h{fkdqjh hfrqrp|1

Rqh sduwlfxodu olplwdwlrq vkrxog eh qrwhg lpphgldwho|1 Rqo| rqh sdlu ri
djhqwv lv pdwfkhg dw dq| gdwh dqg rqo| wkhvh djhqwv kdyh dq dfwlyh uroh dw
d jlyhq gdwh1 Wkh rwkhu djhqwv uhpdlq sdvvlyh xqwlo wkh qh{w urxqg1 Wkh
dvvxpswlrq wkdw wkhuh lv qr vlpxowdqhrxv wudgh lv uhvwulfwlyh/ exw shukdsv
qrw dv uhvwulfwlyh dv lw dsshduv1 Vxssrvh wkdw zh kdg prghohg �wlph� dv d
frqwlqxrxv yduldeoh/ zlwk pdwfkhv glvwulexwhg dffruglqj wr d Srlvvrq surfhvv1
Wkhq wkh suredelolw| wkdw wzr sdluv zhuh iruphg dw wkh vdph wlph zrxog eh
}hur1 Khuh zh zrun zlwk glvfuhwh wlph dqg uhwdlq wkh dvvxpswlrq wkdw vl0
pxowdqhrxv pdwfklqj kdv d }hur suredelolw|1 Uxolqj rxw vlpxowdqhrxv pryhv
vlpsol�hv wkh jdph1 Rqh fdq rqo| krsh wkdw lw grhv qrw ryhuvlpsoli|1

Doo sdluv ri djhqwv phhw lq�qlwho| riwhq/ iru hdfk dvvljqphqw ri urohv lq
wkh edujdlqlqj jdph1 Wklv frqqhfwhgqhvv dvvxpswlrq lv lpsruwdqw wr hqvxuh
wkdw wkh djhqwv ixqfwlrq dv d vlqjoh lqwhjudwhg hfrqrp|1

Zhdnhu dvvxpswlrqv zrxog dovr vx!fh1 Iru h{dpsoh/ lw zrxog eh hqrxjk
wr dvvxph wkdw iru hyhu| sdlu ri djhqwv E�c �� wkhuh lv vrph �qlwh vhtxhqfh ri
phhwlqjv wkdw frqqhfwv hdfk sdlu ri djhqwv dqg wkdw wklv vhtxhqfh ri phhwlqjv
rffxuv lq�qlwho| riwhq1 Wr hqvxuh wklv/ zh zrxog kdyh wr dvvxph wkdw iru dq|
� dqg � wkhuh h{lvwv d vhtxhqfh i�&jg&'f zlwk �f ' � dqg �g ' � dqg wkh
rughuhg sdlu E�&c �&n�� phhwv lq�qlwho| riwhq iru hdfk & 	 g1 Wkh vwurqjhu
dvvxpswlrq lv pdlqwdlqhg khuh iru vlpsolflw|/ exw wkh uhvxowv zrxog vwloo krog
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zlwk wkh zhdnhu frqqhfwhgqhvv dvvxpswlrq1

41614 Wkh Sod| ri wkh Jdph

Wkh sod| ri wkh jdph lv ghvfulehg e| d sdwk1 D sdwk lv d frpsohwh klvwru|
ri wkh sod| ri wkh jdph/ d ghvfulswlrq ri hyhu|wklqj wkdw kdsshqv dw hyhu|
gdwh1 Irupdoo|/ sdwk lv d vhtxhqfhi@|j"|'� frqvlvwlqj ri rughuhg wulsohv @| '
E%|c 5|c o|�/ zkhuh %| lv wkh doorfdwlrq wkdw kdv ehhq uhdfkhg dw wkh ehjlqqlqj
ri gdwh |/ 5| lv wkh sursrvdo r�huhg e| �|/ dqg o| lv wkh uhvsrqvh pdgh e| �|1

D ihdvleoh sdwk pxvw vdwlvi| vhyhudo frqglwlrqv1 Iluvw/ %| pxvw eh dq
dwwdlqdeoh doorfdwlrq dw hdfk gdwh |1 Vhfrqgo|/ %| pxvw eh frqvlvwhqw zlwk
wkh dfwlrqv fkrvhq e| wkh djhqwv1 Uhfdoo wkdw rqo| wkh sursrvhu dqg uhvsrq0
ghu duh doorzhg wr h{fkdqjh frpprglwlhv dw gdwh | dqg wkh dfwxdo yhfwru ri
frpprglwlhv h{fkdqjhg lv htxdo wr wkh dffhswhg sursrvdo +li wkh sursrvdo lv
uhmhfwhg wkhuh lv qr wudgh,1 Wkhq d ihdvleoh sdwk @ ' i@|j pxvw vdwlvi|

%�|n� ' %�| n 5| li � ' �| dqg o| ' R+er�

%�|n� ' %�| � 5| li � ' �| dqg o| ' R+er�

%�|n� ' %�| rwkhuzlvh/

iru hyhu| gdwh |1 Ohw � ghqrwh wkh vhw ri ihdvleoh sdwkv1
Dw hdfk gdwh wkh djhqwv revhuyh wkh sursrvdo dqg uhvsrqvh1 Wkh lqiru0

pdwlrq dydlodeoh dw wkh ehjlqqlqj ri gdwh | frqvlvwv ri wkh sdwk vhjphqw
E@�c ���c @|3��1 Fdoo wklv sdwk vhjphqw wkh klvwru| ri wkh jdph xs xqwlo gdwh |
dqg ghqrwh lw e| �|1 Dw hdfk gdwh |/ wkh sursrvhu pryhv �uvw dqg wkhq wkh uh0
vsrqghu pryhv1 Wkh sursrvhu nqrzv wkh klvwru| �|> wkh uhvsrqghu nqrzv wkh
klvwru| �| dqg wkh sursrvdo 5|1 Vr wkh lqirupdwlrq vhw dw zklfk wkh sursrvhu
pryhv kdv wkh irup E�c %� dqg wkh lqirupdwlrq vhw dw zklfk wkh uhvsrqghu
pryhv kdv wkh irup E�c %c 5�15 Ohw M� ghqrwh wkh lqirupdwlrq vhwv dw zklfk
djhqw � frqwurov sod|1

D vwudwhj| iru djhqw � lv d ghflvlrq uxoh wkdw vshfl�hv d ihdvleoh dfwlrq iru
wkh sod|hu dw hyhu| lqirupdwlrq vhw zkhuh kh lv uhtxluhg wr pryh1 Li djhqw
� lv wkh sursrvhu dw dq lqirupdwlrq vhw E�c %� wkhq kh kdv wr fkrrvh d qhw
wudgh 5 wkdw lv ihdvleoh iru klpvhoi dqg wkh uhvsrqghu/ wkdw lv/ %� n 5 5 f�

dqg %� � 5 5 f�1 Li djhqw � lv wkh uhvsrqghu dw dq lqirupdwlrq vhw E�c %c 5� kh

5Wkh doorfdwlrq { lv d ixqfwlrq ri k dqg wr wklv h{whqw wkhuh lv vrph uhgxqgdqf| lq
wklv qrwdwlrq iru lqirupdwlrq vhwv/ exw wkhuh lv vrph dgydqwdjh lq pdnlqj { h{solflw vlqfh
L uhihu wr lw riwhq1
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kdv wr fkrrvh �|hv� ru �qr�1 Irupdoo|/ d vwudwhj| iru djhqw � lv d ixqfwlrq
s� gh�qhg rq wkh grpdlq M� zlwk ydoxhv lq +� ru i+erc ?Jj dv dssursuldwh1
D ihdvleoh vwudwhj| iru � pxvw pxvw vdwlvi|

%�| n s�E�|c %|� 5 f� iru � ' �|

%�| � s�E�|c %|� 5 f� iru � ' �|

dw dq| lqirupdwlrq vhw E�|c %|� vxfk wkdw � ' �|1 Wkh vhw ri ihdvleoh vwudwhjlhv
iru � lv ghqrwhg e| 8� dqg wkh vhw ri vwudwhj| sur�ohv lv ghqrwhg e| 8 ' �6

�'�8�1
Iru dq| vwudwhj| sur�oh s 5 8 zh fdq gh�qh d xqltxh sdwk @s ' i@s| j

dqg d xqltxh rxwfrph 1E@s � ' i1|E@s�j1 Li �s| lv wkh klvwru| dw gdwh |/ wklv
ghwhuplqhv wkh dwwdlqdeoh doorfdwlrq %| xqltxho| e| sxwwlqj

%�| ' 1|E@
s� '

;?
=

%�|3� n 5|3� li � ' �|3� dqg o|3� ' R+er�
%�|3� � 5|3� li � ' �|3� dqg o|3� ' R+er�
%�|3� rwkhuzlvh1

Wkhq wkh sursrvdo 5| lv jlyhq e|

5| ' s�|E�
s
| c %|�

dqg wkh uhvsrqvh o| lv jlyhq e|

o| ' s�|E�
s
| c %|c 5|��

Wkxv/ iru dq| klvwru| �s| wkh vwudwhj| sur�oh s doorzv xv wr gh�qh wkh klvwru|
�s|n� ' E�s| c @

s
| � dqg e| lqgxfwlrq zh fdq gh�qh wkh hqwluh sdwk @s 1

41615 Sd|r�v

Wkh frqvwuxfwlrq ri d sdwk iru hdfk vwudwhj| sur�oh s lv fuxfldo lq gh�qlqj
wkh sd|r�v ri wkh jdph1 Urxjko| vshdnlqj/ dq djhqw*v sd|r� lv wkh xwlolw| kh
jhwv iurp klv whuplqdo frqvxpswlrq/ exw vlqfh wkh jdph jrhv rq iruhyhu klv
whuplqdo frqvxpswlrq pd| qrw eh zhoo gh�qhg1 Iru wklv uhdvrq/ zh fdofxodwh
wkh xwlolw| kh zrxog jhw li kh frqvxphg klv frpprglw| exqgoh dw gdwh | dqg
wdnh dv klv sd|r� wkh colp lqi* ri wklv vhtxhqfh ri xwlolwlhv1 Iru dq| rxwfrph
i%|j"|'� zh gh�qh wkh sd|r� wr djhqw � wr eh wkh

*�4 �?u
|<"

��E%�|� ' t�T
AD�

i�?ui��E%�|�m| � Ajj�
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Qrwh wkdw wkhuh lv qr glvfrxqwlqj khuh dqg wkdw wkh xvh ri wkh olp lqi lv
frqvhuydwlyh lq wkh vhqvh wkdw lw wdnhv wkh orzhvw srvvleoh hvwlpdwh iru wkh
olplwlqj ydoxh ri wkh djhqw*v xwlolw|1 Lq sudfwlfh/ zh zloo eh deoh wr vkrz wkdw
wkh vhtxhqfh ri xwlolwlhv i��E%�|�j kdv d olplw dqg wkh vhtxhqfh ri udqgrp
doorfdwlrqv kdv d olplw wrr1

Lq wkh vdph zd|/ wkh frqvwuxfwlrq ri dq rxwfrph 1E@s � iru hdfk vwudwhj|
sur�oh doorzv xv wr gh�qh wkh lqglylgxdo sd|r� ixqfwlrqv �� G 8 $ + e|
sxwwlqj wkh sd|r� iru djhqw � htxdo wr

��Es� ' *�4 �?u
|<"

��E1�|E@
s��

iru dq| vwudwhj| sur�oh s 5 8 1
Vr/ �qdoo|/ zh kdyh duulyhg dw d qrupdo irup jdph K gh�qhg e|

� d vhw ri sod|huv i�c ���c6j/
� d vhw ri vwudwhj| sur�ohv 8 ' �6

�'�8�/ dqg

� d sd|r� ixqfwlrq � ' E��c ���c �6�1

417 Htxloleulxp
Kdylqj gh�qhg d sod|deoh jdph/ wkh qh{w vwhs lq wkh dqdo|vlv ri wkh jdph
lv wr gh�qh dq htxloleulxp1 Wkh fhqwudo frqfhsw lq qrq0frrshudwlyh jdph
wkhru| lv wkh Qdvk htxloleulxp/ lq zklfk hdfk sod|hu fkrrvhv d vwudwhj| wkdw
lv d ehvw uhvsrqvh wr wkh vwudwhj| sur�oh fkrvhq e| klv rssrqhqwv1 Lq wklv
frqwh{w/ d Qdvk htxloleulxp lv d vwudwhj| sur�oh sW 5 8 zlwk wkh surshuw|
wkdw iru hdfk � wkh vwudwhj| s W� pd{lpl}hv wkh sd|r� ri djhqw � jlyhq wkh
vwudwhjlhv sW3� � EsW� c ���c s

W
�3�c s

W
�n�c ���c s

W
6�=

��Es
W� � ��Es

W
3�c s��c;s� 5 8��

Lq g|qdplf jdphv/ wkh Qdvk htxloleulxp frqfhsw lv riwhq irxqg wr eh wrr
zhdn wr jlyh lqwhuhvwlqj uhvxowv1 Lq sduwlfxodu/ lw grhv qrw uhvwulfw wkh ehkdylru
ri wkh djhqwv r� wkh htxloleulxp sdwk1 Dv dq h{dpsoh/ frqvlghu wkh iroorzlqj
vwudwhj| sur�oh=

� vxssrvh wkdw hyhu| djhqw � uhmhfwv hyhu| r�hu zkhqhyhu kh lv lq wkh
srvlwlrq ri wkh uhvsrqghu>
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� hyhu| djhqw � sursrvhv wkh qr0wudgh yhfwru 5 ' f zkhqhyhu kh lv lq wkh
srvlwlrq ri wkh sursrvhu1

Wkh sur�oh ri vwudwhjlhv gh�qhg lq wklv zd| lv d Qdvk htxloleulxp1 Vlqfh wkh
sursrvhu dqwlflsdwhv wkdw dq| r�hu zloo eh uhmhfwhg/ lw lv rswlpdo iru klp wr
pdnh rqo| wkh qr0wudgh r�hu1 Vlqfh wkh rqo| r�huv uhfhlyhg lq htxloleulxp duh
qr0wudgh r�huv/ lw lv rswlpdo iru wkh uhvsrqghu wr uhmhfw wkhp1 Wkxv/ hdfk ri
wkh vwudwhjlhv lv d ehvw uhvsrqvh wr zkdw wkh rwkhu sod|huv duh dfwxdoo| grlqj1

Qrwh/ krzhyhu/ wkdw li d sursrvhu zhuh wr ghyldwh iurp wkh htxloleulxp
vwudwhj| dqg r�hu d Sduhwr0lpsurylqj wudgh/ lw zrxog qrw eh rswlpdo iru wkh
uhvsrqghu wr uhmhfw lw1 Wklv nlqg ri ehkdylru vhhpv xquhdvrqdeoh/ exw lw lv
frpsdwleoh zlwk wkh gh�qlwlrq ri Qdvk htxloleulxp1 Wkh sureohp lv wkdw
wkh gh�qlwlrq ri Qdvk htxloleulxp rqo| uhtxluhv djhqw �*v vwudwhj| wr eh d
ehvw uhvsrqvh wr zkdw wkh rwkhu djhqwv dfwxdoo| gr lq htxloleulxp1 Wklv grhv
qrw uhvwulfw klv ehkdylru dw lqirupdwlrq vhwv wkdw duh qrw vxssrvhg wr dulvh
lq htxloleulxp1 Dq htxloleulxp vwudwhj| iru djhqw � pd| frpplw klp/ dw
vrph lqirupdwlrq vhwv/ wr wdnh dq dfwlrq wkdw zrxog qrw eh rswlpdo li wkh
lqirupdwlrq vhw zhuh uhdfkhg1 Wklv frpplwphqw wr wdnh d vxerswlpdo dfwlrq
li wkh lqirupdwlrq vhw zhuh uhdfkhg pd| eh fuxfldo iru wkh htxloleulxp1

Iru wklv uhdvrq/ zh riwhq pdnh xvh ri wkh vwurqjhu uhtxluhphqw ri vxe0
jdph shuihfw htxloleulxp +VSH, sursrvhg e| Vhowhq +4<98,1 VSH lv
vwurqjhu wkdq Qdvk htxloleulxp ehfdxvh lw uhtxluhv hdfk sod|hu wr fkrrvh
dq rswlpdo dfwlrq lq hyhu| vlwxdwlrq kh frxog frqfhlydeo| �qg klpvhoi lq/ dqg
qrw mxvw wkrvh wkdw rffxu dorqj wkh htxloleulxp sdwk1 Lq sduwlfxodu/ lw uxohv
rxw hpsw| ru qrq0fuhgleoh wkuhdwv/ wkdw lv/ wkuhdwv zklfk dq djhqw zrxog qrw
eh zloolqj wr fduu| rxw li kh irxqg klpvhoi lq wkh vlwxdwlrq lq zklfk kh kdg
wkuhdwhqhg wr wdnh wkh dfwlrq1 Irupdoo|/ iru dq| lqirupdwlrq vhw � 5 M� ohw
KE�� ghqrwh wkh vxejdph wkdw ehjlqv dw wkh lqirupdwlrq vhw �1 Iru dq| klv0
wru| �� ri KE�� dqg dq| vwudwhj| s� lq 8� ohw ks�m�l ghqrwh wkh vwudwhj| gh�qhg
e| sxwwlqj

ks�m�lE��� ' s�E�c �
���

Wkdw lv/ wkh vwudwhj| ks�m�l whoov d sod|hu wr ehkdyh lq wkh qhz jdph zkhq
kh revhuyhv wkh klvwru| �� wkh vdph dv kh zrxog kdyh ehkdyhg lq wkh ruljlqdo
jdph li kh kdg revhuyhg wkh frpelqhg klvwru| E�c ���/ wkdw lv/ � iroorzhg e|
��1 Wkhq d VSH ri K lv d vwudwhj| sur�oh s W vxfk wkdw/ iru dq| lqirupdwlrq vhw
� 5 M�/ ks W� m�l lv d ehvw uhvsrqvh wr ks W3�m�l1 Hdfk djhqw � lv uhtxluhg wr fkrrvh
d vwudwhj| wkdw vdwlv�hv wkh Qdvk htxloleulxp frqglwlrqv dw hyhu| srvvleoh
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lqirupdwlrq vhw dqg qrw mxvw wkrvh wkdw duh uhdfkhg dorqj wkh htxloleulxp
sdwk1 Lq rwkhu zrugv/ ksWm�l lv d Qdvk htxloleulxp ri KE��1

Dowkrxjk wkh frqfhsw ri VSH uhvwulfwv wkh ehkdylru ri wkh djhqwv lq zd|v
wkdw pd| eh lpsruwdqw/ lw vwloo ohdyhv rshq wkh grru iru pdq| nlqgv ri eh0
kdylru dv htxloleulxp skhqrphqd1 Wkh uhdvrq lv zhoo nqrzq iurp wkh wkhru|
ri uhshdwhg jdphv1 Dv wkh Iron Wkhruhp iru uhshdwhg jdphv vkrzv/ zkhq
sod|huv duh h{wuhpho| sdwlhqw hyhu| �lqglylgxdoo| udwlrqdo� sd|r� fdq eh vxs0
sruwhg dv d VSH +Ixghqehuj dqg Pdvnlq +4<;9,,1 Wkh suhvhqw jdph lv qrw
d uhshdwhg jdph1 D uhshdwhg jdph frqvlvwv ri wkh uhshdwhg sod| ri lghqwlfdo
jdphv dw vxffhvvlyh gdwhv1 D GPEJ fkdqjhv ryhu wlph ehfdxvh wkh fxuuhqw
doorfdwlrq fkdqjhv dv djhqwv wudgh1 Whfkqlfdoo|/ d GPEJ lv d vwrfkdvwlf jdph
lq zklfk wkh vwdwh lv wkh doorfdwlrq ri frpprglwlhv dqg wkh gdwh +uhfdoo wkdw
wkh pdwfklqj surfhvv lv d ixqfwlrq ri wkh gdwh,1 Vlqfh wkh vwdwh fkdqjhv iurp
shulrg wr shulrg/ d gl�huhqw jdph lv ehlqj sod|hg dw hdfk gdwh1 Qrqhwkhohvv/
wkh sulqflsoh ri lqghwhuplqdf| wkdw dssolhv lq uhshdwhg jdphv fdq dovr d�hfw
wkh dqdo|vlv ri wklv jdph1 Dq djhqw*v dfwlrq dw gdwh | d�hfwv klv sd|r� lq wzr
zd|v1 Lw d�hfwv klv sd|r� gluhfwo| e| fkdqjlqj klv fxuuhqw frpprglw| exqgoh
dqg lw d�hfwv klv sd|r� lqgluhfwo| e| fkdqjlqj wkh ixwxuh ehkdylru ri klv rs0
srqhqwv1 Li d sduwlfxodu dfwlrq zloo ohdg klv rssrqhqwv wr dgrsw d sxqlvkphqw
vwudwhj|/ kh fdq eh ghwhuuhg iurp fkrrvlqj wkdw dfwlrq hyhq li wkh gluhfw h�hfw
rq klv sd|r� pljkw eh ehqh�fldo1 Lq wkh vdph zd|/ klv rssrqhqwv* ghflvlrq
wr sxqlvk klp zloo eh prwlydwhg e| wkh sxqlvkphqwv wkh| dqwlflsdwh li wkh|
idlo wr sxqlvk1 Lq dq lq�qlwh0krul}rq jdph/ wklv qhyhu hqglqj vhtxhqfh ri
wkuhdwv vxssruwhg e| frxqwhu0wkuhdwv vxssruwhg e| frxqwhu0frxqwhu0wkuhdwv
111 dqg vr rq/ pd| xqghuplqh wkh uhvwulfwlyhqhvv ri VSH dowrjhwkhu1 Lq rwkhu
zrugv/ pdq| wkuhdwv pd| ehfrph fuhgleoh li wkh| duh vxssruwhg e| ixuwkhu
wkuhdwv dg lq�qlwxp1 Wkh uhvxow lv d odujh vhw ri rxwfrphv frqvlvwhqw zlwk
VSH ehkdylru1

Wr dyrlg wklv lqghwhuplqdf|/ wkhrulvwv duh vrphwlphv ohg wr uhvwulfw wkhlu
dwwhqwlrq wr dq hyhq vpdoohu vhw ri vwudwhjlhv/ qdpho| wkrvh zklfk duhphpr0
u|ohvv ru klvwru|0lqghshqghqw1 Li doo djhqwv fkrrvh phpru|ohvv vwudwhjlhv
lq htxloleulxp/ wkh vfrsh iru vxssruwlqj dq rxwfrph dv dq htxloleulxp lv frq0
vlghudeo| uhgxfhg/ vlqfh dq djhqw nqrzv +zkhq kh fkrrvhv klv dfwlrq, wkdw lw
zloo eh irujrwwhq zkhq djhqwv kdyh wr pdnh wkhlu fkrlfhv lq wkh ixwxuh1 Lq
wkh suhvhqw jdph/ zh fdqqrw hvfdsh iurp wkh h�hfwv ri phpru| dowrjhwkhu/
vlqfh wkh fxuuhqw doorfdwlrq lv d surgxfw ri wkh sdvw dqg pxvw eh nqrzq e|
wkh djhqwv fkrrvlqj dfwlrqv lq hdfk shulrg1 Krzhyhu/ uhvwulfwlqj phpru| dv
pxfk dv srvvleoh zloo eh vhhq wr kdyh d fuxfldo h�hfw rq wkh dqdo|vlv ri wkh
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jdph1 Irupdoo|/ d Pdunry vwudwhj| s lv rqh lq zklfk

� iru dq| lqirupdwlrq vhwv E�c %�c E��c %� 5 M�/ zkhuh � lv wkh sursrvhu/ wkh
vwudwhj| fkrrvhv wkh vdph sursrvdo 5 ' s E�c %� ' sE��c %�>

� iru dq| lqirupdwlrq vhwv E�c %c 5�c E��c %c 5� 5 M�/ zkhuh � lv wkh uhvsrq0
ghu/ wkh vwudwhj| fkrrvhv wkh vdph uhvsrqvh o ' sE�c %c 5� ' sE��c %c 5�1

Lq rwkhu zrugv/ d sursrvhu*v dfwlrq dw wkh lqirupdwlrq vhw E�c %� ghshqgv rqo|
rq wkh dwwdlqdeoh doorfdwlrq % dqg wkh gdwh |/ dqg qrw wkh klvwru| �1 Zh kdyh
wr lqfoxgh | dv sduw ri wkh lqirupdwlrq ehfdxvh wkh lghqwlw| ri wkh sursrvhu
� dqg wkh uhvsrqghu � duh ixqfwlrqv ri |1 Vlploduo|/ dw wkh lqirupdwlrq vhw
E�c %c 5� wkh uhvsrqghu*v dfwlrq ghshqgv rqo| rq wkh doorfdwlrq %/ wkh gdwh |
dqg wkh sursrvdo 5/ dqg qrw wkh klvwru| �1

Wkh frqfhsw ri phpru|ohvv vwudwhjlhv ohdgv wr d ixuwkhu uh�qhphqw ri
Qdvk htxloleulxp1 D Pdunry shuihfw htxloleulxp +PSH, lv d VSH lq
zklfk hdfk djhqw fkrrvhv d Pdunry vwudwhj|1 Qrwh wkdw zh duh uhvwulfwlqj
dwwhqwlrq wr VSH lq zklfk djhqwv fkrrvh Pdunry vwudwhjlhv/ zklfk lv qrw
wkh vdph dv uhvwulfwlqj dq djhqw*v fkrlfh wr Pdunry vwudwhjlhv1 Lq d PSH/
wkh djhqw lv doorzhg wr fkrrvh dq| ihdvleoh vwudwhj|/ exw lw wxuqv rxw wkdw d
Pdunry vwudwhj| lv rswlpdo lq wkh vhw ri doo vwudwhjlhv1

418 Wkh Hgjhzruwk Surshuw|
Lq wkh qlqhwhhq0vl{wlhv dqg qlqhwhhq0vhyhqwlhv hfrqrplvwv vwxglhg d w|sh ri
doorfdwlrq surfhvv nqrzq dv wkh Hgjhzruwk Surfhvv +X}dzd +4<93,,1 Dq
doorfdwlrq surfhvv lv d g|qdplf surfhvv lq zklfk wkh vwdwh yduldeoh lv dq
dwwdlqdeoh doorfdwlrq wkdw hyroyhv dffruglqj wr d ghwhuplqlvwlf ru vwrfkdvwlf
odz ri prwlrq1 Fruuhvsrqglqj wr wkh doorfdwlrq surfhvv lv d xwlolw| surfhvv
gh�qhg e| wkh yhfwru ri xwlolwlhv dvvrfldwhg zlwk wkh fxuuhqw doorfdwlrq dw
hdfk srlqw lq wlph1 Wkh gh�qlqj surshuw| ri wkh Hgjhzruwk surfhvv lv
wkdw wkh xwlolw| surfhvv lv qrq0ghfuhdvlqj ryhu wlph1 +Vhh Qhjlvkl +4<95, iru
d pruh ghwdlohg ghvfulswlrq,1

Wkh Hgjhzruwk Surfhvv lv olnh d judglhqw surfhvv/ h{fhsw wkdw lw lv fkdu0
dfwhul}hg e| d qrq0ghfuhdvlqj yhfwru ri xwlolwlhv/ udwkhu wkdq e| d vfdodu re0
mhfwlyh ixqfwlrq1 Xqghu fhuwdlq uhjxodulw| frqglwlrqv lw fdq eh vkrzq wkdw
dq Hgjhzruwk Surfhvv frqyhujhv wr d Sduhwr0h!flhqw doorfdwlrq +ru d vhw ri
Sduhwr0h!flhqw doorfdwlrqv,1 Rqh gl!fxow| wkdw dulvhv lv wkdw wkhuh pd| h{lvw
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lqh!flhqw doorfdwlrqv dw zklfk lw lv lpsrvvleoh wr �qg xwlolw| lqfuhdvlqj wudghv1
Iru h{dpsoh/ wkhuh pd| h{lvw Sduhwr0lqh!flhqw doorfdwlrqv wkdw duh sdluzlvh0
h!flhqw +Pdgghq +4<:9,,1 Li wudgh lv dvvxphg wr wdnh sodfh ehwzhhq sdluv ri
djhqwv dqg li rqh ri wkhvh doorfdwlrqv lv uhdfkhg/ wkh Hgjhzruwk Surfhvv pd|
ehfrph vwxfn wkhuh dqg qhyhu uhdfk d Sduhwr0h!flhqw doorfdwlrq1

Wkh surfhvvhv jhqhudwhg e| wkh GPEJ kdyh d vlplodu surshuw|/ zklfk L
zloo fdoo wkh Hgjhzruwk Surshuw|1 Wkh fulwlfdo gl�huhqfh ehwzhhq p| xvh ri
wkh whup khuh dqg lwv xvh lq wkh hduolhu olwhudwxuh lv wkdw wkh djhqwv lq dq
Hgjhzruwk Surfhvv duh dvvxphg wr eh p|rslf1 Wkh| fduh derxw wkh xwlolw|
ri wkh frpprglw| exqgoh wkh| fxuuhqwo| krog/ hyhq wkrxjk wkh surfhvv lv
lqwhqghg wr eh d wåwrqqhphqw surfhvv lq zklfk frqvxpswlrq grhv qrw rffxu
xqwlo wudgh vwrsv1 Lq d GPEJ/ e| frqwudvw/ djhqwv duh idu0vljkwhg1 Wkh|
fduh derxw wkh xwlolw| ri wkh frpprglw| exqgoh wkh| uhfhlyh dv|pswrwlfdoo|
dv wlph jrhv wr lq�qlw|1 Zkdw zh fdq vkrz lv wkdw wkh htxloleulxp sd|r� lv
qrq0ghfuhdvlqj1

Vxssrvh wkdw s W lv d PSH dqg wkdw i%|j lv wkh htxloleulxp rxwfrph1 Wkh
htxloleulxp sd|r� wr djhqw � lv jlyhq e|

��Es
W� ' *�4 �?u

|<"
��E%�|��

Dw wkh ehjlqqlqj ri gdwh |/ ehiruh d sursrvdo kdv ehhq pdgh/ wkh htxloleulxp
sd|r� lv d ixqfwlrq ri wkh lqlwldo doorfdwlrq %| dqg wkh gdwh |1 Wudgh lv
yroxqwdu| lq wkh vhqvh wkdw dq djhqw fdq dozd|v jxdudqwhh qr wudgh e| r�hulqj
d sursrvdo 5 ' f zkhqhyhu kh lv wkh sursrvhu dqg uhmhfwlqj doo r�huv zkhq
kh lv wkh uhvsrqghu1 Dw wkh zruvw/ kh fdq jxdudqwhh klpvhoi ��E%�|�/ vr

��Es
W� � ��E%�|�

iru hyhu| djhqw � dqg gdwh �1 Iurp wklv lw iroorzv lpphgldwho| wkdw

*�4 �?u
|<"

��E%�|� ' ��Es
W� � *�4 t�T

|<"

��E%�|�c

zklfk lpsolhv wkdw
��Es

W� ' *�4
|<"

��E%�|��

Sursrvlwlrq 5 Ohw s W eh d PSH ri K dqg ohw i%E|�j"|'� eh wkh htxloleulxp
rxwfrph1 Wkhq

��Es
W� ' *�4

|<"
��E%�|�c;��
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Hvwdeolvklqj frqyhujhqfh lv lpsruwdqw1 Lq vxfk d frpsoh{ jdph/ lw lv
kdug wr nqrz zkhuh wr ehjlq wr dqdo|}h wkh htxloleulxp vwudwhjlhv1 Wkh idfw
wkdw sd|r�v duh hyhqwxdoo| frqvwdqw jlyhv xv d sodfh wr vwduw1 Dv zh vhh lq
wkh qh{w vhfwlrq/ lw lpsolhv wkdw jdlqv iurp wudgh hyhqwxdoo| ydqlvk1 Wklv
doorzv xv wr vd| vrphwklqj derxw wkh olplwlqj doorfdwlrq dqg wkhq zh fdq
zrun edfnzdugv wr ghgxfh surshuwlhv ri wkh hqwluh htxloleulxp1

419 H!flhqf|

Wkh hvvhqwldo lghd ghyhorshg lq wklv vhfwlrq lv wkdw li djhqwv phhw uhshdwhgo|
dqg edujdlq ryhu wkh jdlqv iurp sdluzlvh wudgh/ wkh uhvxowlqj htxloleulxp
doorfdwlrq pxvw eh Sduhwr0h!flhqw1 Vwdwhg lq wklv zd|/ wkh uhvxow pd| vrxqg
doprvw wdxwrorjlfdo1 Rqh ri wkh wklqjv wr eh ohduqhg iurp wklv dqdo|vlv lv
wkdw wkh uhvxow lv qrw wulyldo dqg frqwdlqv vrph lpsruwdqw vxewohwlhv1

Wkh lqwxlwlyh sduw ri wkh dujxphqw lv txlwh hdv|1 Lpdjlqh wkdw lq wkh
olplw dv | $ 4 wkh doorfdwlrq frqyhujhv wr %1 Wkh htxloleulxp sd|r� iru � lv
��Es

W� ' ��E%��1 Dv zh kdyh douhdg| vhhq/ ��EsW� � ��Ee�� vr %� lv lqglylgxdoo|
udwlrqdo1 Wkhq li % lv qrw Sduhwr0h!flhqw/ lw lv qrw sdluzlvh h!flhqw/ dffruglqj
wr Sursrvlwlrq 41 Wklv phdqv wkdw wzr djhqwv/ � dqg � vd|/ fdq lqfuhdvh wkhlu
xwlolw| wkurxjk wudgh zlwk hdfk rwkhu1 Vrrqhu ru odwhu � dqg � zloo phhw dqg
rqh ri wkhp fdq sursrvh wr wkh rwkhu d Sduhwr0lpsurylqj wudgh1 Exw wklv
phdqv wkdw wkh| fdq jhw pruh wkdq wkh htxloleulxp sd|r�v/ frqwudglfwlqj
wkh frqglwlrqv iru d Qdvk htxloleulxp1

Wkhuh duh d frxsoh ri whfkqlfdo gl!fxowlhv lq wkh surri ri wklv uhvxow1
Iluvw/ wkh idfw wkdw sd|r�v dqg xwlolwlhv frqyhujh dorqj d sduwlfxodu vdpsoh
sdwk grhv qrw lpso| frqyhujhqfh ri wkh fruuhvsrqglqj doorfdwlrqv1 Wkhuh
pd| eh qrq0qhjoljleoh wudgh lq wkh olplw hyhq wkrxjk xwlolwlhv duh qrw fkdqj0
lqj1 Vhfrqgo|/ wkh khxulvwlf dujxphqw deryh dssolhv lq wkh olplw/ zkhuhdv zh
qhhg wr vkrz wkdw d frqwudglfwlrq rffxuv iru d odujh exw �qlwh gdwh | zkhq
frqyhujhqfh kdv qrw |hw rffxuuhg1

Pruh lpsruwdqw wkdq wkhvh whfkqlfdo lvvxhv lv d vwudwhjlf lvvxh1 Zlwkrxw
wkh dvvxpswlrq ri PSH/ lw grhv qrw iroorz wkdw d uhvsrqghu zloo dffhsw d
Sduhwr0lpsurylqj r�hu1 Vxssrvh wkdw � dqg � phhw odwh lq wkh jdph/ zkhq
wkhlu frpprglw| exqgohv duh %� dqg %�/ uhvshfwlyho|/ dqg wkhlu htxloleulxp
sd|r�v duh 7�� dqg 7��c uhvshfwlyho|1 Vxssrvh ixuwkhu wkdw � sursrvhv d wudgh 5
wkdw lv ihdvleoh dqg zloo jlyh erwk � dqg � xwlolwlhv wkdw duh juhdwhu wkdq wkhlu



4191 HIILFLHQF\ 4<

fxuuhqw htxloleulxp sd|r�v/ wkdw lv/

��E%� n 5� : 7��c ��E%� � 5� : 7���

Vkrxog � dffhswB Qrw li � wklqnv wkdw e| uhmhfwlqj �*v r�hu ri �5 kh zloo jhw
dq hyhq kljkhu sd|r� lq wkh ixwxuh1 Exw li � dqwlflsdwhv d uhmhfwlrq iurp �
wkhq � kdv qr lqfhqwlyh wr pdnh wkh sursrvdo lq wkh �uvw sodfh1 Vr lw pd| eh
dq htxloleulxp iru wkh djhqwv qrw wr wudgh dqg wr uhfhlyh wkh sd|r�v 7�� dqg 7��
lq htxloleulxp1 Wkh fuxfldo dvvxpswlrq lq wklv dujxphqw lv wkdw dq r�hu e| �
zloo eh uhphpehuhg lq wkh uhpdlqghu ri wkh jdph dqg xvhg dv d vljqdo wr wkh
sod|huv wr fkdqjh wkhlu htxloleulxp sod| vr wkdw � lv uhzdughg iru uhmhfwlqj �1

Lq d PSH/ d uhmhfwhg r�hu lv qrw �uhphpehuhg� lq wkh frqwlqxdwlrq jdph1
Vwudwhjlhv rqo| ghshqg rq wkh fxuuhqw vwdwh/ vr wkh sdvw lv �uhphpehuhg� rqo|
wr wkh h{whqw wkdw lw kdv dq lpsdfw rq wkh fxuuhqw doorfdwlrq1 D uhmhfwhg r�hu
kdv qr h�hfw rq wkh doorfdwlrq dqg vr wkh sod|huv lq wkh frqwlqxdwlrq jdph
fdqqrw glvwlqjxlvk lw iurp d qr0wudgh r�hu1 Vlqfh � fdqqrw ehqh�w iurp
uhmhfwlqj wkh r�hu/ kh pxvw dffhsw wkh Sduhwr0lpsurylqj r�hu lq wkh h{dpsoh
deryh1

Iurp d sxuho| vwudwhjlf shuvshfwlyh/ wkh dvvxpswlrq ri PSH pd| vhhp
duelwudu|1 Iurp d frpshwlwlyh pdunhw shuvshfwlyh/ lw vhhpv pruh uhdvrqdeoh1
Lq d odujh pdunhw/ lw lv qrw olnho| wkdw djhqwv zloo revhuyh doo r�huv dqg wkhuh
lv qr lqfhqwlyh iru wklug sduwlhv wr frqglwlrq wkhlu ehkdylru rq uhmhfwhg r�huv1
Rq wkh rwkhu kdqg/ lw frxog eh dujxhg wkdw wkhuh duh vrfldo qrupv wkdw rshudwh
lq pdunhwv/ iru h{dpsoh/ wkh qrwlrq ri d idlu sulfh/ dqg wkdw ylrodwruv zloo eh
sxqlvkhg e| vrflhw| dw odujh1 Wklv zkroh txhvwlrq qhhgv wr eh lqyhvwljdwhg
dw ohqjwk lq wkh qh{w fkdswhu1 Iru wkh prphqw lw lv hqrxjk wr dssuhfldwh wkh
lpsruwdqfh ri wkh Pdunry dvvxpswlrq lq hvwdeolvklqj wklv uhvxow1

Iru wkh surri ri Sursrvlwlrq 6/ zh qhhg wr vwuhqjwkhq wkh dvvxpswlrqv rq
suhihuhqfhv1 Vshfl�fdoo|/ zh dvvxph wkdw=

� Hdfk xwlolw| ixqfwlrq �� lv vwulfwo| frqfdyh1

Wklv dvvxpswlrq hqvxuhv wkdw doorfdwlrqv frqyhujh li xwlolwlhv frqyhujh1 Li
xwlolwlhv frqyhujh exw wudgh grhv qrw frqyhujh wr }hur/ wkhuh pxvw lq wkh olplw
h{lvw d qrq0}hur wudgh ehwzhhq wzr djhqwv wkdw ohdyhv xwlolw| xqfkdqjhg1 Exw
li wzr djhqwv fdq h{fkdqjh d qrq0}hur frpprglw| exqgoh wkdw ohdyhv xwlolw|
xqfkdqjhg/ wkh| fdq lqfuhdvh xwlolw| e| wudglqj kdoi dv pxfk1 Wkh h{lvwhqfh
ri vxfk d wudgh zloo eh vkrzq wr frqwudglfw wkh frqglwlrqv iru d PSH1
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Wkh qh{w sursrvlwlrq fkdudfwhul}hv wkh olplwlqj vhw ri doorfdwlrqv rq wkh
htxloleulxp sdwk1 Lw vkrzv �uvw wkdw wkh doorfdwlrq frqyhujhv dqg vhfrqgo|
wkdw wkh olplwlqj doorfdwlrq lv Sduhwr0h!flhqw1

Sursrvlwlrq 6 Wkh PSH rxwfrph i%|j frqyhujhv wr %" ' *�4|<" %| 5 � 1

Surri1 Wkh �uvw vwhs lq wkh surri lv wr vkrz wkdw i%|j lv d Fdxfk| vhtxhqfh1
Wkh surri lv e| frqwudglfwlrq1 Vxssrvh/ frqwudu| wr zkdw zh zdqw wr suryh/
wkdw iru vrph vxevhtxhqfh +xvlqj wkh vdph qrwdwlrq, mm%| � %|n�mm � 0 iru
vrph 0 : f dqg doo |1 Fkrrvh vrph ixuwkhu vxevhtxhqfh vxfk wkdw �| ' �
dqg �| ' � iru doo |1 Lw lv dozd|v srvvleoh wr fkrrvh wklv vxevhtxhqfh ehfdxvh
hyhu| rughuhg sdlu ri djhqwv E�c �� lv pdwfkhg lq�qlwho| riwhq1 Wkhq fkrrvh
d ixuwkhu vxevhtxhqfh vxfk wkdw %| $ + dqg %�|n� � %�| $ 5 dorqj wklv
vxevhtxhqfh1 Lw lv srvvleoh wr fkrrvh vxfk d vxevhtxhqfh ehfdxvh wkh vhw ri
dwwdlqdeoh doorfdwlrqv lv frpsdfw1 Vlqfh

*�4
|<"

�&E%&|� ' *�4
|<"

�&E%&|n�� ' �&Es
W�c

iru & ' �c �/ lw pxvw eh wkh fdvh wkdw

��E+�� ' ��E+� n 5� ' ��Es
W�

��E+�� ' ��E+� � 5� ' ��Es
W��

E| vwulfw frqfdylw|/

��E+� n 5*2� : ��Es
W�

��E+� � 5*2� : ��Es
W��

E| frqwlqxlw|/

��E%�| n 5*2� : ��Es
W�

��E%�| � 5*2� : ��Es
W�c

iru doo | vx!flhqwo| odujh1 Wklv frqwudglfwv wkh htxloleulxp frqglwlrqv vlqfh �
fdq r�hu � wr wudgh 5*2 dqg pdnh wkhp erwk ehwwhu r�1

Wklv odvw vwhs lv qrw hqwluho| reylrxv/ vlqfh zh duh frqvlghulqj d ghyldwlrq
iurp wkh htxloleulxp sdwk1 Zh kdyh vkrzq wkdw � fdq r�hu � d wudgh zklfk
fdq pdnh wkhp erwk ehwwhu r� wkdq wkh| zrxog eh dorqj wkh htxloleulxp
sdwk1 Krzhyhu/ � pd| uhmhfw wklv r�hu li/ e| grlqj vr/ kh fdq dfklhyh dq
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rxwfrph wkdw lv ehwwhu vwloo1 Fdq � gr ehwwhu vwlooB Lq d Pdunry htxloleulxp/
wkh dqvzhu lv qr1 Vlqfh vwudwhjlhv duh phpru|ohvv/ li � uhmhfwv �*v r�hu wkh
doorfdwlrq dw wkh ehjlqqlqj ri wkh qh{w shulrg lv h{dfwo| wkh vdph dv lw zdv
dw wkh ehjlqqlqj ri wkh suhvhqw shulrg1 Vlqfh s W lv d PSH/ wkh htxloleulxp
sd|r� ghshqgv rqo| rq wkh qh{w vwdwh E%|c | n �� dqg fdq eh ghqrwhg e|
��E%|c | n ��1 Rq wkh rqh kdqg/ vlqfh wudgh lv yroxqwdu|/ ��E%|c | n �� pxvw
vdwlvi|

��E%|c | n �� � ��Es
W�(

rwkhuzlvh � frxog gr ehwwhu wkdq klv htxloleulxp sd|r� e| uhixvlqj dq| r�hu
dw gdwh | dqg wklv zrxog frqwudglfw wkh htxloleulxp frqglwlrqv1 Rq wkh rwkhu
kdqg/ li kh dffhswv wkh r�hu ri 5/ klv sd|r� pxvw eh dw ohdvw

��E%
�c | n �� � ��E%�| � 5*2� : ��Es

W�c

zkhuh wkh qhz doorfdwlrq %� lv gh�qhg e|

%�& '

;?
=

%�| n 5*2 li & ' �
%�| � 5*2 li & ' �
%&| rwkhuzlvh1

Vr lq d PSH djhqw � pxvw dffhsw wkh r�hu ri 51 Wkhq � fdq dfklhyh d sd|r�
ri dw ohdvw ��E%�| n 5*2� : ��Es

W� dqg pxvw ghyldwh1
Qrwh wkdw lq rughu wr vkrz wkdw � pxvw dffhsw �*v r�hu lw lv rqo| qhfhv0

vdu| wr orrn dkhdg rqh shulrg1 Wklv lv ehfdxvh zh duh dvvxplqj wkdw wkh
vwudwhjlhv sW frqvwlwxwh dq htxloleulxp1 Vr li � uhmhfwv wkh r�hu/ wkh uhvxowlqj
sd|r� lv ghwhuplqhg e| wkh htxloleulxp vwudwhjlhv ehjlqqlqj zlwk wkh fxuuhqw
doorfdwlrq dw wkh qh{w gdwh1 Vlqfh wklv sd|r� lv ohvv wkdq kh zdv r�huhg/ �*v
htxloleulxp vwudwhj| pxvw eh wr dffhsw �*v r�hu1

Vr wkh k|srwkhvlv wkdw i%|j lv qrw Fdxfk| ohdgv wr d frqwudglfwlrq ri wkh
htxloleulxp frqglwlrqv1 Wklv frqwudglfwlrq hvwdeolvkhv wkdw i%|j lv d Fdxfk|
vhtxhqfh/ vr i%|j frqyhujhv wr d olplw doorfdwlrq %"1

Wr vkrz wkdw %" 5 � zh xvh d vlplodu dujxphqw1 Vxssrvh wkdw %" *5 � 1
Wkhq %" lv qrw sdluzlvh0h!flhqw/ dffruglqj wr Sursrvlwlrq 4/ dqg iru vrph
sdlu E�c ��/ wkhuh h{lvwv d ihdvleoh wudgh 5 vxfk wkdw

��E%�" n 5� : ��E%�"� ' ��Es
W�

��E%�" � 5� : ��E%�"� ' ��Es
W�
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dqg e| frqwlqxlw|

��E%�| n 5� : ��Es
W�

��E%�| � 5� : ��Es
W�c

iru doo | vx!flhqwo| odujh1 Vlqfh wkh sdlu E�c �� lv pdwfkhg lq�qlwho| riwhq rq
// zh fdq xvh wkh suhylrxv dujxphqw vkrz wkdw � pxvw ghyldwh e| r�hulqj 5
wr �/ frqwudglfwlqj wkh htxloleulxp frqglwlrqv1 Wklv vkrzv wkdw %" 5 � 1

41: Frpshwlwlyh Vhtxhqfhv ri Hfrqrplhv

Wr jhw dq| ixuwkhu zlwk rxu vwru|/ zh kdyh wr doorz wkh qxpehu ri djhqwv wr
jurz xqerxqghgo| odujh1 Wkhuh duh vhyhudo zd|v wr gr wklv1 Rqh vlpsoh zd|
lv wr dvvxph wkhuh lv d �{hg vhtxhqfh ri djhqwv � ' �c 2c ���/ hdfk fkdudfwhu0
l}hg e| d frqvxpswlrq vhw f�/ dq hqgrzphqw e� 5 f� dqg d xwlolw| ixqfwlrq
�� G f� $ +1 Iru hdfk srvlwlyh lqwhjhu 6/ gh�qh d sxuh h{fkdqjh hfrqrp|
H6 frqvlvwlqj ri wkh �uvw 6 djhqwv1 Xvlqj wklv hfrqrp| dqg d pdwfklqj
suredelolw| Z6/ rqh fdq gh�qh d pdwfklqj dqg edujdlqlqj jdph K6 frqvlvw0
lqj ri wkh sod|huv U6 ' i�c ���c 6j/ wkh vwudwhj| vhwv 86 ' �6

�'�8� dqg wkh
sd|r� ixqfwlrqv i�6� j6�'� gh�qhg lq wkh xvxdo zd|1 Wkh vhw ri Pdunry shuihfw
htxloleuld fruuhvsrqglqj wr wkh jdph K6 lv ghqrwhg e| ��.EK6�1

Wkh remhfwlyh ri wklv vhfwlrq lv wr vwxg| wkh ehkdylru ri d vhtxhqfh ri
htxloleuld is6j"6'�/ zkhuh s

6 5 ��.EK6� iru hdfk 61
Iru hdfk htxloleulxp s6/ ohw %6 ' i%6| j"|'� ghqrwh wkh vhtxhqfh ri dw0

wdlqdeoh doorfdwlrqv revhuyhg dorqj wkh htxloleulxp sdwk/ dqg ohw

+6 ' *�4
|<"

%6| �

Lq rwkhu zrugv/ +6 lv wkh olplw doorfdwlrq1 Vlqfh +6 5 � wkh Vhfrqg Zho0
iduh Wkhruhp dqg wkh xvxdo frqfdylw| dvvxpswlrqv lpso| wkdw wkhuh h{lvwv d
vxssruwlqj sulfh yhfwru R6 vxfk wkdw

��E+�� � ��E+
6
� � : +� 9' +6� ', R6 � +� : R6 � +6� /

iru hyhu| � ' �c ���c 61 Wr vhh wklv/ qrwh wkdw h!flhqf| lpsolhv wkh h{lvwhqfh
ri d frpprq yhfwru R6 sursruwlrqdo wr hdfk judglhqw yhfwru u��E+

6
� �> vwulfw

frqfdylw| dqg wkh judglhqw lqhtxdolw| lpso| wkh uhvw1
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Zh fdq qrupdol}h wkh sulfhv vr wkdw nR6n ' � iru hyhu| 61 Vlqfh wkh
vhtxhqfh iR6j lv erxqghg/ lw srvvhvvhv d vxevhtxhqfh frqyhujlqj wr d olp0
lwlqj sulfh yhfwru Rf1 Ghqrwh wkh frqyhujhqw vxevhtxhqfh e| 6 5 P1 Wklv
vxevhtxhqfh lv wkh irfxv ri dwwhqwlrq lq zkdw iroorzv1

Ehfdxvh ri wkh frpsoh{lw| ri wkh vhtxhqfh ri jdphv dqg fruuhvsrqglqj
htxloleuld/ wzr dgglwlrqdo dvvxpswlrqv duh uhtxluhg lq rughu wr fkdudfwhul}h
htxloleuld lq wkh olplw1 Rqh frqfhuqv wkh frqwlqxlw| ri wkh htxloleulxp sod| ri
wkh jdph> wkh rwkhu frqfhuqv wkh fxuydwxuh ri wkh lqglylgxdo xwlolw| ixqfwlrqv1

41:14 Frqwlqxlw|

Dv wkh qxpehu ri djhqwv jhwv yhu| odujh/ d vlqjoh lqglylgxdo ehfrphv qhjoljl0
eoh lq whupv ri klv hqgrzphqw dqg klv srwhqwldo frqwulexwlrq wr wkh jhqhudo
zhoiduh1 Krzhyhu/ wklv grhv qrw hqvxuh wkdw klv h�hfw rq wkh olplw doorfd0
wlrq zloo eh qhjoljleoh/ hyhq zkhq wkh qxpehu ri djhqwv jhwv yhu| odujh1 Lq
d g|qdplf jdph/ wkh srvvlelolw| ri d odujh qxpehu ri djhqwv frqglwlrqlqj
wkhlu uhvsrqvhv rq wkh dfwlrqv ri d vlqjoh sod|hu hqgrjhqrxvo| jhqhudwhv wkh
srvvlelolw| wkdw d vlqjoh sod|hu kdv d qrq0qhjoljleoh h�hfw lq htxloleulxp1 Wr
dyrlg wklv srvvlelolw|/ d frqwlqxlw| dvvxpswlrq zloo lpsrvhg1 Wkh hvvhqwldo
lghd lv vlpsoh1 Wkh frqwlqxlw| dvvxpswlrq uhtxluhv wkdw d vlqjoh sod|hu kdyh
d qhjoljleoh lpsdfw rq wkh olplwlqj doorfdwlrq1

Ehiruh ghvfulelqj wkh frqwlqxlw| dvvxpswlrq lw lv zruwk pdnlqj vhyhudo
jhqhudo srlqwv derxw wkh qdwxuh dqg uroh ri wkh dvvxpswlrq1 Iluvw/ lw lv dq
dvvxpswlrq derxw hqgrjhqrxv yduldeohv1 Dv vxfk lw gluhfwo| uhvwulfwv wkh
nlqgv ri htxloleuld wkdw zloo eh frqvlghuhg/ udwkhu wkdq wkh sulplwlyhv ri wkh
prgho1 Vxfk dvvxpswlrqv duh riwhq uhjdughg zlwk vxvslflrq ehfdxvh lw lv qrw
dw doo fohdu zkdw lv ehlqj uxohg rxw1 Vhfrqgo|/ lw lv dq dvvxpswlrq derxw
vwudwhjlhv/ lqvridu dv lw uhvwulfwv wkh uhvsrqvh ri sod|huv wr ghyldwlrqv iurp
htxloleulxp sod|1 Wklugo|/ lw lv d frpsoh{ dvvxpswlrq1 Wkh vlwxdwlrq wr
zklfk wkh frqwlqxlw| dvvxpswlrq dssolhv lqyroyhv wzr olplwv/ rqh dv wlph
jrhv wr lq�qlw| dqg wkh rwkhu dv wkh qxpehu ri sod|huv jurzv zlwkrxw erxqg1
Xqlirup frqwlqxlw| lv qhhghg zlwk uhvshfw wr erwk olplwv1

Iru dq| vwudwhj| sur�oh s 5 86 wkhuh lv d xqltxh vhtxhqfh ri udqgrp do0
orfdwlrqv 1E@s� ' i1|E@s �j"|'�/ zkhuh 1|E@s� lv wkh +udqgrp, doorfdwlrq dw gdwh
|1 Reylrxvo|/ wkh doorfdwlrq dw gdwh | lv gh�qhg rq l dqg lv I|0phdvxudeoh1
Vxssrvh wkdw djhqw � ghyldwhv iurp wkh htxloleulxp e| fkrrvlqj dq duelwudu|
vwudwhj| 	s� 5 8�1 Wkh uhvxowlqj sdwk lv ghqrwhg e| @Es3�c 	s�� dqg wkh rxwfrph
lv 1E@Es3�c 	s���1 Wkh lpsdfw ri wkh ghyldwlrq rq wkh rxwfrph ri wkh jdph fdq
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eh phdvxuhg e| wkh glvwdqfh ri wkh fxuuhqw doorfdwlrq dw dq| gdwh iurp wkh
htxloleulxp olplw doorfdwlrq1 Li + lv wkh htxloleulxp olplw doorfdwlrq dqg wkh
fxuuhqw doorfdwlrq dw gdwh | lv 1|E@Es3�c 	s��� wkhq wkh glvwdqfh ehwzhhq wkh
fxuuhqw dqg wkh olplw doorfdwlrqv lv

�

6

6[
�'�

n1�|E@Es3�c 	s���� +�n�

Qrwh wkdw zh wdnh wkh dyhudjh glvwdqfh1 Zkdw zh qhhg wr hqvxuh lv wkdw d
ghyldwlrq e| d vlqjoh djhqw � grhv qrw fdxvh d odujh fkdqjh lq wkh rxwfrph
dv phdvxuhg e| wklv glvwdqfh1

� Ohw is6j eh d �{hg exw duelwudu| vhtxhqfh ri PSH1 Wkh frqwlqxlw|
dvvxpswlrq uhtxluhv wkdw iru dq| " : f wkhuh h{lvw� dqg A vxfk wkdw
iru dq| djhqw � dqg dq| vwudwhj| s� 5 86

� /

�

6

6[
�'�

n1�|E@Es63�c s���� +6� n 	 "c ;6 : �c ;| : Ac

zkhuh lw lv xqghuvwrrg wkdw 6 5 P1

Lq rwkhu zrugv/ dq| ghyldwlrq e| d vlqjoh sod|hu fdqqrw fkdqjh wkh dyhudjh
doorfdwlrqv e| d odujh dprxqw iru vx!flhqwo| odujh ydoxhv ri | dqg 61 Wklv
grhv qrw lpso| wkdw wkh ghyldwlqj sod|hu fdqqrw fkdqjh wkh frqvxpswlrq
exqgohv ri vrph sod|huv/ klpvhoi lqfoxghg/ e| d qrq0qhjoljleoh dprxqw1 Zkdw
lw grhv lpso| lv wkdw kh fdqqrw fkdqjh wkh frqvxpswlrq exqgohv ri prvw
sod|huv e| d qrq0qhjoljleoh dprxqw1 Dovr/ qrwh wkdw zh kdyh erxqghg wklv
glvwdqfh xqlirupo| lq | dqg 61 Xqliruplw| lv qhfhvvdu|> rwkhuzlvh wkh rughu
ri olplwv zrxog pdwwhu1

Dq dvvxpswlrq ri wklv nlqg/ zklfk uhvwulfwv wkh ydoxhv ri hqgrjhqrxv
yduldeohv/ lv xqiruwxqdwho| revfxuh1 Zh gr qrw nqrz zkdw wklv dvvxpswlrq
lv uxolqj rxw ru uxolqj lq lq whupv ri wkh sulplwlyhv ri wkh prgho1 Zh gr qrw
nqrz zkhwkhu wkh dvvxpswlrq lv olnho| wr eh vdwlv�hg e| prvw PSH ru qrw1
Iru wkh prphqw/ zh kdyh wr dffhsw lw rq wkh edvlv ri lqwxlwlyh sodxvlelolw|
dqg wkh idfw wkdw vrphwklqj olnh wklv lv qhhghg wr pdnh wkh dqdo|vlv wudfwdeoh
dqg wr jhw wkh uhvxow zh zdqw1 Lq wkh iroorzlqj fkdswhu zh lqyhvwljdwh wkh
edvlv iru wklv nlqg ri dvvxpswlrq lq pruh ghwdlo1

D vlplodu dvvxpswlrq kdv ehhq xvhg e| Juhhq +4<;7, wr vkrz wkdw wkh
Qdvk htxloleuld ri dq ?0shuvrq jdph frqyhujh wr Qdvk htxloleuld ri d frqwlq0
xxp jdph dv wkh ydoxh ri ? lqfuhdvhv zlwkrxw erxqg1
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Dq dvvxpswlrq ri wklv nlqg dsshduv wr eh qhhghg lq rughu wr vkrz wkdw
wkh Qdvk htxloleuld ri d Frxuqrw roljrsro| jdph frqyhujh wr frpshwlwlyh
htxloleuld dv wkh qxpehu ri �upv lqfuhdvhv zlwkrxw erxqg1 Urehuwv +4<;3,
surylghv d frxqwhu0h{dpsoh wr wkh frpshwlwlyh olplw uhvxow1 Li wkh htxloleulxp
sulfh fruuhvsrqghqfh/ zklfk pdsv txdqwlwlhv fkrvhq e| �upv lqwr htxloleulxp
sulfhv/ lv pxowl0ydoxhg wkhq d vpdoo fkdqjh lq txdqwlw| e| rqh �up fdq ohdg
wr d glvfrqwlqxrxv fkdqjh lq sulfh1 Wklv glvfrqwlqxrxv h�hfw ri d vlqjoh �up*v
dfwlrq fdq suhyhqw wkh dfklhyhphqw ri shuihfw frpshwlwlrq lq wkh olplw/ hyhq
wkrxjk hdfk �up lv �vpdoo� lq whupv ri lwv lpsdfw rq wrwdo rxwsxw1

41:15 Fxuydwxuh

Wkh vhfrqg dvvxpswlrq uhtxluhv xqliruplw| lq wkh fxuydwxuh ri wkh djhqwv*
suhihuhqfhv1 Dv zh ohw wkh qxpehu ri sod|huv jurz zlwkrxw erxqg/ wkh ghjuhh
ri vxevwlwxwdelolw| dorqj dq djhqw*v lqgl�huhqfh fxuyhv pd| eh idoolqj dv wkh
lqgh{ ri wkh djhqw jhwv yhu| odujh1 Wkh dvvxpswlrq lqwurgxfhg lq wklv vhfwlrq
sxwv d erxqg rq krz olwwoh vxevwlwxwdelolw| wkhuh fdq eh1 Wklv dvvxpswlrq
lv qrw vwulfwo| qhfhvvdu|/ iru uhdvrqv lqglfdwhg ehorz lq Vhfwlrq 41:17/ exw lw
pdnhv olih d orw hdvlhu1

Wkh �uvw sduw ri wkh dvvxpswlrq jxdudqwhhv wkdw wkh lqgl�huhqfh vxuidfh
kdv srvlwlyh fxuydwxuh/ wkdw lv/ wkh lqgl�huhqfh vxuidfh lv qrw nlqnhg1 Wklv lv
jxdudqwhhg e| wkh dvvxpswlrq wkdw/ iru dq| frqvxpswlrq exqgoh %�/ wkhuh lv
d edoo zlwk srvlwlyh udglxv frqwdlqhg lq wkh vhw ri exqgohv suhihuuhg wr %� dqg
wdqjhqw wr wkh lqgl�huhqfh vxuidfh dw %�1 Wkh odujhu wklv edoo lv/ wkh  dwwhu
wkh lqgl�huhqfh vxuidfh pxvw eh1 Iru suhvhqw sxusrvhv/ lw lv dovr qhfhvvdu| wr
hqvxuh vrph ghjuhh ri xqliruplw| lq wkh fxuydwxuh ri wkh lqgl�huhqfh vxuidfhv1
Wklv fdq eh grqh e| dvvxplqj wkdw iru hyhu| djhqw � dqg hyhu| exqgoh %�/ wkh
edoo fdq eh fkrvhq wr kdyh d �{hg plqlpxp udglxv o : f1 Wkh uhvw ri wklv
vhfwlrq ghdov zlwk ghwdlov wkdw fdq eh vnlsshg e| wkh qrq0whfkqlfdo uhdghu1

Iru dq| djhqw � dqg frqvxpswlrq exqgoh %� 5 f�/ ohw

M�E%�� � i%�� 5 f�m��E%��� � ��E%��j

ghqrwh wkh vhw ri frqvxpswlrq exqgohv wkdw duh dw ohdvw dv jrrg dv %�1 Gh�qh
wkh qrupdo ixqfwlrq }� G f� $ +� e| sxwwlqj

}�E%�� ' �u��E%��*nu��E%��n�
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Wkhq zh qrwh wkdw iru dq| k : f/ wkh srlqw %� � k}�E%�� ehorqjv wr M�E%��
dqg olhv dw d glvwdqfh k iurp wkh srlqw %�1 Ohw

�E%c o� ' i+ 5 +�m n%� +n � oj

ghqrwh wkh edoo zlwk fhqwhu % dqg udglxv o1

� Rxu fxuydwxuh dvvxpswlrq lv wkdw iru vrph k : f/ iru dq| � dqg iru
dq| %� 5 f�/

�E%� � k}�E%��c k� � M�E%��c

wkdw lv/ hyhu| srlqw lq wkh edoo zlwk udglxv k dqg fhqwhu %� � k}�E%�� lv
zhdno| suhihuuhg wr %�1

Dv ehiruh/ zh frxog uhvwulfw wklv dvvxpswlrq wr krog rqo| iru lqglylgxdoo|
udwlrqdo exqgohv %� vxfk wkdw ��E%�� � ��Ee��1

Qrwh wkdw wkh vwuhqjwk ri wklv dvvxpswlrq frphv iurp wkh idfw wkdw k lv
fkrvhq lqghshqghqwo| ri � dqg wkh frqvxpswlrq exqgoh %�1 Wklv phdqv wkdw
wkhuh lv d xqlirup erxqg rq wkh fxuydwxuh ri wkh lqgl�huhqfh fxuyhv ri hyhu|
djhqw dw hyhu| srlqw lq klv frqvxpswlrq vhw1 Dv xvxdo/ zh rqo| qhhg wklv
dvvxpswlrq wr dsso| wr wkh lqglylgxdoo| udwlrqdo exqgohv iru hdfk djhqw1

41:16 Olqhdulw|

Wkh suhfhglqj vhfwlrqv kdyh lqwurgxfhg wzr vshfldo dvvxpswlrqv wkdw duh
qhhghg wr frqwlqxh wkh ghyhorsphqw ri d frpshwlwlyh olplw wkhruhp1 Wkh
qh{w vwhs lv wr vkrz wkdw exgjhw edodqfh lv vdwlv�hg1 Pruh suhflvho|/ lw zloo eh
suryhg wkdw dq| qhw wudgh o|lqj lq wkh frpshwlwlyh exgjhw vhw i5 5 +�mRf �5 �
fj lv dfklhydeoh lq dq dv|pswrwlfdoo| sxuh PSH iru 6 vx!flhqwo| odujh1 Lq
rwkhu zrugv/ zh vkdoo kdyh ghprqvwudwhg wkdw hdfk djhqw fdq dfklhyh wkh
vdph xwlolw| wkdw kh zrxog rewdlq lq d frpshwlwlyh htxloleulxp zlwk sulfh
yhfwru Rf1

Wkh vwudwhj| ri wkh surri/ zklfk lv dq dgdswdwlrq ri wkh surri xvhg lq Jdoh
+4<;9,/ frqvlvwv ri d qxpehu ri vwhsv1 Iluvw/ zh qrwh wkdw vlqfh wkh olplwlqj
doorfdwlrq lv h!flhqw dqg kdv d vxssruwlqj sulfh yhfwru/ iru dq| qhw wudgh 5
vxfk wkdw Rf � 5 	 f zh fdq �qg d qxpehu ? vxfk wkdw �5*? lv d suhihuuhg
wudgh iru dq| djhqw � kroglqj wkh olplwlqj exqgoh +6� 1 Wklv iroorzv iurp wkh
fxuydwxuh dvvxpswlrq1 Wkhq zh fodlp wkdw wkh iroorzlqj vwudwhj| pxvw doorz
djhqw � wr dfklhyh wkh qhw wudgh 51 Vlpso| r�hu wr wudgh 5*? zkhqhyhu wkh
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rssruwxqlw| dulvhv dqg uhixvh doo rwkhu wudghv1 Uhshdw wklv sdwwhuq xqwlo wkh
wudgh 5*? kdv ehhq h{hfxwhg ? wlphv1 Dq| djhqw � pxvw eh zloolqj wr wudgh
�5*? iru | vx!flhqwo| odujh ehfdxvh dv | jhwv odujh wkh djhqw*v fxuuhqw exqgoh
frqyhujhv wr +6� vr �5*? lv d suhihuuhg wudgh1 Vlqfh djhqw � kdv dq lq�qlwh
qxpehu ri rssruwxqlwlhv wr pdnh wkhvh wudghv/ zlwk suredelolw| rqh/ kh zloo
vxuho| dfklhyh wkh qhw wudgh 51

D qxpehu ri dvvxpswlrqv duh qhhghg wr pdnh wklv dujxphqw jr wkurxjk/
krzhyhu1 Zh kdyh douhdg| phqwlrqhg wkh fxuydwxuh dvvxpswlrq1 Dqrwkhu lv
wkh frqwlqxlw| dvvxpswlrq1 Lw lv fuxfldo wkdw wkh djhqw*v ghyldwlrq grhv qrw
fkdqjh wkh olplw doorfdwlrq/ e| yhu| pxfk/ iru prvw sod|huv1 Li lw glg/ wkh
vxssruwlqj sulfhv Rf dqg wkh vhw ri suhihuuhg wudghv 5 zrxog eh dowhuhg/ vr
zh frxog qrw eh vxuh wkdw dq|rqh zrxog dffhsw �5*?1 Ilqdoo|/ wkh Pdunry
dvvxpswlrq lv lpsruwdqw/ dv lw zdv lq wkh surri ri h!flhqf|/ ehfdxvh lw hqvxuhv
wkdw li dq djhqw � uhixvhv wr wudgh �5*? zlwk djhqw � kh lv qrw jrlqj wr eh
uhzdughg iru wkdw uhixvdo lq wkh frqwlqxdwlrq jdph1

Ohppd 7 Ohw is6j eh d frpshwlwlyh vhtxhqfh ri dv|pswrwlfdoo| sxuh PSH
vdwlvi|lqj wkh pdlqwdlqhg dvvxpswlrqv1 Iru dq| � dqg 5 vxfk wkdw e�n5 5 f�

dqg Rf � 5 	 f/ �6� Es
6� � ��Ee� n 5� iru doo 6 5 P vx!flhqwo| odujh1

Surri1 Il{ � dqg fkrrvh 5 vxfk wkdw Rf � 5 	 f1 Fkrrvh � vr wkdw R6 � 5 	 f
iru doo �6 : � dqg wkhq fkrrvh f 	 b � � dqg " : f vr wkdw iru doo � � 6
dqg 6 : � / wkh edoo zlwk udglxv " dqg fhqwhu +6� � b5 lv frqwdlqhg lq wkh
edoo zlwk udglxv k dqg fhqwhu +6� nkR6 dqg khqfh frqwdlqhg lq M�E+

6
� �1 Wkh

srvvlelolw| ri wklv frqvwuxfwlrq lv jxdudqwhhg e| wkh fxuydwxuh dvvxpswlrq1
Qrz frqvlghu wkh iroorzlqj vwudwhj| s� iru vrph �{hg exw duelwudu| 61

Fkrrvh d qxpehu ? : �*b dqg kdyh djhqw � r�hu wr wudgh 5*? dw hyhu|
rssruwxqlw| xqwlo kh kdv pdgh wkh djjuhjdwh wudgh 51 Lq rwkhu zrugv/ sxw

s�E�� '

;AA?
AA=

5*? li � lv wkh sursrvhu dqg kh kdv wudghg &5*? iru & 	 ?(

f
li � lv wkh sursrvhu dqg kh kdv wudghg vrphwklqj rwkhu
wkdq &5*? iru & 	 ?(

�Qr� li � lv wkh uhvsrqghu1

Wkh h{dfw sdwwhuq ri wudghv ghshqgv rq wkh rughu ri sod|/ exw djhqw �
zloo phhw hyhu| djhqw � 9' � dq lq�qlwh qxpehu ri wlphv1 Wkh frqwlqxlw|
dvvxpswlrq lpsolhv wkdw wkhuh h{lvw qxpehuv � dqg A vxfk wkdw iru doo
6 : � dqg | : A /

�

6

6[
�'�

n1�|Es63�c s��� +6� �n 	 "*2�
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Wklv lpsolhv wkdw iru dw ohdvw kdoi wkh djhqwv/

n1�|Es63�c s��� +6� �n 	 "� +415,

Ohw a ghqrwh wkh vhw ri djhqwv vdwlvi|lqj wkh lqhtxdolw| +415,1 Wkhq iru doo �
ehorqjlqj wr wklv vhw dqg iru 6 : � dqg | : A /

��E1�|Es
6
3�c s��� 5*?� : ��E1�|Es

6���

Wklv iroorzv iurp wkh idfw wkdw 1�|Es
6
3�c s�� � 5*? ehorqjv wr wkh edoo zlwk

fhqwhu +6� � 5*? dqg udglxv " dqg ��E1�|Es
6�� frqyhujhv wr ��E+

6
� � dv | $ 41

Wkhq wkh Pdunry surshuw| lpsolhv wkdw dq djhqw � 5 a pxvw dffhsw dq
r�hu ri 5*? iru | : A vx!flhqwo| odujh li kh kdv qrw douhdg| grqh vr1

Wkxv/ djhqw � fdq lq wkh olplw fduu| rxw wkh wudgh 5 iru doprvw hyhu|
uhdol}dwlrq / dqg vr 1�|Es

6
3�c s�� $ e� n 5 dv | $ 41

Ohppd 7 vkrzv wkdw/ lq wkh olplw/ wkh rxwfrph ri d PSH ri wkh jdph
pd{lpl}hv hdfk djhqw*v xwlolw| vxemhfw wr d olqhdu exgjhw frqvwudlqw1 Wklv
eulqjv xv wr wkh frqfoxvlrq ri rxu dujxphqw wkdw/ lq wkh olplw dv wkh qxpehu
ri djhqwv jhwv yhu| odujh/ wkh g|qdplf pdwfklqj dqg edujdlqlqj jdph dfklhyhv
d frpshwlwlyh htxloleulxp doorfdwlrq1 Wkh doorfdwlrqv duh dozd|v dwwdlqdeoh
dqg Ohppd 7 vkrzv wkdw wkh whuplqdo frqvxpswlrq exqgoh ri hdfk djhqw jlyhv
klp d xwlolw| htxdo wr wkh frpshwlwlyh htxloleulxp lqgluhfw xwlolw| ��ER

fc Rf �e��
dw sulfhv Rf zlwk wkh zhdowk Rf � e�1

41:17 D Frxqwhu0H{dpsoh zlwk Olplwhg Vxevwlwxwlrq

Lw lv qrz fohdu zk| xqlirup fxuydwxuh zdv qhhghg iru wkh suhfhglqj dujxphqw1
Zh zdqw wr vkrz wkdw dq djhqw fdq wudgh dq| yhfwru 5 vxfk wkdw R � 5 	 f
e| euhdnlqj 5 xs lqwr ? slhfhv 5*? dqg wudglqj hdfk ri wkhvh slhfhv zlwk d
gl�huhqw djhqw1 Li wkh djhqwv gr qrw kdyh xqlirup fxuydwxuh/ wkhuh pd| qrw
eh ? ri wkhp iru zkrp �5*? lv d suhihuuhg wudgh1 Ri frxuvh/ wkhuh frxog eh
rwkhu zd|v ri dfklhylqj wkh qhw wudgh 51 Rqh frxog �qg d vhtxhqfh i4�j ri
srvlwlyh qxpehuv vxpplqj wr rqh dqg pdnh d vhtxhqfh ri wudghv i4�5j1 Li wkh
qxpehuv 4� $ f zhuh fkrvhq dssursuldwho| lw pljkw eh srvvleoh wr pdnh wkh
ghvluhg wudgh zlwkrxw dvvxplqj xqlirup fxuydwxuh1 Fohduo|/ wkh djhqwv zkr
kdyh olplwhg vxevwlwxwdelolw| zrxog eh r�huhg wkh vpdoohvw wudghv1 Krzhyhu/
hyhq li wklv dssurdfk zhuh dgrswhg/ vrph erxqg rq vxevwlwxwdelolw| zrxog
eh qhhghg wr hqvxuh wkdw wkh wudgh 5 frxog eh dfklhyhg1 Wr vhh krz odfn
ri xqlirup fxuydwxuh fdq suhyhqw frqyhujhqfh wr d frpshwlwlyh htxloleulxp
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doorfdwlrq/ frqvlghu zkdw zrxog kdsshq li prvw djhqwv* suhihuhqfhv kdg qr
fxuydwxuh dw doo1

Vxssrvh wkdw wkhuh duh wzr frpprglwlhv � ' 2 dqg wzr djhqwv 6 ' 21
Djhqw � kdv Free0Grxjodv suhihuhqfhv

��E%�� ' *L}e %�� n *L}e %�2

dqg djhqw 2 kdv Ohrqwlhi suhihuhqfhv

�2E%2� ' 4�?i%2�c %22j�
Vxssrvh wkdw wkh lqlwldo hqgrzphqw lv jlyhq e| e� ' E�c 2� dqg e2 ' E2c ��1
Wkhuh lv d xqltxh frpshwlwlyh htxloleulxp lq zklfk hdfk djhqw frqvxphv
E2�Dc 2�D� exw wklv lv qrw wkh rqo| olplwlqj htxloleulxp doorfdwlrq ri wkh GPEJ1
Iru h{dpsoh/ wkh doorfdwlrq lq zklfk djhqw � jhwv E2�D� 0c 2�D� 0� dqg djhqw
2 jhwv E2�D n 0c 2�D n 0�/ iru vx!flhqwo| vpdoo 0 : f/ fdq eh vxssruwhg dv dq
htxloleulxp ri wkh GPEJ/ dv lv vkrzq lq Vhfwlrq 41441

Lw lv qr vxusulvh wkdw frpshwlwlrq idlov zlwk wzr djhqwv/ exw wkh vdph
nlqg ri doorfdwlrq fdq eh dfklhyhg dv d PSH ri d GPEJ zlwk dq| qxpehu
ri djhqwv1 Vxssrvh wkdw/ lq dgglwlrq wr djhqwv � dqg 2 wkhuh duh d odujh
qxpehu ri dgglwlrqdo djhqwv zlwk Ohrqwlhi suhihuhqfhv dqg hqgrzphqwv E�c ��1
Wkh vdph exqgohv iru djhqwv � dqg 2 duh vwloo dwwdlqdeoh1 Ixuwkhupruh/ wkh
suhvhqfh ri wkh dgglwlrqdo djhqwv grhv qrw d�hfw wkh htxloleulxp sod| ri wkh
jdph1 Wkhuh lv qr srvvlelolw| ri wudgh ehwzhhq djhqw � dqg djhqwv � : 2/ vr
wkh| pljkw dv zhoo qrw eh wkhuh1

E| frqwudvw/ li wkh dgglwlrqdo djhqwv kdg Free0Grxjodv suhihuhqfhv lghq0
wlfdo wr djhqw �*v dqg hqgrzphqwv htxdo wr E�c �� wkhq wkh dujxphqw ri
Ohppd 7 zrxog dsso|1 E| pdnlqj vpdoo r�huv wr wudgh d vpdoo yhfwru
5*? ' E�f�Dc f�D�*? wr ? gl�huhqw djhqwv/ djhqw � frxog dfklhyh klv frp0
shwlwlyh wudgh 51

41:18 Wkh Frpshwlwlyh Olplw Wkhruhp

Wkh suhfhglqj dqdo|vlv fdq eh vxpphg xs lq d frpshwlwlyh olplw wkhruhp1
Wdnh dq lq�qlwh vhtxhqfh ri djhqwv � ' �c 2c ��� dqg gh�qh wkh h{fkdqjh hfrq0
rp| H6 wr frpsulvh wkh �uvw 6 djhqwv � ' �c 2c ���c 6/ iru hyhu| �qlwh qxpehu
61 Wkhq gh�qh wkh jdph K6 e| vshfli|lqj dq rughu ri sod| Z6 ' iE�6| c �6| �j1
Wkh vhtxhqfh iK6j lv fdoohg d frpshwlwlyh vhtxhqfh ri jdphv li wkh
iroorzlqj dvvxpswlrqv duh vdwlv�hg iru hyhu| �=
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� f� � +� lv qrq0hpsw|/ dqg f� � i%� 5 C�m��E%�� � S�j iru vrph
frqvwdqw S� +khqfh f� lv forvhg,>

� e� 5 f�>

� �� G f� $ + lv vwulfwo| frqfdyh/ lqfuhdvlqj/ dqg �� rq dq rshq vxshuvhw
ri f�(

dqg wkh vhtxhqfh vdwlv�hv

� wkh fxuydwxuh dvvxpswlrq lqwurgxfhg deryh lq vhfwlrq 41:15>

� wkh vhwv if�j duh xqlirupo| erxqghg ehorz dqg wkh phdq hqgrzphqwv
63�

S6

�'� e� duh xqlirupo| erxqghg deryh1

Wkh odvw dvvxpswlrq lv wkh rqo| qhz rqh1 Lw jxdudqwhhv wkdw wkh uhvrxufhv
dydlodeoh wr djhqwv gr qrw jurz rq dyhudjh dv wkh vl}h ri wkh hfrqrp| h{sdqgv
zlwkrxw olplw1

Qrz ohw is6j eh d vhtxhqfh ri htxloleulxp vwudwhj| sur�ohv vxfk wkdw
s6 5 ��.EK6� iru hdfk61 D vxevhtxhqfh6 5 P lv fdoohg d frpshwlwlyh
vhtxhqfh ri htxloleuld li wkh iroorzlqj surshuwlhv duh vdwlv�hg=

� iru hyhu| 6/ s6 lv d PSH dqg %6| $ +6 iru doprvw hyhu| />

� iru hyhu| 6 5 P wkhuh h{lvwv d sulfh yhfwru R6 vxfk wkdw nR6n ' �
dqg ��E%�� : ��E+

6
� � lpsolhv R

6 � %� : R6 � +6� / iru � ' �c ���c 6>

� *�46M} +6� ' +f� dqg *�46M} R6 ' Rf>

dqg

� wkh vxevhtxhqfh vdwlv�hv wkh frqwlqxlw| dvvxpswlrq lqwurgxfhg deryh
lq vhfwlrq 41:141

Fdoo E+fc Rf� d frpshwlwlyh olplw htxloleulxp li/ iru hyhu| �/

+f� 5 @h}4@ i��E%��m %� 5 f�c R
f � %� � Rf � e�j�

Lq rwkhu zrugv/ dw wkh olplwlqj doorfdwlrq +f hdfk djhqw lv pd{lpl}lqj klv
xwlolw| vxemhfw wr d exgjhw frqvwudlqw gh�qhg e| wkh olplwlqj sulfh v|vwhp Rf1
Wklv surshuw| lv jxdudqwhhg e| Ohppd 71
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Dowkrxjk wkh olplw doorfdwlrq +zlwk uhvshfw wr wlph, +6 ' E+6� c ���c +
6
6� lv

dwwdlqdeoh lq wkh vhqvh wkdw
S6

�'�E+
6
� � e�� ' f/ wkhuh lv qr jxdudqwhh wkdw

wkh olplw doorfdwlrq +zlwk uhvshfw wr qxpehuv ri djhqwv, +f ' E+f�c +
f
2c ���� zloo

eh dwwdlqdeoh lq wkh vhqvh wkdw

63�

6[
�'�

E+f� � e�� $ f� +416,

Wkh uhdvrq +f pd| qrw eh dwwdlqdeoh lv wkdw wkh frqyhujhqfh ri i+6� j"6'� wr
+f� pd| qrw eh xqlirup zlwk uhvshfw wr �1 Ri frxuvh/ li zh dvvxph xqlirup
frqyhujhqfh wkhq zh fdq eh vxuh wkdw wkh olplwlqj doorfdwlrq +f zloo eh dw0
wdlqdeoh1 Iru dq| 0 : f dqg doo 6 vx!flhqwo| odujh/ xqlirup frqyhujhqfh
lpsolhv wkdw mm+f� � +6� mm � 0 iru � ' �c ���c61 Iurp wklv lw hdvlo| iroorzv wkdw

63�mm
6[
�'�

E+f� � e��mm ' 63�mm
6[
�'�

E+f� � +6� n +6� � e��mm

' 63�mm
6[
�'�

+f� � +6� mm

� 63�

6[
�'�

mm+f� � +6� mm � 0

iru doo 6 vx!flhqwo| odujh1 Wkxv/

*�4
6<"

63�mm
6[
�'�

E+f� � e��mm � 0�

Vlqfh wkh fkrlfh ri 0 zdv duelwudu|/ wkh olplw lv lq idfw }hur1
Fdoo E+fc Rf� d vwurqj frpshwlwlyh olplw htxloleulxp li lw lv d frpshw0

lwlyh olplw htxloleulxp dqg +f lv dwwdlqdeoh lq wkh vhqvh ri frqglwlrq +416,1

Wkhruhp 8 Ohw iK6j eh d frpshwlwlyh vhtxhqfh ri jdphv/ ohw is6j6M}
eh d fruuhvsrqglqj frpshwlwlyh vhtxhqfh ri htxloleuld dqg ohw +f dqg Rf eh
wkh olplwlqj doorfdwlrq dqg sulfh v|vwhp1 Xqghu wkh pdlqwdlqhg dvvxpswlrqv
E+fc Rf� lv d frpshwlwlyh olplw htxloleulxp dqg li wkh frqyhujhqfh ri i+6� j wr
+f lv xqlirup wkhq E+fc Rf� lv d vwurqj frpshwlwlyh htxloleulxp1

Wklv eulqjv xv wr wkh hqg ri rxu �uvw dwwhpsw wr fkdudfwhul}h wkh PSH
ri wkh g|qdplf pdwfklqj dqg edujdlqlqj jdph1 Dv zh kdyh vhhq/ vrph
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vwurqj dvvxpswlrqv duh qhhghg wr fduu| wkurxjk wkh surjudp ri surylglqj
vwudwhjlf irxqgdwlrqv iru wkh wkhru| ri frpshwlwlyh htxloleulxp1 Wkhvh zloo
eh lqyhvwljdwhg lq pruh ghwdlo lq wkh qh{w fkdswhu1 Lq wkh uhpdlqghu ri
wklv fkdswhu/ zh h{soruh vrph rwkhu dvshfwv ri wkh wkhru|/ ehjlqqlqj zlwk
h{lvwhqfh1

41; H{lvwhqfh

Vr idu/ zh kdyh irfxvhg rq wkh fkdudfwhul}dwlrq ri PSH zlwkrxw zruu|lqj
wr pxfk derxw wkh uhvwulfwlyhqhvv ri wkh Pdunry surshuw|1 Gr PSH hyhq
h{lvwB D frpsohwh fkdudfwhul}dwlrq ri h{lvwhqfh lv qrw srvvleoh lq jhqhudo/
exw lq d vshfldo fdvh zh fdq vd| txlwh d orw1 Lw wxuqv rxw wkdw PSH gr h{lvw
iru d ulfk fodvv ri hfrqrplf hqylurqphqwv1 Ixuwkhupruh/ wkh| kdyh d qlfh
vwuxfwxuh wkdw pdnhv wkhp qdwxudo remhfwv wr vwxg| dqg doorzv xv wr sxuvxh
d frqvwuxfwlyh dssurdfk wr h{lvwhqfh1

Wkh vwudwhj| iru surylqj wkdw d PSH htxloleulxp h{lvwv lv txlwh vlpsoh1
Lq wkh wkhru| ri uhshdwhg jdphv dqg GPEJv zlwk d frqwlqxxp ri djhqwv/
h1j1/ Jdoh +4<;9,/ rqh frqvwuxfwv dq htxloleulxp e| jxhvvlqj wkh htxloleulxp
rxwfrph dqg wkhq surylqj wkdw lw fdq eh vxssruwhg dv d PSH e| dssur0
suldwh vwudwhjlhv1 Khuh wrr wkh surri lv frqvwuxfwlyh1 L dvvxph wkdw wkh
rxwfrph ri wkh PSH frqyhujhv wr d frpshwlwlyh htxloleulxp doorfdwlrq iru
wkh hfrqrp|1 Wkh �uvw vwhs lv wr �qg wudglqj uxohv wkdw zloo doorz djhqwv wr
wudgh frpprglwlhv wr jhw iurp wkhlu lqlwldo hqgrzphqwv wr wkhlu frpshwlwlyh
htxloleulxp frqvxpswlrq exqgohv zkloh nhhslqj wkh ydoxh ri wkhlu fxuuhqw
exqgohv frqvwdqw1 Wkhvh wudglqj uxohv fdq eh xvhg dv wkh edvlv ri wkh htxl0
oleulxp vwudwhjlhv= zkdwhyhu doorfdwlrq kdv ehhq uhdfkhg/ wkh djhqwv wdnh
dv wkhlu wdujhw d frpshwlwlyh htxloleulxp uhodwlyh wr wkdw doorfdwlrq dqg xvh
wkh wudglqj uxohv wr wudgh wrzdugv wkhlu wdujhw1 Wkh gl!fxow vwhs lv wr vkrz
wkdw wkhvh vwudwhjlhv frqvwlwxwh d PSH/ wkdw wkh| suhyhqw dq|rqh iurp grlqj
ehwwhu wkdq klv htxloleulxp sd|r�1 Lq idfw wklv fdq rqo| eh vkrzq lq vshfldo
fdvhv/ vr lw lv qhfhvvdu| wr pdnh vrph vshfldo dvvxpswlrqv1 Wklv vkrxog qrw
eh vxusulvlqj/ jlyhq wkh idfw wkdw lq d �qlwh hfrqrp| hdfk ri wkh djhqwv kdv
vrph cpdunhw srzhu*1 Lq jhqhudo/ zh vkrxog h{shfw wkh frpshwlwlyh htxlole0
ulxp wr eh wkh rxwfrph ri d PSH zkhq wkh qxpehu ri djhqwv lv xqerxqghgo|
odujh1

Ohw H ' iEf�c ��c e��j6�'� eh d �{hg exw duelwudu| hfrqrp| dqg iru dq|
dwwdlqdeoh doorfdwlrq % 5 	f ohw HE%� ghqrwh wkh h{fkdqjh hfrqrp| iruphg
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e| wdnlqj % dv wkh lqlwldo hqgrzphqw/ wkdw lv/ HE%� ' iEf�c ��c %��j6�'�1 Ohw
` EHE%�� ghqrwh wkh vhw ri Zdoudv doorfdwlrqv ri HE%�/ wkdw lv/ wkh vhw ri
doorfdwlrqv %W vxfk wkdw iru vrph sulfh v|vwhp RW wkh rughuhg sdlu ERWc %W�
lv d frpshwlwlyh htxloleulxp ri HE%�1 Xqghu fhuwdlq frqglwlrqv/ lw fdq eh
vkrzq wkdw wkhuh h{lvwv d PSH ri K wkdw lpsohphqwv wkh Zdoudv doorfdwlrqv
ri H1 Wklv hqvxuhv wkdw wkh glvfxvvlrq ri wkh suhfhglqj vhfwlrqv kdv qrw ehhq
ydfxrxv1 Pruh lqwhuhvwlqjo|/ lw vkrzv wkdw wkh frpshwlwlyh htxloleulxp fdq
eh lpsohphqwhg e| d PSH hyhq iru �qlwh jdphv1 Wklv frqfoxvlrq zrxog qrw
eh wrr vxusulvlqj li zh frqvlghuhg VSH udwkhu wkdq PSH/ ehfdxvh VSH doorz
iru wkh xvh ri wuljjhu vwudwhjlhv1 Iru wklv uhdvrq/ wkh vhw ri VSH pd| eh pxfk
odujhu wkdq wkh vhw ri PSH1 Lq dq| fdvh/ wkh surri ri h{lvwhqfh ri PSH lv qrw
zlwkrxw gl!fxow|1

Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ hyhu| h!flhqw doorfdwlrq % 5 � kdv
dvvrfldwhg zlwk lw dq hvvhqwldoo| xqltxh yhfwru ri vxssruwlqj sulfhv1 Ohw
{ ' iR 5 +�

nm
S�

�'� R� ' �j ghqrwh wkh E� � ��0glphqvlrqdo vlpsoh{1 Iru
dq| Sduhwr0h!flhqw doorfdwlrq % 5 � / ohw ZE%� ghqrwh wkh xqltxh sulfh yhfwru
lq { vxfk wkdw

R � Y��E%��

Y%�
c ;� ' �c ���c6�

E| Sursrvlwlrq 4 zh nqrz wkdw wkh judglhqwv ri wkh xwlolw| ixqfwlrqv duh
sursruwlrqdo1 Vr wkh sulfh yhfwru h{lvwv dqg lv srvlwlyh xqghu wkh pdlqwdlqhg
dvvxpswlrqv dqg wkh qrupdol}dwlrq hqvxuhv wkdw lw lv xqltxh1

Iru dq| Sduhwr0h!flhqw doorfdwlrq %/ ohw ME%� ghqrwh wkh k|shusodqh
wkurxjk % gh�qhg e|

ME%� ' i%� 5 +�6mZE%� � %�� ' ZE%� � %�c � ' �c ���c 6j

dqg ohw �E%� ghqrwh wkh vhw ri dwwdlqdeoh doorfdwlrqv lq ME%�/ wkdw lv/ �E%� '
ME%� _ f1 Wkh lpsruwdqfh ri wkh vhw �E%� lv wkdw vwduwlqj iurp dq lqlwldo
hqgrzphqw lq �E%�/ wkh doorfdwlrq % lv d Zdoudv doorfdwlrq1

Sursrvlwlrq 9 Vxssrvh wkdw % lv d Sduhwr0h!flhqw doorfdwlrq dqg %� 5 �E%�1
Wkhq % lv d Zdoudv doorfdwlrq ri HE%��/ wkdw lv/ % 5 ` EHE%���1

Surri1 E| frqvwuxfwlrq dqg wkh judglhqw lqhtxdolw|/ iru hyhu| djhqw �/
��E%

��
� � : ��E%�� lpsolhv wkdw ZE%� � %��� : ZE%� � %� ' ZE%� � %��1 Wkxv/

%� 5 @h}4@ i��E%��� �m%��� 5 f�c ZE%� � %��� � ZE%� � %��jc ;� ' �c ���c6c
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dqg EZE%�c %� lv d frpshwlwlyh htxloleulxp iru HE%��1
Wkh vhfrqg idfw wkdw zh qhhg lv wkdw wkh vhwv i�E%�m% 5 �j irup d sdu0

wlwlrq ri wkh vhw ri dwwdlqdeoh doorfdwlrqv/ wkdw lv/ hdfk dwwdlqdeoh doorfdwlrq
ehorqjv wr rqh dqg rqo| rqh vhw lq i�E%�m% 5 �j1 Wr hqvxuh wklv zh qhhg
wr dvvxph wkdw wkh frpshwlwlyh htxloleulxp doorfdwlrq ri HE%� lv xqltxh iru
hyhu| dwwdlqdeoh %1

Xqltxhqhvv Dvvxpswlrq= Iru dq| dwwdlqdeoh doorfdwlrq %/ wkh vhw ri Zdo0
udv doorfdwlrqv ` EHE%�� lv d vlqjohwrq1

Wkhuh duh zhoo nqrzq frqglwlrqv vxfk dv jurvv vxevwlwxwdelolw| wkdw fdq jxdu0
dqwhh xqltxhqhvv1 Wkhuh lv qr qhhg wr sxuvxh wkh ghwdlov khuh1

Qrz qrwh wkdw li
%�� 5 �E%� _�E%��

iru wzr Sduhwr0h!flhqw doorfdwlrqv % 9' %�/ wkhq % dqg %� duh erwk Zdoudv
doorfdwlrqv iru wkh h{fkdqjh hfrqrp| HE%���/ frqwudglfwlqj rxu dvvxpswlrq1
Wkxv/ xqltxhqhvv ri htxloleulxp lpsolhv wkdw wkh vhwv i�E%� G % 5 �j duh
qrq0lqwhuvhfwlqj1 Vhfrqgo|/ dq| dwwdlqdeoh doorfdwlrq %� pxvw ehorqj wr �E%�
iru vrph Sduhwr0h!flhqw doorfdwlrq %1 Wklv lv ehfdxvh xqghu wkh pdlqwdlqhg
dvvxpswlrqv/ hdfk h{fkdqjh hfrqrp| HE%�� kdv d Zdoudv doorfdwlrq % dqg
hyhu|Zdoudv doorfdwlrq lv Sduhwr0h!flhqw1 Wkxv/ zh kdyh wkh iroorzlqj uhvxow1

Sursrvlwlrq : Wkh vhw ri dwwdlqdeoh doorfdwlrqv 	f lv sduwlwlrqhg e| i�E%� G
% 5 �j1

Zlwk wkhvh wzr sursrvlwlrqv hvwdeolvkhg/ zh duh uhdg| wr gh�qh dq htxl0
oleulxp vwudwhj| iru K1 Gh�qh wkh ixqfwlrq � G 	f $ � e| sxwwlqj

�E%� ' �3�E%�

iru dq| dwwdlqdeoh doorfdwlrq %1 Lq wkh htxloleulxp zh duh jrlqj wr frqvwuxfw/
�E%� zloo eh wkh wdujhw doorfdwlrq rqfh wkh fxuuhqw doorfdwlrq % kdv ehhq
dfklhyhg1 Lq rwkhu zrugv/ iru dq| dwwdlqdeoh doorfdwlrq % wkdw lv uhdfkhg
gxulqj wkh sod| ri wkh jdph/ wkh PSH zloo lpsohphqw d Zdoudv doorfdwlrq
�E%� 5 ` EHE%�� lq wkh frqwlqxdwlrq jdph1 Wr vhh h{dfwo| krz wklv zloo eh
grqh/ lw lv qhfhvvdu| wr vshfli| d wudglqj uxoh1 Lqwxlwlyho|/ zkhq djhqwv �
dqg � phhw/ wkh wudglqj uxoh pd{lpl}hv d phdvxuh ri wkhlu wudgh vxemhfw wr
d qxpehu ri frqvwudlqwv1
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Ohw % eh wkh fxuuhqw doorfdwlrq dqg E�c �� eh wkh pdwfkhg sdlu gxulqj wkh
fxuuhqw shulrg1 Ohw 5 ' lE%c �c �� ghqrwh wkh sursrvdo pdgh e| djhqw �/ zkhuh
lE%c �c �� lv gh�qhg e| sxwwlqj

lE%c �c �� ' @h}4@ 

�[
�'2

� i Ti5�j

v1w1 m5�m � m�&�E%�� %&�mc & ' �c �(� ' 2c ���c �(
r�}?i5�j ' r�}?i���E%�� %��j ' �r�}?i���E%�� %��jc
iru & ' �c �c � ' 2c ���c �(
ZE%� � 5 ' f(
%� n 5 5 f�c %� � 5 5 f��

Vlqfh �E%� lv d Zdoudv doorfdwlrq uhodwlyh wr wkh lqlwldo hqgrzphqw %/ zh
fdq wklqn ri �E%� � % dv wkh yhfwru ri djhqwv* h{fhvv ghpdqgv1 Wkh �uvw
frqvwudlqw vd|v wkdw wkh devroxwh ydoxh ri wkh wudgh lq frpprglwlhv � ' 2c ���c �
fdqqrw h{fhhg wkh devroxwh ydoxh ri wkh h{fhvv ghpdqgv ri djhqwv � dqg � iru
wkh fruuhvsrqglqj frpprglw|1 Wkh vhfrqg frqvwudlqw vd|v wkdw wkh wudgh
lq frpprglwlhv � ' 2c ���c � pxvw kdyh wkh vdph vljq dv wkh djhqwv* h{fhvv
ghpdqgv1 Wkh �qdo frqvwudlqw vd|v wkdw wkh wudgh pxvw uhvshfw wkh djhqwv*
exgjhw frqvwudlqwv dw wkh htxloleulxp sulfhv ZE%�1 Qrwh wkh vshfldo uroh ri
frpprglw| �1 Lw dfwv dv d phdqv ri sd|phqw dqg djhqwv pd| eh irufhg wr
wudgh lq d gluhfwlrq wkdw lqfuhdvhv ru fkdqjhv wkh vljq ri wkhlu h{fhvv ghpdqgv
lq rughu wr edodqfh wkh exgjhw frqvwudlqw1

Qrz wkh wudglqj uxoh � fdq eh xvhg wr gh�qh dq htxloleulxp vwudwhj|
sur�oh s ' Es�c ���c s6� dv iroorzv1 Iru dq| dwwdlqdeoh doorfdwlrq % dqg rughuhg
sdlu E�c ��/ sxw

s�E%c �c �� ' lE%c �c �� +417,

dqg iru dq| qhw wudgh 5 sxw

s�E%c �c �c 5� '

�
�|hv� li ZE%� � 5 � fc %� � 5 5 f�c
�qr� rwkhuzlvh1

+418,

Wkh �uvw vwhs lq hvwdeolvklqj wkdw s lv d PSH lv wr vkrz wkdw s ohdgv wr
dq rxwfrph �E%� vwduwlqj iurp dq| lqlwldo doorfdwlrq %1 Wkh rqo| revwdfoh
wr wklv rxwfrph lv wkh srvvleolw| wkdw wkh surfhvv zloo jhw vwxfn ehfdxvh ri
dq lqdghtxdwh dprxqw ri wkh qxphudluh jrrg1 Wr dyrlg wklv srvvlelolw|/ zh
pdnh wkh iroorzlqj dvvxpswlrq1
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Lqwhulrulw| Dvvxpswlrq= Iru hdfk � dqg dq| dwwdlqdeoh doorfdwlrq % zh
dvvxph wkdw hlwkhu +l, ��E%� ' %� ru +ll, iru vrph 0 : f/ �E%��E0c fc ���c f� 5 f�1

Wkhuh zloo h{lvw h!flhqw doorfdwlrqv rq wkh erxqgdu| ri f zkhuh frqglwlrq
+ll, fdqqrw eh vdwlv�hg/ exw lq wkdw fdvh zh dvvxph wkdw qr wudgh lv rswlpdo/ vr
wkdw djhqw � h�hfwlyho| grhv qrw sduwlflsdwh lq wkh wudglqj surfhvv1 Qrwh wkdw
li wkh doorfdwlrq �E%� lv lqglylgxdoo| udwlrqdo uhodwlyh wr wkh lqlwldo hqgrzphqw
e wkhq �E%� ehorqjv wr wkh lqwhulru ri f dq|zd|/ exw vlqfh zh kdyh wr gh�qh
d frqwlqxdwlrq htxloleulxp iru hyhu| srvvleoh vxejdph/ l1h1/ iru hyhu| srvvleoh
doorfdwlrq %/ zh fdqqrw uho| rq lqglylgxdo udwlrqdolw| uhodwlyh wr e wr hqvxuh
wkh wudglqj surfhvv grhv qrw jhw vwxfn1

Xqghu wkh lqwhulrulw| dvvxpswlrq/ li doo djhqwv dgrsw wkh vwudwhjlhv lq s
wkhq wkh doorfdwlrq zloo frqyhujh doprvw vxuho| wr wkh Zdoudv doorfdwlrq �E%�1

Sursrvlwlrq ; Iru dq| lqlwldo doorfdwlrq % ohw i5|j ghqrwh wkh vhtxhqfh ri
h{fhvv ghpdqgv jhqhudwhg dorqj wkh htxloleulxp sdwk e| wkh vwudwhj| sur�oh
s 1 Wkhq i5|j frqyhujhv f1

Surri1 E| frqvwuxfwlrq/ wkh devroxwh ydoxhv ri wkh h{fhvv ghpdqgv iru frp0
prglwlhv � ' 2c ���c � duh prqrwrqlfdoo| qrq0ghfuhdvlqj1 Wkxv/ wkh| pxvw
frqyhujh1 Vxssrvh wkh h{fhvv ghpdqgv 5| frqyhujh wr vrph olplw 5"/ vd|1

Li 5" ' f wkhq wkhuh lv qrwklqj wr suryh/ vr vxssrvh wkdw 5" 9' f1 Wkhq
wkhuh duh wzr fdvhv wr eh frqvlghuhg1 Hlwkhu +l, hyhu| djhqw kdv dfklhyhg klv
ghpdqg iru frpprglw| � dqg khqfh fdq d�rug wr jlyh xs d vpdoo dprxqw
ri frpprglw| � lq h{fkdqjh iru rwkhu frpprglwlhv ru +ll, vrph djhqw � kdv
dq h{fhvv vxsso| ri frpprglw| �1 Lq fdvh +l, pdunhw0fohdulqj +dwwdlqdelolw|,
dqg wkh exgjhw frqvwudlqwv lpso| wkdw wkhuh h{lvw dw ohdvw wzr djhqwv � dqg �
dqg vrph frpprglw| � � 2 vxfk wkdw 5�� 	 f dqg 5�� : f1 E| frqvwuxfwlrq/
lE%c �c �� lv erxqghg dzd| iurp f iru dq| % 5 �E%W� forvh wr wkh olplw ydoxh
%W � 5"/ zkhuh %W ' �E%� lv wkh Zdoudv doorfdwlrq1 Vlqfh E�c �� duh pdwfkhg
lq�qlwho| riwhq zh kdyh d frqwudglfwlrq ri wkh dvvxpswlrq ri frqyhujhqfh1 Lq
fdvh +ll,/ 5f�� 	 f iru djhqw � dqg wkh exgjhw frqvwudlqw lpsolhv wkdw 5��" : f
iru vrph frpprglw| �1 Wkhq pdunhw fohdulqj lpsolhv wkdw wkhuh lv vrph
djhqw � vxfk wkdw 5��" 	 f dqg e| frqvwuxfwlrq/ lE%c �c �� lv erxqghg dzd|
iurp f iru dq| % 5 �E%W� forvh wr wkh olplw ydoxh %W�5"1 Vlqfh � dqg � phhw
lq�qlwho| riwhq wklv frqwudglfwv wkh frqyhujhqfh dvvxpswlrq1 Wklv hvwdeolvkhv
wkdw 5" ' f1
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Iru dq| dwwdlqdeoh doorfdwlrq %/ Sursrvlwlrq ; vkrzv wkdw djhqw �*v htxl0
oleulxp sd|r� lq wkh frqwlqxdwlrq jdph ehjlqqlqj dw % lv jlyhq e|

��E%� ' ��E��E%��c;� ' �c ���c 6�

Wr vkrz wkdw s lv d PSH zh qhhg wr vkrz wkdw wkh vwudwhjlhv gh�qhg e| +417,
dqg +418, duh ehvw uhvsrqvhv dw hyhu| lqirupdwlrq vhw1 D vx!flhqw frqglwlrq
iru wklv lv wkh iroorzlqj=

Lqghshqghqfh Dvvxpswlrq= Wkh frpshwlwlyh htxloleulxp sulfh yhfwru lv
lqghshqghqw ri wkh dwwdlqdeoh doorfdwlrq %/ wkdw lv/ ZE%� ' R iru doo %1

Wklv dvvxpswlrq lv txlwh vwurqj1 Lw zrxog eh vdwlv�hg/ iru h{dpsoh/ lq d uhs0
uhvhqwdwlyh djhqw hfrqrp|/ zkhuh doo djhqwv kdg lghqwlfdo/ krprwkhwlf suhi0
huhqfhv1 Wkh lqghshqghqfh dvvxpswlrq zrxog dovr eh vdwlv�hg li djhqwv kdg
wudqvihudeoh xwlolw|1 Vwulfwo| vshdnlqj/ wudqvihudeoh xwlolw| lv qrw frqvlvwhqw
zlwk rwkhu dvvxpswlrqv zh kdyh pdgh/ wkrxjk wkh uhvxowv zrxog suredeo|
frqwlqxh wr krog zlwkrxw wkhp1

Wr vkrz wkdw wkh sursrvhu*v vwudwhj| lv rswlpdo/ vxssrvh wkdw wkh fxuuhqw
doorfdwlrq lv %/ wkh sdlu E�c �� lv pdwfkhg/ dqg wkh yhfwru 5 lv wudghg1 Wkdw
lv/ djhqw � uhfhlyhv wkh exqgoh %� n 5 dqg djhqw � uhfhlyhv wkh exqgoh %� � 51
Ohw %� ghqrwh wkh qhz doorfdwlrq dqg ohw R ' ZE%� ' ZE%��1 Li R � 5 	 f/ wkhq

R � ��E%�� ' R � %��
	 R � %�
' R � ��E%�

zklfk lpsolhv wkdw ��E%� ' ��E��E%�� : ��E%
�� ' ��E��E%

���/ vr wkdw djhqw �
lv zruvh r�1 Rq wkh rwkhu kdqg/ wkh uhvsrqghu zloo qrw dffhsw dq| yhfwru 5
vxfk wkdw R � 5 : f1 Wkxv/ wkh rqo| srvvlelolw| iru � wr lqfuhdvh klv sd|r� lv
wr r�hu d wudgh 5 vxfk wkdw R � 5 ' f1 Exw zh nqrz iurp wkh gh�qlwlrq ri s
wkdw dq| vxfk 5 ohdgv wr �E%� dqg vr grhv qrw lqfuhdvh wkh xowlpdwh sd|r�1
Wkxv/ r�hulqj lE%c �c �� lv zhdno| rswlpdo iru wkh sursrvhu1

Qrz zh fdq vkrz wkdw wkh uhvsrqghu*v vwudwhj| lv rswlpdo1 Wkh uhvsrqghu
dffhswv dq| yhfwru 5 vxfk wkdw R � 5 � f1 E| wkh suhfhglqj dujxphqw zh fdq
vkrz wkdw dq| wudgh 5 vxfk wkdw R � 5 : f pdnhv � zruvh r�/ vr lw lv rswlpdo
wr uhmhfw vxfk r�huv/ dqg dq| wudgh 5 vxfk wkdw R � 5 ' f ohdgv wr wkh vdph
rxwfrph vr lw lv zhdno| rswlpdo wr dffhsw vxfk r�huv1 Rq wkh rwkhu kdqg/ li
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R � 5 	 f wkhq

��E%
�� ' ��E�E%

���

� @h}4@ i��E	%��m	%� 5 f�c R � 	%� � R � %��j
: @h}4@ i��E	%��m	%� 5 f�c R � 	%� � R � %�j
' ��E��E%�� ' ��E%�c

vr lw lv rswlpdo wr dffhsw vxfk r�huv1 Wklv frpsohwhv wkh surri ri wkh ghvluhg
uhvxow1

Wkhruhp < Li wkh Xqltxhqhvv/ Lqwhulrulw| dqg Lqghshqghqfh Dvvxpswlrqv
duh vdwlv�hg/ wkhq wkh vwudwhj| sur�oh s gh�qhg lq +417, dqg +418, lv d PSH
dqg wkh htxloleulxp rxwfrph i%|j frqyhujhv wr wkh dv|pswrwlf doorfdwlrq %W '
�Ee�1

Wkh nh| hohphqwv ri wkh dujxphqw suhvhqwhg deryh vhhp wr eh wkh Xqltxh0
qhvv Dvvxpswlrq/ zklfk hqvxuhv wkdw wkh vwudwhj| s lv Pdunry/ dqg wkh Lqgh0
shqghqfh Dvvxpswlrq/ zklfk hqvxuhv wkdw ydoxh0lqfuhdvlqj +ydoxh0uhgxflqj,
wudghv duh sd|r�0lqfuhdvlqj +sd|r�0uhgxflqj,1 Dq lqwhuhvwlqj txhvwlrq lv
zkhwkhu dqg krz wkh Lqghshqghqfh Dvvxpswlrq fdq eh zhdnhqhg1

Wkh Lqghshqghqfh Dvvxpswlrq lv fohduo| qrw d qhfhvvdu| frqglwlrq1 Dv
orqj dv wkh h�hfw ri sulfh fkdqjhv lv qrw wrr juhdw d vlplodu dujxphqw zrxog
krog1 Iru h{dpsoh/ iru dq| h!flhqw doorfdwlrq % ohw

��E%� ' i%�� 5 f�mZE%� � %�� ' ZE%� � %�j�
Wkhq wkh iroorzlqj dvvxpswlrq/ zklfk orrnv olnh d vwuhqjwkhqlqj ri wkh Xqltxh0
qhvv Dvvxpswlrq/ zloo gr wkh wulfn1

Qrq0Lqwhuvhfwlrq Surshuw|= Iru dq| %c %� 5 � dqg dq| djhqw �/ hlwkhu
��E%� _��E%

�� ' B ru ��E%� ' ��E%
��1

Wkh Qrq0Lqwhuvhfwlrq Surshuw| lv fohduo| lpsolhg e| wkh Xqltxhqhvv dqg Lq0
ghshqghqfh Dvvxpswlrqv1 Lw lpsolhv xqltxhqhvv/ exw lw lv zhdnhu wkdq lq0
ghshqghqfh ehfdxvh lw doorzv iru wkh vxssruwlqj sulfhv ZE%� wr ydu| zlwk
%1

Fruroodu| 43 Li wkh Qrq0Lqwhuvhfwlrq Surshuw| dqg wkh Lqwhulrulw| Dvvxps0
wlrq duh vdwlv�hg/ wkhq wkh vwudwhj| sur�oh s gh�qhg lq +417, dqg +418, lv d
PSH dqg wkh htxloleulxp rxwfrph i%|j frqyhujhv wr wkh dv|pswrwlf doorfdwlrq
%W ' �Ee�1
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Surri1 Vxssrvh dv lq wkh surri ri Wkhruhp < wkdw wzr djhqwv � dqg �
kdyh phw dqg pdgh d wudgh wkdw fkdqjhv wkh doorfdwlrq iurp % wr %�1 Li
ZE%� � ��E%�� : E��ZE%� � ��E%� dqg ZE%� � ��E%�� � E:�ZE%� � ��E%� wkhq wkh
Qrq0Lqwhuvhfwlrq Surshuw| lpsolhv wkdw ZE%� �%�� : E��ZE%� �%� dqg ZE%� �%�� �
E:�ZE%� � %�1 Exw wklv lv lpsrvvleoh vlqfh %� n %� ' %�� n %��1 Khqfh/ rqh ri
wkh djhqwv fdq rqo| eh pdgh ehwwhu r� li wkh rwkhu lv pdgh zruvh r� dqg wklv
suhyhqwv dq| sd|r�0lqfuhdvlqj ghyldwlrq iurp wkh vwudwhj| s 1

Lq jhqhudo/ zh vkrxog qrw h{shfw wr dfklhyh d frpshwlwlyh htxloleulxp
uhodwlyh wr wkh lqlwldo hqgrzphqwv e zkhq wkhuh lv d vpdoo qxpehu ri djhqwv1
Hyhq zlwk d odujh exw �qlwh qxpehu ri djhqwv/ wkh pdunhw srzhu srvvhvvhg e|
lqglylgxdo djhqwv pd| ohdg wr glvwruwlrqv wkdw suhyhqw wkh dwwdlqphqw ri wkh
frpshwlwlyh htxloleulxp1 Exw wkh pdunhw srzhu ri djhqwv vkrxog jhw vpdoohu
dv wkh qxpehu ri djhqwv jhwv odujhu dqg wklv pd| doorz wkh dwwdlqphqw ri dq
dssur{lpdwh frpshwlwlyh htxloleulxp dv d PSH ri wkh GPEJ1 Dowhuqdwlyho|/
wkh frpshwlwlyh htxloleulxp pd| eh dq 00htxloleulxp iru d vx!flhqwo| odujh
qxpehu ri djhqwv 61 Iru h{dpsoh/ li zh frxog vkrz wkdw iru dq| doorfdwlrq %
wkdw rffxuv rq wkh htxloleulxp sdwk dqg dq| wudgh wkdw lv srvvleoh iru djhqwv
� dqg �/ lw lv lpsrvvleoh iru wkhp wr lqfuhdvh wkhlu xwlolwlhv e| pruh wkdq
0 e| ghyldwlqj iurp wkh htxloleulxp sdwk/ wkhq wkh frpshwlwlyh htxloleulxp
frxog eh dfklhyhg dv dq 00PSH1 Zkdwhyhu wudghv wkhvh djhqwv fdq pdnh/
wkh htxloleulxp sulfhv zloo qrw fkdqjh e| yhu| pxfk li wkh qxpehu ri djhqwv
lv yhu| odujh/ dqg frqvhtxhqwo| wkh| fdqqrw fkdqjh wkhlu sd|r�v yhu| pxfk
e| glvwruwlqj wkh sulfhv1 Qrwh krzhyhu wkdw wkh qrwlrq ri 00PSH xvhg khuh
lv dssolhg wr hdfk lqirupdwlrq vhw vhsdudwho|1 Lq fdofxodwlqj wkh lqfuhdvh lq
sd|r� iurp d ghyldwlrq/ dq djhqw dvvxphv wkdw lq wkh ixwxuh sod| wkh rwkhu
djhqwv zloo iroorz wkh htxloleulxp vwudwhjlhv dqg khqfh kh fdqqrw pdnh dq|
sd|r�0lqfuhdvlqj ghyldwlrqv lq wkh ixwxuh1 D vhtxhqfh ri vxffhvvixo ghyld0
wlrqv pljkw lqfuhdvh klv sd|r� e| pruh wkdq 0 exw wklv lv qrw wdnhq lqwr
frqvlghudwlrq ehfdxvh hdfk ri wkhp lq lvrodwlrq lv xqdeoh wr lqfuhdvh sd|r�v
e| pruh wkdq 0 dqg khqfh zloo qrw vxffhhg lq ehlqj pdgh1

41< H!flhqf| zlwk Glvfrxqwlqj

Xs xqwlo qrz zh kdyh dvvxphg wkdw djhqwv gr qrw glvfrxqw ixwxuh xwlolwlhv1 Lq
wklv vhfwlrq/ wkh dqdo|vlv lv h{whqghg wr lqfoxgh wkh srvvlelolw| ri glvfrxqwlqj1

Wkhuh duh wzr uhdvrqv iru zdqwlqj wr lqfoxgh glvfrxqwlqj1 Wkh �uvw uhdvrq
lv wkdw wlph pdwwhuv1 Li frqyhujhqfh wr dq h!flhqw ru Zdoudvldq doorfdwlrq
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wdnhv d yhu| orqj wlph/ wkhq hyhq d vpdoo dprxqw ri glvfrxqwlqj zloo kdyh d
odujh h�hfw rq wkh sd|r�v1 Wkh dvvxpswlrq wkdw djhqwv gr qrw fduh zkhwkhu
wkh| frqvxph hduo| ru odwh zloo qrw eh d jrrg dssur{lpdwlrq1 E| lqwurgxflqj
glvfrxqwlqj/ zh fdq whvw wkh urexvwqhvv ri wkh h!flhqf| uhvxowv zkhq wkh wlph
wdnhq wr frqyhujh pdwwhuv1 Ri frxuvh/ lqwurgxflqj d frvw ri wlph zloo fkdqjh
wkh uhvxowv vrphzkdw/ vlqfh frqyhujhqfh zloo dozd|v wdnh vrph wlph dqg glv0
frxqwlqj zloo uhgxfh wkh hyhqwxdo sd|r�v1 Iru wkdw uhdvrq/ zh frqfhqwudwh
rq wkh fdvh zkhuh wkh glvfrxqw udwh lv vpdoo +wkh shulrg ohqjwk lv vkruw, dqg
dvn zkhwkhu zh rewdlq dssur{lpdwho| wkh vdph uhvxowv dv lq wkh fdvh zlwk qr
glvfrxqwlqj1

Wkh vhfrqg uhdvrq iru wkh lqwhuhvw lq glvfrxqwlqj lv wkdw lw kdv sod|hg d
fuxfldo uroh lq wkh edujdlqlqj olwhudwxuh/ zkhuh lw kdv ehhq vkrzq wr |lhog gh0
whuplqdwh rxwfrphv xqghu fhuwdlq flufxpvwdqfhv1 Ehjlqqlqj zlwk wkh Vwdko0
Uxelqvwhlq wkhru|/ lw kdv ehhq vkrzq wkdw glvfrxqwlqj irufhv djhqwv wr uhdfk
d ghwhuplqdwh djuhhphqw/ zkhuhdv wkh edujdlqlqj sureohp kdv dq lq�qlwh
qxpehu ri vroxwlrqv lq wkh devhqfh ri glvfrxqwlqj1 Vr lw lv dq lqwhuhvwlqj
txhvwlrq zkhwkhu glvfrxqwlqj pdnhv d gl�huhqfh lq wkh suhvhqw frqwh{w1

Lq wkh edujdlqlqj olwhudwxuh/ wkhuh duh wzr lqwhusuhwdwlrqv ri glvfrxqwlqj1
Rqh lv wkh xvxdo lqwhusuhwdwlrq wkdw lqglylgxdov suhihu hduo| frqvxpswlrq
wr odwh frqvxpswlrq dqg wkdw wkhlu wlph suhihuhqfhv fdq eh uhsuhvhqwhg e|
jhrphwulfdoo| glvfrxqwlqj wkh xwlolw| ri ixwxuh frqvxpswlrq1 Li wkh +frqvwdqw,
udwh ri wlph suhihuhqfh lv 4/ wkh glvfrxqw idfwru dssolhg wr ixwxuh xwlolwlhv lv
gh�qhg wr eh � ' E�n4�3�1 Dq djuhhphqw uhdfkhg dw gdwh | jlylqj wkh djhqw
dq +xqglvfrxqwhg, xwlolw| � lv zruwk �|3�� lq whupv ri suhvhqw xwlolw|1

Wkh vhfrqg lqwhusuhwdwlrq dvvxphv wkdw wkhuh lv d srvlwlyh suredelolw|
wkdw wkh edujdlqlqj surfhvv zloo eh vwrsshg ehiruh dq djuhhphqw lv uhdfkhg1
Li qr djuhhphqw lv uhdfkhg/ wkh djhqwv erwk uhfhlyh }hur/ vr wkh htxloleulxp
sd|r� lv htxdo wr wkh vxp ryhu doo | ri wkh suredelolw| wkdw wkh jdph grhv qrw
hqg ehiruh | wlphv wkh xwlolw| ri wkh djuhhphqw uhdfkhg dw |1 Wkh suredelolw|
wkdw wkh jdph frqwlqxhv xqwlo gdwh |n�/ frqglwlrqdo rq wkh jdph odvwlqj xqwlo
gdwh |/ lv d frqvwdqw f 	 � 	 �/ vr wkh suredelolw| wkdw wkh jdph uhdfkhv
gdwh | lv �|3�1 Ohw �| ghqrwh wkh htxloleulxp sd|r� li djuhhphqw lv uhdfkhg
dw gdwh |� Wkhq wkh h{shfwhg sd|r� lv

S"

|'� �
|3��|1

Vr/ wkh wzr dssurdfkhv surgxfh wkh vdph sd|r� ixqfwlrqv dqg duh iru0
pdoo| htxlydohqw1 +Vhh Elqpruh/ Uxelqvwhlq dqg Zrolqvn| +4<;9, iru d vxewoh
dqdo|vlv ri wkh gl�huhqfhv ehwzhhq wkh wzr lqwhusuhwdwlrqv,1

Lq wkh suhvhqw frqwh{w/ wkh vhfrqg lqwhusuhwdwlrq lv hdvlhu wr xvh1 Zh fdq
vlpso| dvvxph wkdw zkhq wkh jdph vwrsv dw gdwh | hyhu| lqglylgxdo frqvxphv
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wkh exqgoh wkdw kh lv fxuuhqwo| kroglqj1 Li wkh jdph vwrsv dw gdwh | dqg
djhqw � lv kroglqj wkh exqgoh %�| wkhq kh uhfhlyhv wkh xwlolw| ��E%�|�1 Vlqfh wkh
suredelolw| wkdw wkh jdph vwrsv dw gdwh | lv �|3�E�� ��/ wkh h{shfwhg xwlolw|
ri djhqw � iurp wkh rxwfrph i%|j lv

E�� ��
"[
|'�

�|3���E%�|��

Wklv lqwhusuhwdwlrq kdv d qxpehu ri dgydqwdjhv ryhu wkh wlph0suhihuhqfh
lqwhusuhwdwlrq1 Iluvw/ xqghu wkh wlph0suhihuhqfh lqwhusuhwdwlrq lw lv qrw fohdu
h{dfwo| zkhq frqvxpswlrq wdnhv sodfh1 Lw frxog wdnh sodfh dq| wlph diwhu
wudglqj vwrsv/ exw wudglqj pd| frqwlqxh iru gl�huhqw ohqjwkv ri wlph iru gli0
ihuhqw djhqwv dqg iruhyhu iru vrph1 Lq dq| fdvh/ lw lv qrw fohdu krz wr dsso|
wlph0suhihuhqfh glvfrxqwlqj1 Vhfrqgo|/ zkhq wkh ixwxuh lv glvfrxqwhg/ wkhuh
pd| eh dq lqfhqwlyh iru vrph djhqwv wr gurs rxw ri wkh wudglqj surfhvv dqg
frqvxph wkhlu exqgohv lpphgldwho|/ li wkh jdlqv iurp ixwxuh wudgh duh vx!0
flhqwo| vpdoo1 Ru wkhuh pd| eh dq lqfhqwlyh wr ehjlq frqvxplqj ehiruh wudgh
kdv �qlvkhg1 Erwk ri wkhvh srvvlelolwlhv/ yroxqwdu| h{lw dqg frqwlqxrxv frq0
vxpswlrq/ lqwurgxfh frpsolfdwlrqv wkdw duh eh|rqg wkh vfrsh ri wkh suhvhqw
wuhdwphqw1

41<14 Wkh Htxloleulxp Sdwk

Li sW lv d PSH dqg i%|j lv wkh htxloleulxp rxwfrph/ wkhq wkh htxloleulxp
sd|r� ri djhqw � dw wkh ehjlqqlqj ri gdwh |/ ehiruh d sursrvdo kdv ehhq pdgh/
lv d ixqfwlrq ri wkh dwwdlqdeoh doorfdwlrq %| dqg wkh gdwh |1 Ohw ��E%|c |�
ghqrwh wkh htxloleulxp sd|r� ri sod|hu � dw gdwh | zkhq wkh lqlwldo doorfdwlrq
dw wkdw gdwh lv %|1 Dv lq wkh fdvh zlwkrxw glvfrxqwlqj/ zh fdq vkrz wkdw wkh
xwlolwlhv ��E%�|� frqyhujh wr wkh htxloleulxp sd|r�v ��E%|c |�/ exw wkh dujxphqw
lv voljkwo| gl�huhqw zlwk glvfrxqwlqj1

Wkh qr0wudgh vwudwhj| lv dozd|v dydlodeoh wr wkh djhqw/ vr dw dq| gdwh dq
djhqw fdq hqvxuh wkdw kh krogv klv fxuuhqw exqgoh xqwlo wkh jdph vwrsv1 Vlqfh
wkh jdph vwrsv zlwk suredelolw| rqh/ klv htxloleulxp sd|r� pxvw eh dw ohdvw
dv juhdw dv wkh xwlolw| iurp klv fxuuhqw exqgoh1 Wkxv/ dw hdfk gdwh | dqg iru
hdfk djhqw �/

��E%|c |� � ��E%�|�� +419,

Vxssrvh qrz wkdw wkh jdph kdv frqwlqxhg xqwlo gdwh |1 Zlwk suredelolw|
E���� wkh jdph vwrsv dw gdwh | dqg wkh djhqw lv irufhg wr frqvxph klv fxuuhqw
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exqgoh %�|1 Zlwk suredelolw| � wkh jdph frqwlqxhv dw ohdvw rqh pruh shulrg
dqg kh ehjlqv gdwh | n � zlwk d frqwlqxdwlrq0jdph sd|r� ri ��E%|n�c | n ��1
Wkhq wkh htxloleulxp sd|r�v pxvw vdwlvi| wkh uhfxuvlyh uhodwlrq

��E%|c |� ' E�� ����E%�|� n ���E%|n�c |n ��� +41:,

Wkhvh wzr uhodwlrqvklsv +419, dqg +41:, lpso| wkdw wkh htxloleulxp sd|r�v
duh qrq0ghfuhdvlqj/

��E%|c |n �� � ��E%|n�c |n ��c +41;,

iru hyhu| |1
Iurp wkh gh�qlwlrq ri wkh sd|r�v/ zh nqrz wkdw

��E%|c |� ' E�� ��
"[
r'|

�r3|3���E%�r�

Frqvhtxhqwo|/

��E%|c |�� ���E%|n�c | n ��

' E�� ��
"[
r'|

�r3|3���E%�r��
"[

r'|n�

�r3|��E%�r�

' E�� ����E%�|�c +41<,

Wdnlqj olplwv lq +41<, dqg glylglqj e| E�� �� lpsolhv wkdw

*�4
|<"

��E%|c |� ' *�4
|<"

��E%�|�

Khqfh zh kdyh wkh iroorzlqj uhvxow=

Sursrvlwlrq 44 Ohw s W eh d PSH ri K/ ohw i%|j"|'� eh wkh htxloleulxp rxw0
frph dqg ohw i��E%|c |�j"|'� eh wkh htxloleulxp sd|r�v1 Wkhq

*�4
|
��E%�E|�� ' *�4

|
��E%|c |��

dqg ��E%|c |� � *�4|<" ��E%|c |� iru hyhu| |1
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41<15 Dv|pswrwlf H!flhqf|

Sursrvlwlrq 44 fdq eh xvhg wr suryh wkh dv|pswrwlf h!flhqf| ri wkh htxlole0
ulxp doorfdwlrqv1 Wkh surri lv wkh vdph dv lq wkh fdvh zlwkrxw glvfrxqwlqj
dqg zloo qrw eh suryhg khuh1

Sursrvlwlrq 45 Wkhuh h{lvwv dq dwwdlqdeoh doorfdwlrq %" vxfk wkdw

*�4
|<"

%| ' %" 5 �

doprvw vxuho|1

41<16 Sduhwr0H!flhqf|

Dowkrxjk wklv sursrvlwlrq sdudoohov wkh h!flhqf| wkhruhp ghulyhg iru wkh
jdph zlwkrxw glvfrxqwlqj/ lw lv lq idfw zhdnhu1 Dv|pswrwlf h!flhqf| lpsolhv
qrwklqj derxw wkh htxloleulxp sd|r�v ri wkh jdph/ ylhzhg iurp wkh lqlwldo
gdwh/ ehfdxvh wkh jdph whuplqdwhv lq �qlwh wlph zlwk suredelolw| rqh1 Wkh
qdwxudo fdvh wr orrn dw lv wkh rqh lq zklfk � $ �/ zklfk rqh krshv zloo
dssur{lpdwh wkh �iulfwlrqohvv� fdvh � ' �1 Khuh wkhuh lv d sureohp1 Li
wkh frqyhujhqfh ri wkh vhtxhqfh i%|j lv vx!flhqwo| idvw/ wkhq d vpdoo ulvn
ri whuplqdwlrq vkrxog qrw pdwwhu wrr pxfk1 Exw zkdw kdsshqv li wkh udwh
ri frqyhujhqfh lv vorzB Pruh suhflvho|/ vxssrvh wkdw iru hdfk ydoxh ri �/
s� lv d PSH ri KE�� dqg ohw i%�| j ghqrwh wkh fruuhvsrqglqj vhtxhqfh ri
dwwdlqdeoh doorfdwlrqv dorqj wkh htxloleulxp sdwk1 Lq jhqhudo/ rqh zrxog
h{shfw ��Es

�� 	 ��E%
�
�"�/ zkhuh %�" lv wkh olplw ri i%�"j dv | $ 41 Li wkh

udwh ri frqyhujhqfh ri i%�| j wr %�" ehfrphv vorzhu dv � $ �/ wkhq wkhuh lv qr
uhdvrq wr h{shfw wkdw wkh ghvluhg uhvxow

*�4
�<f

d��E%
�
�"�� ��Es

��o ' f

krogv1
Vrph erxqg rq wkh udwh ri frqyhujhqfh wr wkh dv|pswrwlf doorfdwlrq lv

qhhghg wr hqvxuh wkdw wkh h�hfw ri glvfrxqwlqj glvdsshduv lq wkh olplw dv
� $ f1 Lw lv yhu| gl!fxow wr rewdlq vxfk d erxqg lq jhqhudo ehfdxvh wkh
vwudwhjlhv fdq eh yhu| frpsoh{1 Wkhuh duh wrr pdq| srvvlelolwlhv wkdw fdqqrw/
lq rxu suhvhqw vwdwh ri nqrzohgjh/ eh uxohg rxw1

Lqvwhdg ri ghdolqj zlwk wkh frpsoh{lw| ri wkh fxuuhqw jdph/ zh fdq vlp0
soli| lw e| dvvxplqj wkdw wkh jdph kdv d �qlwh qxpehu ri vwdwhv1 Wkhq wkh
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Pdunry surshuw| dqg wkh �qlwhqhvv ri wkh vwdwh vsdfh lpphgldwho| hqvxuh wkdw
frqyhujhqfh lq xwlolw| rffxuv lq �qlwh wlph1 Vlqfh xwlolw| lv qrq0ghfuhdvlqj
dqg wkhuh duh rqo| d �qlwh qxpehu ri vwdwhv/ wkh xwlolwlhv fdqqrw nhhs fkdqjlqj
lqgh�qlwho|1

Wkhuh duh vhyhudo srvvleoh prwlydwlrqv iru wkh dvvxpswlrq ri �qlwhqhvv1

� Lqglylvlelolw| fdq eh prwlydwhg e| uhdolvp1 Lq sudfwlfh/ prvw frpprgl0
wlhv kdyh dq luuhgxfleoh plqlpxp txdqwlw| wkdw fdq eh wudghg1 Doo
wudghv kdyh wr eh pdgh lq pxowlsohv ri wklv xqlw1 Dv d uhvxow/ wkh vhw ri
dwwdlqdeoh doorfdwlrqv lv �qlwh1

� Wkh frqfhsw ri d shuihfwo| glylvleoh frpprglw| lv dq lghdol}dwlrq ri d
frpprglw| zlwk d vpdoo exw �qlwh plqlpxp xqlw1 Wkh lqwurgxfwlrq ri
d vpdoo plqlpxp xqlw iru hdfk frpprglw| fdq eh wkrxjkw ri dv d whvw
ri urexvwqhvv ri wkh prgho zlwk shuihfwo| glylvleoh frpprglwlhv1 Li wkh
lqwurgxfwlrq ri dq lqglylvleoh xqlw pdnhv d elj fkdqjh wr wkh uhvxowv/
wkh shuihfwo| glylvleoh frpprglw| lv qrw d jrrg dssur{lpdwlrq1

� D frqwlqxrxv vwudwhj| vsdfh doorzv iru yhu| frpsoh{ vwudwhjlhv/ zklfk
pd| eh h{wuhpho| vhqvlwlyh wr vpdoo fkdqjhv lq wkh vwdwh ri wkh jdph1
Lpsrvlqj �qlwhqhvv lv d zd| ri erxqglqj frpsoh{lw| dqg wkxv exloglqj
lq dq hohphqw ri erxqghg udwlrqdolw|1

Iru dq| # : f/ ohw f#
� ghqrwh wkh vxevhw ri f� frqvlvwlqj ri exqgohv

frqvlvwlqj ri lqwhjudo pxowlsohv ri #3� ri hdfk frpprglw|=

f#
� � i%� 5 f�m%�� ' 6�#

3�c ;�c<6� 5 ifc �c ���c �jj�
Wkh jdph zlwk wklv frqvxpswlrq vhw vxevwlwxwhg iru f� lv ghqrwhg e| KE�c #�1

Ohw s�c# ghqrwh d Pdunry shuihfw htxloleulxp ri KE�c #� dqg i%�c#| j wkh
fruuhvsrqglqj rxwfrph1 Frqyhujhqfh lq xwlolwlhv lv suryhg lq h{dfwo| wkh
vdph zd| dv ehiruh +glylvlelolw| sod|hg qr uroh lq wkh surri, dqg lw pxvw
rffxu lq d �qlwh qxpehu ri vwhsv vlqfh wkhuh lv rqo| d �qlwh qxpehu ri ydoxhv
wkdw ��E%|c |� fdq dwwdlq1 Ohw ��c# ghqrwh wkh plqlpxp qxpehu ri shulrgv
ehiruh hyhu| djhqw � uhdfkhv wkh olplwlqj sd|r� ��c#� ri wkh htxloleulxp s �c#1
Ilqdoo|/ ohw � 0 ghqrwh wkh 00Sduhwr0rswlpdo vhw ri wkh hfrqrp|/ wkdw lv/ wkh
vhw ri dwwdlqdeoh doorfdwlrqv % vxfk wkdw wkhuh grhv qrw h{lvw dq dwwdlqdeoh
doorfdwlrq %� vxfk wkdw ��E%��� : ��E%�� n 01

Wkh suhylrxv dujxphqwv fdq eh dgdswhg wr vkrz wkdw li %�c#" lv d olplw srlqw
ri wkh vhtxhqfh i%�c#| j dv | $ 4/ wkhq iru dq| 0 : f dqg doo # : #E0�/ %�c#"
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pxvw ehorqj wr � 01 Li qrw/ wkhq iru vrph �{hg 0 : f zh fdq �qg duelwudulo|
odujh ydoxhv ri # vxfk wkdw %�c#" *5 � 01 Ohw %�" eh d olplw srlqw ri %�c#" dv wklv
vxevhtxhqfh ri ydoxhv ri # $ 41 Fohduo|/ %�" *5 � 0 dqg wklv lpsolhv wkdw
wkhuh h{lvwv dq rughuhg sdlu E�c �� zkr phhw lq�qlwho| riwhq dqg d wudgh 5 vxfk
wkdw ��E%

�c#
�" n 5� : ��E%

�c#
�"� dqg ��E%

�
�" n 5� : ��E%

�
�"�1 Wkhq/ e| frqwlqxlw|/

iru vx!flhqwo| odujh ydoxhv ri # zh fdq �qg d wudgh 5�c# vxfk wkdw 5�c# lv d
ihdvleoh wudgh dqg ��E%

�c#
�" n 5�c#� : ��E%

�c#
�"� dqg ��E%

�c#
�" n 5�c#� : ��E%

�c#
�"�1 E|

suhylrxv dujxphqwv zh fdq vkrz wkdw

��c#& E%�c#| c |� � *�4
|<"

��c#& E%�c#| c |� ' �&E%
�c#
&"�

iru & ' �c � dqg wklv doorzv xv wr jhqhudwh d frqwudglfwlrq ri wkh htxloleulxp
frqglwlrqv iru wkh jdph KE�c #� iru vx!flhqwo| odujh # dqg |/ vlqfh djhqwv �
dqg � fdq pdnh dq lpsurylqj wudgh dqg jhw d sd|r� ehwwhu wkdq ��E%

�c#
| c |�

dqg ��E%
�c#
| c |�/ uhvshfwlyho|1 Wklv frqwudglfwlrq suryhv wkh iroorzlqj uhvxow1

Ohppd 46 Ohw s�c# eh d PSH ri KE�c #�1 Iru dq| 0 : f wkhuh h{lvwv d
qxpehu #E0� vxfk wkdw iru doo # : #E0�/ li %�c#" lv wkh olplw ri wkh htxloleulxp
doorfdwlrqv i%�c#| j wkhq %�c#" 5 � 01

Fohduo|/ iru vrph �{hg ydoxh ri # : #E0� wkh yhfwru ri htxloleulxp sd|r�v
�Es�c#� zloo eh 00Sduhwr0h!flhqw lq wkh olplw dv � $ 41 Lq wklv vhqvh/ zh fdq
vd| wkdw s�c# lv dssur{lpdwho| h!flhqw dv � $ � dqg # $ f lq wkdw rughu1

Wkhruhp 47 Ohw s�c# eh d PSH ri KE�c #� iru hyhu| ydoxh ri E�c #�1 Iru
dq| 0 : f wkhuh h{lvw qxpehuv #E0� dqg �E0� vxfk wkdw iru doo # : #E0� dqg
� : �E0�/ s�c# lv 00Sduhwr0rswlpdo/ wkdw lv/ wkhuh grhv qrw h{lvw dq dwwdlqdeoh
doorfdwlrq % vxfk wkdw ��E%�� : ��Es

�c#� n 0 iru hyhu| �1

4143 Udqgrp Pdwfklqj
Lq pdq| edujdlqlqj prghov/ wkh dowhuqdwlqj r�huv dvvxpswlrq lv uhsodfhg e|
wkh dvvxpswlrq wkdw sursrvhuv dqg uhvsrqghuv duh fkrvhq dw udqgrp1 Wklv
dvvxpswlrq pdnhv wkh prgho v|pphwulf dqg khqfh doorzv iru wkh srvvlelolw|
ri vwdwlrqdu| htxloleuld1 Vlploduo|/ lq d GPEJ/ udqgrp pdwfklqj dw hdfk
gdwh lpsrvhv v|pphwu| rq wkh prgho dqg doorzv iru vwdwlrqdu| htxloleuld1 Lq
wkh prgho zlwk d �{hg rughu ri sod|/ wkh vwuxfwxuh ri wkh jdph ghshqgv rq
wkh gdwh ehfdxvh wkh lghqwlw| ri wkh sursrvhuv dqg uhvsrqghuv lv d ixqfwlrq
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ri wkh gdwh1 Wkhuh lv d pruh frpshoolqj uhdvrq wkdq wklv iru ehlqj lqwhuhvwhg
lq udqgrp pdwfklqj/ krzhyhu1 Udqgrp pdwfklqj hqvxuhv wkdw wkh rxwfrph
ri wkh GPEJ lv/ lq sulqflsoh/ udqgrp hyhq li wkh djhqwv duh xvlqj sxuh
vwudwhjlhv dqg wklv udqgrpqhvv udlvhv d qxpehu ri lqwhuhvwlqj lvvxhv1 Iluvw/
ydulrxv frqyhujhqfh surshuwlhv wkdw uhtxluh rqo| hohphqwdu| dqdo|vlv lq wkh
ghwhuplqlvwlf fdvh ehfrph pxfk pruh vxewoh dqg uhtxluh pruh srzhuixo wrrov
lq wkh vwrfkdvwlf fdvh1 Vhfrqgo|/ ehfdxvh djhqwv duh ulvn dyhuvh/ udqgrpqhvv
ehfrphv d vrxufh ri lqh!flhqf| lwvhoi dqg khqfh fdq suhyhqw wkh dwwdlqphqw
ri wkh frpshwlwlyh htxloleulxp1

Lq sodfh ri wkh ghwhuplqlvwlf rughu ri sod| zh dgrsw wkh iroorzlqj dvvxps0
wlrq=

Pdwfklqj1 Dw hdfk gdwh dq rughuhg sdlu ri djhqwv E�c �� lv fkrvhq dw udqgrp1
Ohw Z�� eh wkh suredelolw| wkdw E�c �� lv fkrvhq1 Zh dvvxph wkdw Z�� : f iru
doo E�c �� vxfk wkdw � 9' � dqg Z�� ' fc dqg

S
�

S
� Z�� ' �1 Wkh pdwfklqj

suredelolwlhv duh wkh vdph dw hdfk gdwh dqg lqghshqghqw dfurvv gdwhv1

Wkh dvvxpswlrq wkdw doo rughuhg sdluv E�c �� duh iruphg zlwk srvlwlyh sured0
elolw| dw hdfk gdwh lpsolhv wkdw doo rughuhg sdluv E�c �� duh iruphg dq lq�qlwh
qxpehu ri wlphv zlwk suredelolw| rqh1 Wklv hqvxuhv wkdw wkh djhqwv duh doo
frqqhfwhg dqg irup d vlqjoh/ lqwhjudwhg hfrqrp|1

Wkh uhvw ri wkh prgho lv gh�qhg dv lq Vhfwlrq 416 dqg wkh gh�qlwlrq
ri PSH lv wkh vdph dv lq Vhfwlrq 4171 Ehfdxvh wkh rxwfrph ri wkh jdph lv
vwrfkdvwlf/ lw lv qr orqjhu srvvleoh wr uhvwulfw dwwhqwlrq wr lqglylgxdoo| udwlrqdo
doorfdwlrqv1 Dowkrxjk dq htxloleulxp pxvw eh lqglylgxdoo| udwlrqdo h{ dqwh/
wkh rxwfrph qhhg qrw eh lqglylgxdoo| udwlrqdo h{ srvw1 Vr wkh dvvxpswlrq
+414, kdv wr eh vwuhqjwkhqhg= lqvwhdg/ lw lv dvvxphg wkdw f� frlqflghv zlwk
rqh ri wkh xsshu frqwrxu vhwv ri ��=

� iru dq| �/ iru vrph frqvwdqw S�/

f� � i%� 5 C�m��E%�� � S�j +4143,

Wkh surshuw| +4143, hqvxuhv wkdw sdluzlvh h!flhqf| lv htxlydohqw wr Sduhwr
h!flhqf|1 Zhdnhu frqglwlrqv zrxog dovr vx!fh iru wklv uhvxow1 Iru h{dpsoh/
li zh frxog hqvxuh wkdw lqgl�huhqfh vxuidfhv zhuh wdqjhqw wr wkh erxqgdu| ri
wkh frqvxpswlrq vhw dw hdfk srlqw rq wkh erxqgdu|/ wkh vdph uhvxow zrxog
krog1
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Zh ehjlq wkh dqdo|vlv ri htxloleulxp e| jlylqj d pruh suhflvh ghvfuls0
wlrq ri wkh htxloleulxp sdwk1 Ehfdxvh wkh pdwfklqj surfhvv lv udqgrp/ wkh
htxloleulxp sdwk lv d vwrfkdvwlf surfhvv hyhq li sxuh vwudwhjlhv duh fkrvhq lq
htxloleulxp1 Ohw ElcI c � � ghqrwh wkh xqghuo|lqj suredelolw| vsdfh/ zkhuh l
lv wkh vhw ri vwdwhv ri qdwxuh/ I lv wkh j0�hog ri phdvxudeoh vxevhwv ri l/ dqg
� lv d suredelolw| phdvxuh rq ElcI�1 Doo ri wkh udqgrp yduldeohv wkdw gh�qh
wkh htxloleulxp sdwk duh dvvxphg wr eh gh�qhg rq wklv xqghuo|lqj suredelo0
lw| vsdfh1 Iru h{dpsoh/ zh fdq wdnh l wr eh wkh vhw ri vhtxhqfhv iE�|c �|�j"|'�/
I wkh j0�hog jhqhudwhg e| wkh f|olqghu vhwv ri l dqg � wkh suredelolw| phd0
vxuh ghwhuplqhg e| wkh nhuqho Z1 Wkhq zh fdq uhjdug %E|c /�/ �E|c /�/ �E|c /�/
5E|c /�/ dqg oE|c /� dv vwrfkdvwlf surfhvvhv gh�qhg rq ElcI c � �1

Wkh lqirupdwlrq dydlodeoh dw wkh ehjlqqlqj ri gdwh | lv uhsuhvhqwhg e| d
vxe0j0�hog ri I / zklfk lv ghqrwhg e| I| � I 1 Wkh hohphqwv ri I| duh wkh
revhuydeoh hyhqwv dw wkh ehjlqqlqj ri gdwh |1 Wkh| fruuhvsrqg wr wkh srvvleoh
klvwrulhv �|1 Wkh udqgrp yduldeohv ghwhuplqhg dw gdwh | duh qrw qhfhvvdulo|
phdvxuhdeoh zlwk uhvshfw wr I| ehfdxvh wkh| ghshqg rq lqirupdwlrq wkdw
rqo| ehfrphv dydlodeoh dw gdwh | dqg lv wkhuhiruh qrw lqfoxghg lq I|1 Iru
h{dpsoh/ wkh lghqwlw| ri wkh uhvsrqghu �| lv qrw nqrzq dw wkh ehjlqqlqj ri
gdwh |1

414314 Frqyhujhqfh

Qrz vxssrvh wkdw s W lv d PSH1 Wkh htxloleulxp sd|r� wr d sod|hu dw wkh
ehjlqqlqj ri gdwh |/ ehiruh wkh udqgrp fkrlfh ri sursrvhu dqg uhvsrqghu
kdv ehhq pdgh/ lv d ixqfwlrq ri wkh dwwdlqdeoh doorfdwlrq %E|� dqg wkh gdwh
|1 Uhfdoo wkdw %E|� fdq eh ghwhuplqhg e| orrnlqj dw wkh klvwru| �| dqg
khqfh lv phdvxudeoh zlwk uhvshfw wr I|1 Wkh htxloleulxp sd|r� ri sod|hu
� lv ghqrwhg e| ��Es

W� dqg wkh sd|r� frqglwlrqdo rq gdwh | dqg wkh vwdwh
ri qdwxuh / fdq eh ghqrwhg e| ��Es

Wm%E|c /�c |�1 Vlqfh wkh frqwh{w qrupdoo|
pdnhv wkh htxloleulxp vwudwhj| fohdu/ zh vxssuhvv wkh uhihuhqfh wr s W dqg
zulwh ��E%E|c /�c |� iru wkh sd|r� dw gdwh | lq vwdwh ri qdwxuh /1

Vlqfh wkhuh lv qr glvfrxqwlqj/ wkh htxloleulxp sd|r� dw wkh ehjlqqlqj
ri gdwh | pxvw eh htxdo wr wkh h{shfwhg ydoxh ri wkh htxloleulxp sd|r� dw
wkh ehjlqqlqj ri gdwh | n �/ frqglwlrqdo rq wkh lqirupdwlrq dydlodeoh dw wkh
ehjlqqlqj ri gdwh |1 Wkxv/

.d��E%E|c /�c |�mI|o ' .d��E%E| n �c /�c |�mI|oc ;|� +4144,

Zh fdq gh�qh d vwrfkdvwlf surfhvv iT�E|�j e| sxwwlqj T�E|� htxdo wr wkh



7; FKDSWHU 41 SHUIHFW FRPSHWLWLRQ

htxloleulxp sd|r� dw gdwh |

T�E|� ' ��E%E|�c |�

dqg htxdwlrq +4144, lpsolhv wkdw iT�E|�j lv d pduwlqjdoh zlwk uhvshfw wr wkh
�owudwlrq iI|j"|'� +Nduolq dqg Wd|oru +4<:8,/ Fkdswhu 9,1

Wkh qh{w vwhs lv wr vkrz wkdw htxloleulxp sd|r�v duh erxqghg1 Wudgh lv
yroxqwdu| vr wkh qr0wudgh vwudwhj| lv dydlodeoh1 Lw iroorzv lpphgldwho| wkdw
lq htxloleulxp/

��E%E|c /�c |� � ��E%�E|c /��c ;|1 +4145,

Wklv suryhv wkdw iT�E|�j lv erxqghg ehorz1 Dovr/ vlqfh %E|� 5 	f dqg 	f lv
frpsdfw/

��E%E|c /�c |� � t�T
%M 	f

��E%�� 	 4c;/c

vr iT�E|�j lv erxqghg deryh1
Wkh Pduwlqjdoh Frqyhujhqfh Wkhruhp whoov xv wkdw d erxqghg pduwlq0

jdoh frqyhujhv wr d frqvwdqw zlwk suredelolw| rqh +Nduolq dqg Wd|oru +4<:8,
Wkhruhp 814/ s15:;,1 Lq wklv fdvh/ wkhuh h{lvwv d udqgrp yduldeoh T"� vxfk
wkdw/ iru doprvw hyhu| // wkh vhtxhqfh iT�E/c |�j frqyhujhv wr wkh frqvwdqw
T"� E/�1 Wklv lv qrw wkh vdph dv vd|lqj wkdw wkhuh h{lvwv d frqvwdqw S dqg wkdw
iT�E|�j frqyhujhv doprvw vxuho| wr S1 Hyhu| vdpsoh sdwk ehfrphv frqvwdqw lq
wkh olplw/ exw gl�huhqw vdpsoh sdwkv pd| kdyh gl�huhqw olplwlqj ydoxhv1 Wkh
Pduwlqjdoh Frqyhujhqfh Wkhruhp dovr whoov xv wkdw wkh phdq lv suhvhuyhg lq
wkh olplw/ vr

.dT�E|�mI|o ' .dT "� mI|o� +4146,

Wkh Pduwlqjdoh Frqyhujhqfh Wkhruhp lv d srzhuixo wrro1 Lw whoov xv wkdw
htxloleulxp sd|r�v pxvw frqyhujh dqg lw doorzv xv wr gudz wklv frqfoxvlrq
zlwk yhu| olwwoh lqirupdwlrq derxw wkh qdwxuh ri wkh jdph ru wkh htxloleulxp
vwudwhjlhv1

Rqfh zh nqrz wkdw wkh htxloleulxp sd|r�v frqyhujh/ zh fdq vkrz wkdw
wkh vdph pxvw eh wuxh iru wkh xwlolw| dvvrfldwhg zlwk wkh olplwlqj doorfdwlrqv1
Wr vhh wklv/ uhfdoo wkdw djhqw �*v sd|r� lv gh�qhg wr eh wkh h{shfwhg ydoxh ri
wkh olp lqi ri wkh xwlolw| ri klv frpprglw| exqgoh=

��Es
W� ' .d*�4 �?u

|<"
��E1�|E@

sW��o�

Wkxv/ wkh h{shfwhg sd|r� frqglwlrqdo rq wkh lqirupdwlrq dydlodeoh dw wkh
ehjlqqlqj ri gdwh | pxvw vdwlvi|

.dT�E|�mI|o ' .d*�4 �?u
r
��E%�Er��mI|o
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Vlqfh wkh phdq lv suhvhuyhg lq wkh olplw/ dffruglqj wr htxdwlrq +4146,/ zh
kdyh/

.dT "� mI|o ' .d*�4 �?u
r
��E%�Er��mI|o� +4147,

Rq wkh rwkhu kdqg/ iurp wkh lqglylgxdo udwlrqdolw| frqglwlrq/ +4145, zh fdq
vhh wkdw

*�4 t�T
|

��E%�E|�� � *�4 t�T
|

T�E|� +4148,

' T"| c

vr/ sxwwlqj htxdwlrqv +4147, dqg +4148, wrjhwkhu/ zh kdyh wkdw iru doprvw
hyhu| /

*�4
|
��E%�E|�� ' T "�

Lq rwkhu zrugv/ wkh xwlolw| ri wkh frpprglw| exqgoh khog e| djhqw � frqyhujhv
doprvw vxuho| ^d1v1` wr d frqvwdqw1 Sxwwlqj doo ri wkhvh uhvxowv wrjhwkhu/ zh
kdyh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 48 Ohw s W eh d PSH ri K/ ohw i%E|�j"|'� eh wkh htxloleulxp
rxwfrph dqg ohw iT�E|�j"|'� eh wkh htxloleulxp sd|r�v1 Wkhq

*�4
|
��E%�E|�� ' *�4

|
T�E|� ' T"� d1v1

dqg .dT�E|�mI|o ' .dT "� mI|o�

Dv ehiruh/ zh fdq xvh wklv frqyhujhqfh uhvxow wr vkrz wkdw wkh olplwlqj
doorfdwlrq pxvw eh sdluzlvh0 dqg khqfh Sduhwr0h!flhqw1

414315 H!flhqf|

Wkh hvvhqwldo lghd lv wkh vdph dv lq wkh qrq0vwrfkdvwlf fdvh/ wudgh frqwlqxhv
xqwlo doo jdlqv iurp wudgh duh h{kdxvwhg dqg wkh uhvxowlqj htxloleulxp door0
fdwlrq pxvw eh Sduhwr0h!flhqw1 Wkh dgglwlrqdo frpsolfdwlrq lq wklv fdvh lv
wkdw wkh olplwlqj sd|r�v pd| eh udqgrp dqg ghshqg rq wkh uhdol}dwlrq ri //
vr hdfk vdpsoh sdwk kdv wr eh frqvlghuhg vhsdudwho|1

Iru wkh surri ri Sursrvlwlrq 6/ zh qhhghg wr vwuhqjwkhq wkh dvvxpswlrqv
rq suhihuhqfhv1 Vshfl�fdoo|/ zh dvvxphg wkdw=

� Hdfk xwlolw| ixqfwlrq �� lv vwulfwo| frqfdyh1
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Wklv dvvxpswlrq lv qhhghg khuh wrr wr vkrz wkdw doorfdwlrqv frqyhujh li xwlo0
lwlhv frqyhujh1 Wkh qh{w sursrvlwlrq fkdudfwhul}hv wkh olplwlqj vhw ri door0
fdwlrqv rq wkh htxloleulxp sdwk1 Lw vkrzv �uvw wkdw wkh fxuuhqw doorfdwlrq
frqyhujhv wr d frqvwdqw dqg vhfrqgo| wkdw wkh olplwlqj doorfdwlrq lv Sduhwr0
h!flhqw1 Exw qrwh wkdw wkh olplwlqj doorfdwlrq pd| eh d udqgrp yduldeoh/
wkdw lv/ lw ghshqgv rq wkh sduwlfxodu uhdol}dwlrq ri wkh htxloleulxp sdwk1

Sursrvlwlrq 49 Wkhuh h{lvwv d udqgrp yduldeoh %" rq l vxfk wkdw

*�4
|<"

%E|� ' %" 5 �

doprvw vxuho|1

Surri1 Ohw lW ghqrwh wkh vhw ri vwdwhv vxfk wkdw iru hyhu| / 5 l/ hdfk
sdlu E�c �� lv pdwfkhg lq�qlwho| riwhq dqg wkh htxloleulxp frqglwlrqv duh vdw0
lv�hg rq wkh vhtxhqfh i@E|c /�j"|'�1 Fohduo|/ lW lv d vhw ri ixoo phdvxuh1 Wkh
�uvw vwhs lq wkh surri lv wr vkrz wkdw iru dq| �{hg / lq lW/ i%E|c /�j lv
d Fdxfk| vhtxhqfh1 Wkh surri lv e| frqwudglfwlrq1 Vxssrvh/ frqwudu| wr
zkdw zh zdqw wr suryh/ wkdw iru vrph vxevhtxhqfh +xvlqj wkh vdph qrwd0
wlrq, mm%E|c /� � %E| n �c /�mm � 0 iru vrph 0 : f dqg doo |1 Fkrrvh vrph
ixuwkhu vxevhtxhqfh vxfk wkdw �E|c /� ' � dqg �E|c /� ' � iru doo |1 Lw lv
dozd|v srvvleoh wr fkrrvh wklv vxevhtxhqfh ehfdxvh wkh dvvxpswlrqv rq wkh
pdwfklqj suredelolwlhv dZ��o jxdudqwhh wkdw hyhu| rughuhg sdlu ri djhqwv E�c ��
lv pdwfkhg lq�qlwho| riwhq iru doprvw hyhu| vwdwh /1 Wkhq fkrrvh d ixuwkhu
vxevhtxhqfh vxfk wkdw %E|c /� $ + dqg %�E| n �c /�� %�E|c /� $ 5 dorqj wklv
vxevhtxhqfh1 Lw lv srvvleoh wr fkrrvh vxfk d vxevhtxhqfh ehfdxvh wkh vhw ri
dwwdlqdeoh doorfdwlrqv lv frpsdfw1 Vlqfh

*�4
|<"

�&E|c /� ' *�4
|<"

�&E| n �c /� ' T"& E/�c

iru & ' �c �/ lw pxvw eh wkh fdvh wkdw

��E+�� ' ��E+� n 5� ' T "� E/�

��E+�� ' ��E+� � 5� ' T"� E/��

E| vwulfw frqfdylw|/

��E+� n 5*2� : T"� E/�

��E+� � 5*2� : T"� E/��



41431 UDQGRP PDWFKLQJ 84

E| frqwlqxlw|/

��E%�E|c /� n 5*2� : T�E|c /�

��E%�E|c /�� 5*2� : T�E|c /�c

iru doo | vx!flhqwo| odujh1 Wklv frqwudglfwv wkh htxloleulxp frqglwlrqv vlqfh �
fdq r�hu � wr wudgh 5*2 dqg pdnh wkhp erwk ehwwhu r�1 Wklv odvw vwhs iroorzv
iurp wkh Pdunry surshuw|1 Wkh dujxphqw lv wkh vdph dv wkh rqh xvhg lq wkh
surri ri Sursrvlwlrq 6 iru wkh ghwhuplqlvwlf fdvh1

Vr wkh k|srwkhvlv wkdw i%E|c /�j lv qrw Fdxfk| ohdgv wr d frqwudglfwlrq
ri wkh htxloleulxp frqglwlrqv1 Wklv frqwudglfwlrq hvwdeolvkhv wkdw i%E|c /�j
lv d Fdxfk| vhtxhqfh/ vr i%E|�j frqyhujhv wr d udqgrp yduldeoh %" doprvw
vxuho|1

Wr vkrz wkdw %"E/� 5 � doprvw vxuho| zh xvh d vlplodu dujxphqw1 Vxs0
srvh wkdw iru vrph / lq lW/ %"E/� *5 � 1 Wkhq %"E/� lv qrw sdluzlvh0h!flhqw/
dffruglqj wr Sursrvlwlrq 4/ dqg iru vrph sdlu E�c ��/ wkhuh h{lvwv d ihdvleoh
wudgh 5 vxfk wkdw

��E%
"
� E/� n 5� : T "� E/�

��E%
"
� E/�� 5� : T "� E/�

dqg e| frqwlqxlw|

��E%�E|c /� n 5� : T�E|c /�

��E%�E|c /�� 5� : T�E|c /�c

iru doo | vx!flhqwo| odujh1 Vlqfh wkh sdlu E�c �� lv pdwfkhg lq�qlwho| riwhq rq
// zh fdq xvh wkh suhylrxv dujxphqw vkrz wkdw � pxvw ghyldwh e| r�hulqj 5
wr �/ frqwudglfwlqj wkh htxloleulxp frqglwlrqv1 Wklv vkrzv wkdw %"E/� 5 �
iru doo / 5 lW1

Sursrvlwlrq 49 vkrzv wkdw wkh olplw doorfdwlrq lv Sduhwr0h!flhqw zlwk
suredelolw| rqh/ exw wklv lv qrw wkh vdph wklqj dv vkrzlqj wkdw wkh htxloleulxp
lv Sduhwr0h!flhqw1 Wkh olplw doorfdwlrq lv d udqgrp yhfwru %" wkdw ehorqjv
wr wkh h!flhqw vhw � doprvw vxuho|1 Vlqfh djhqwv duh ulvn dyhuvh/ Mhqvhq*v
Lqhtxdolw| lpsolhv wkdw

.d��E%
"
� �o � ��E.d%"� o�c

zlwk vwulfw lqhtxdolw| li ��E�� lv vwulfwo| frqfdyh dqg %"� lv qrq0ghjhqhudwh1
Djhqwv zrxog udwkhu kdyh wkh h{shfwhg ydoxh ri wkh olplwlqj doorfdwlrq1 Wkh
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vhw ri dwwdlqdeoh doorfdwlrqv 	f lv frqyh{ vr %" 5 	f lpsolhv wkdw .d%"o 5 	f1
Wr hqvxuh Sduhwr0h!flhqf| h{ dqwh zh zrxog kdyh wr dvvxph wkdw %" lv
ghjhqhudwh/ wkdw lv/ doprvw vxuho| htxdo wr d frqvwdqw doorfdwlrq +1

Fdoo d PSH lv dv|pswrwlfdoo| sxuh li wkh doorfdwlrqv rq wkh htxloleulxp
sdwk frqyhujh wr d vlqjoh doorfdwlrq doprvw vxuho|/ wkdw lv/ / iru vrph frqvwdqw
+ 5 	f

%E|c /� $ +

iru doprvw hyhu| /1 Wklv lv vwurqjhu wkdq uhvwulfwlqj dwwhqwlrq wr sxuh0
vwudwhj| htxloleuld/ ehfdxvh hyhq zlwk sxuh vwudwhjlhv wkh udqgrpqhvv dv0
vrfldwhg zlwk wkh pdwfklqj surfhvv pljkw ohdg wr d udqgrp doorfdwlrq lq wkh
olplw1 Rq wkh rwkhu kdqg/ hyhq li wkh PSH lv dv|pswrwlfdoo| sxuh/ lw grhv
qrw phdq wkdw wkh htxloleulxp lv qrq0vwrfkdvwlf1 Udqgrp pdwfklqj pd|
vwloo kdyh dq h�hfw dorqj wkh htxloleulxp sdwk ohdglqj wr + dqg wkhuh pd| eh
udqgrpqhvv r� wkh htxloleulxp sdwk1

Wkh dvvxpswlrq wkdw d PSH lv dv|pswrwlfdoo| sxuh lv vwurqj1 Ixuwkhu0
pruh/ lw uhvwulfwv hqgrjhqrxv yduldeohv vr lw lv qrw hqwluho| fohdu zkdw lw pljkw
uhtxluh lq wkh zd| ri uhvwulfwlrqv rq wkh sulplwlyhv ri wkh prgho wr hqvxuh
wkdw wkh htxloleulxp lv dv|pswrwlfdoo| sxuh1 Dq h{dpsoh ri d PSH wkdw lv
qrw dv|pswrwlfdoo| sxuh lv jlyhq lq Vhfwlrq 41441

Uhvwulfwlqj dwwhqwlrq wr PSH wkdw duh dv|pswrwlfdoo| sxuh/ rqh fdq gh�qh
d frpshwlwlyh vhtxhqfh ri hfrqrplhv dqg htxloleuld dqg vkrz wkdw lq wkh olplw
dv 6 $ 4 wkh dv|pswrwlf doorfdwlrqv +dv | $ 4, frqyhujh wr d Zdoudv
doorfdwlrq iru wkh olplw hfrqrp|1 Wkh surri lv hvvhqwldoo| wkh vdph dv iru wkh
qrq0vwrfkdvwlf fdvh dqg zloo qrw eh uhshdwhg khuh1

414316 H{lvwhqfh

Wkh surri ri h{lvwhqfh jlyhq lq Vhfwlrq 41; fdq hdvlo| eh dgdswhg wr wkh fdvh ri
udqgrp pdwfklqj1 Wkh vwudwhjlhv duh hvvhqwldoo| wkh vdph dqg dv orqj dv doo
sdluv E�c �� duh pdwfkhg lq�qlwho| riwhq zlwk suredelolw| rqh/ wkh wudglqj uxohv
gh�qhg wkhuh jxdudqwhh frqyhujhqfh wr d frpshwlwlyh htxloleulxp doorfdwlrq
zlwk suredelolw| rqh1 Wkh surri wkdw wklv lv dq htxloleulxp lv wkh vdph dv lq
wkh qrq0vwrfkdvwlf fdvh ehfdxvh wkh dv|pswrwlf doorfdwlrq lv lqghshqghqw ri
wkh uhdol}hg pdwfkhv dv orqj dv doo sdlu duh iruphg lq�qlwho| riwhq1
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414317 Glvfrxqwlqj

Lw lv dovr srvvleoh wr uhzrun wkh dqdo|vlv ri wkh GPEJ zlwk glvfrxqwlqj iru
wkh dvvxpswlrq ri udqgrp pdwfklqj1

Dv ehiruh/ wkh htxloleulxp sdwk fdq eh ghvfulehg dv d vwrfkdvwlf surfhvv
gh�qhg rq wkh xqghuo|lqj suredelolw| vsdfh ElcI c � �1 Lq dgglwlrq wr wkh
udqgrp yduldeohv %E|�/ �E|�/ �E|�/ 5E|�/ dqg oE|� zh kdyh wr gh�qh wkh Pdunry
vwrsslqj wlph � E/� dw zklfk wkh jdph vwrsv1

Li sW lv d PSH/ wkhq wkh htxloleulxp sd|r� wr d sod|hu dw wkh ehjlqqlqj ri
gdwh |/ ehiruh wkh udqgrp fkrlfh ri sursrvhu dqg uhvsrqghu kdv rffxuuhg/ lv
d ixqfwlrq ri wkh dwwdlqdeoh doorfdwlrq %E|� dqg wkh gdwh |1 Ohw ��E%E|c /�c |�
ghqrwh wkh htxloleulxp sd|r� ri sod|hu � dw gdwh | lq wkh vwdwh ri qdwxuh
/1 Wkh qr0wudgh vwudwhj| lv dozd|v dydlodeoh wr wkh djhqw/ vr dw dq| gdwh dq
djhqw fdq hqvxuh wkdw kh krogv klv fxuuhqw exqgoh xqwlo wkh jdph vwrsv1 Vlqfh
wkh jdph vwrsv zlwk suredelolw| rqh/ klv htxloleulxp sd|r� pxvw eh dw ohdvw
dv juhdw dv wkh xwlolw| iurp klv fxuuhqw exqgoh1 Wkxv/ dw hdfk gdwh | dqg iru
hdfk djhqw �/

��E%E|�c |� � ��E%�E|��c +4149,

zlwk suredelolw| rqh1
Vxssrvh qrz wkdw wkh jdph kdv frqwlqxhg xqwlo gdwh |1 Zlwk suredelolw|

E���� wkh jdph vwrsv dw gdwh | dqg wkh djhqw lv irufhg wr frqvxph klv fxuuhqw
exqgoh %�E|�1 Zlwk suredelolw| � wkh jdph frqwlqxhv dw ohdvw rqh pruh shulrg
dqg kh ehjlqv gdwh | n � zlwk d frqwlqxdwlrq0jdph sd|r� ri ��E%E| n ��c |�1
Wkhq wkh htxloleulxp sd|r�v pxvw vdwlvi| wkh uhfxuvlyh uhodwlrq

��E%E|�c |� ' E�� ����E%�E|�� n �.d��E%E| n ��c |n ��mI|oc +414:,

zkhuh wklv htxdwlrq lv xqghuvwrrg wr krog zlwk suredelolw| rqh1 Wkhvh wzr
uhodwlrqvklsv +4149, dqg +414:, lpso| wkdw wkh htxloleulxp sd|r�v irup d
vxepduwlqjdoh/ wkdw lv/

��E%E|�c |� � .d��E%E| n ��c |n ��mI|oc +414;,

iru hyhu| | +Nduolq dqg Wd|oru +4<:8,/ s157;,1 Wr vhh wklv/ vxssrvh wr wkh
frqwudu| wkdw iru vrph qrq0qxoo vhw 7 5 I|/]

7

��E%E|c /�c |�� E_/� :

]
7

��E%E|n �c /�c |n ��� E_/�� +414<,
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Wkhq/ vlqfh � : f/ zh fdq xvh wkh uhfxuvlyh uhodwlrq +414:, dqg +414<, wr
frqfoxgh wkdw]
7

��E%E|c /�c |�� E_/� ' �

]
7

��E%�E|c /��� E_/� n E�� ��

]
7

��E%E|n �c /�c |n ��� E_/�

	 �

]
7

��E%�E|c /��� E_/� n E�� ��

]
7

��E%�E|c /��� E_/�

'

]
7

��E%�E|c /��� E_/�c

zklfk frqwudglfwv +4149,1 Wklv frqwudglfwlrq ghprqvwudwhv +414;, dqg suryhv
wkdw wkh sd|r�v duh d vxepduwlqjdoh1

Dv lq wkh prgho zlwkrxw glvfrxqwlqj/ zh gh�qh d vwrfkdvwlf surfhvv
iT E|�j frqvlvwlqj ri wkh htxloleulxp sd|r�v e| sxwwlqj T�E|c /� ' ��E%E|c /�c |�
iru hyhu| � dqg |1 Zh kdyh vkrzq wkdw iT E|�j lv d vxepduwlqjdoh zlwk uh0
vshfw wr iI|j dqg lw lv vwudljkwiruzdug wr vkrz wkdw iT E|�j lv erxqghg1 Wkhq
wkh Pduwlqjdoh Frqyhujhqfh Wkhruhp lpsolhv wkdw iT�E|�j frqyhujhv doprvw
vxuho| wr d yduldeoh T"� dqg .dT�E|�mI|o � .dT "� mI|o +Nduolq dqg Wd|oru
+4<:8,/ s15:;,1

Iurp wkh gh�qlwlrq ri wkh sd|r�v/ zh nqrz wkdw

.dT�E|�mI|o ' E�� ��.

%
"[
r'|

�r3|3���E%�Er��mI|

&

Frqvhtxhqwo|/

.dT�E|�mI|o� �.dT�E| n ��mI|o

' E�� ��.d
"[
r'|

�r3|3���E%�Er��mI|o�.d
"[

r'|n�

�r3|��E%�Er��mI|o

' E�� ��.d��E%�E|��mI|o ' E�� ����E%�E|��c +4153,

zkhuh wkh h{shfwdwlrq rshudwlrq .d�mI|o fdq eh holplqdwhg lq wkh odvw olqh
ehfdxvh %�E|� lv I|0phdvxudeoh1 Wdnlqj olplwv lq +4153, dqg glylglqj e| E����
lpsolhv wkdw

T"� ' *�4
|<"

��E%�E|�� d1v1

Khqfh zh kdyh wkh iroorzlqj uhvxow=
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Sursrvlwlrq 4: Ohw s W eh d PSH ri K/ ohw i%E|�j"|'� eh wkh htxloleulxp
doorfdwlrqv dqg ohw iT�E|�j"|'� eh wkh htxloleulxp sd|r�v1 Wkhq

*�4
|
��E%�E|�� ' *�4

|
T�E|� ' T"� d1v

dqg .dT�E|�mI|o � .dT"� mI|o�

414318 Dv|pswrwlf H!flhqf|

Sursrvlwlrq 4: fdq eh xvhg wr suryh wkh dv|pswrwlf h!flhqf| ri wkh htxlole0
ulxp doorfdwlrqv1 Wkh surri lv wkh vdph dv lq wkh fdvh zlwkrxw glvfrxqwlqj
dqg zloo qrw eh suryhg khuh1

Sursrvlwlrq 4; Wkhuh h{lvwv d udqgrp yduldeoh %" rq l vxfk wkdw

*�4
|<"

%E|� ' %" 5 �

doprvw vxuho|1

414319 Sduhwr0H!flhqf|

Dv lq wkh prgho zlwk d qrq0vwrfkdvwlf rughu ri sod| +ghwhuplqlvwlf pdwfk0
lqj,/ wkh dv|pswrwlf h!flhqf| uhvxow lpsolhv qrwklqj derxw wkh h!flhqf| ri
htxloleulxp/ ehfdxvh wkh jdph hqgv lq �qlwh wlph zlwk suredelolw| rqh1 Vr
lq dgglwlrq wr wkh qhhg wr dvvxph wkh PSH lv dv|pswrwlfdoo| sxuh/ rqh dovr
qhhgv wr erxqg wkh wlph wdnhq iru frqyhujhqfh ri wkh wudglqj surfhvv1 Wklv
fdq eh grqh dv lq Vhfwlrq 41<16 e| xvlqj d �qlwh vhw ri vhwv +doorfdwlrqv, wr
dssur{lpdwh wkh ruljlqdo jdph1 Wkh ghwdlov duh vlplodu wr wkrvh lq Vhfwlrq
41<16 dqg zloo qrw eh uhshdwhg khuh1

41431: Frpshwlwlyh Vhtxhqfhv ri Htxloleuld

Rqfh h!flhqf| kdv ehhq hvwdeolvkhg/ rqh fdq dqdo|}h frpshwlwlyh vhtxhqfhv
ri htxloleuld lq wkh xvxdo zd|1

4144 Pl{hg Htxloleuld
Lq wkh dqdo|vlv ri wkh prgho zlwk udqgrp pdwfklqj zh irfxvhg rq dv|pswrw0
lfdoo| sxuh PSH1 Wkhuh fdq eh pl{hg htxloleuld dv zhoo1 Lq idfw/ lw lv kdug
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wr uxoh rxw pl{hg htxloleuld1 Wkh hvvhqfh ri wkh sureohp dulvhv iurp wkh idfw
wkdw wkh vhw ri Zdoudv doorfdwlrqv lv jhqhulfdoo| �qlwh exw qrw d vlqjohwrq
+Gheuhx +4<:3,,1 Zh kdyh vhhq wkdw/ xqghu fhuwdlq vshfldo frqglwlrqv/ dq|
ghwhuplqlvwlf htxloleulxp sdwk ohdgv wr d Zdoudv doorfdwlrq1 Ixuwkhupruh/
wkh qxpehu ri PSH pd| eh dv odujh dv wkh qxpehu ri gl�huhqw Zdoudv do0
orfdwlrqv1 Pl{hg htxloleuld fdq eh jhqhudwhg e| udqgrpl}lqj ryhu wkh PSH1
Iru h{dpsoh/ wkh Zdoudv doorfdwlrq wkdw lv hyhqwxdoo| uhdfkhg fdq eh frq0
glwlrqhg rq vrph udqgrp hohphqw ri wkh doorfdwlrq surfhvv/ zklfk dfwv olnh
d vxqvsrw1 Li vxfk dq htxloleulxp h{lvwv/ wkh �qdo rxwfrph zloo eh d sure0
delolw| glvwulexwlrq ryhu Zdoudv doorfdwlrqv1 Li frqvxphuv duh ulvn dyhuvh/ d
suredelolw| glvwulexwlrq ryhu Zdoudv doorfdwlrqv qhhg qrw eh Sduhwr0h!flhqw/
vlqfh wkhuh duh qr pdunhwv iru wudglqj wklv xqfhuwdlqw|1 H{ dqwh/ wkh jdph
grhv qrw lpsohphqw d Zdoudv doorfdwlrq hyhq wkrxjk h{ srvw lw zloo uhvxow lq
rqh ri d �qlwh qxpehu ri Zdoudv doorfdwlrqv1

Wr frqvwuxfw d pl{hg htxloleulxp zlwk d udqgrp rxwfrph/ zh �uvw frq0
vlghu dq h{fkdqjh hfrqrp| H wkdw kdv pxowlsoh frpshwlwlyh htxloleuld1 Wkhq
zh vkrz wkdw hdfk ri wkhvh frpshwlwlyh doorfdwlrqv fdq eh dwwdlqhg dv wkh
dv|pswrwlf rxwfrph ri d PSH1 Zh fdq wkhq frqvwuxfw d pl{hg htxloleulxp
e| xvlqj vrph udqgrp pryh e| Qdwxuh wr vhohfw rqh ri wkh dv|pswrwlfdoo|
sxuh PSH1

Wkh frqvwuxfwlrq lv edvhg rq d wzr0shuvrq Hgjhzruwk Er{ hfrqrp| H '
iEf�c ��c e��j2�'�1 Iru vlpsolflw|/ qr glvfrxqwlqj lv dvvxphg1 Vlqfh H kdv
pxowlsoh frpshwlwlyh htxloleuld zh fdqqrw xvh wkh uhvxowv iurp Vhfwlrq 41;1
Krzhyhu/ zkhq wkhuh duh rqo| wzr djhqwv/ dq| frpshwlwlyh htxloleulxp fdq
eh dwwdlqhg dv|pswrwlfdoo| dv wkh rxwfrph ri d PSH1 Wkh �uvw vwhs lv wr jlyh
dq h{solflw surri ri wklv sursrvlwlrq1

Vxssrvh wkdw ERWc %W� lv d frpshwlwlyh htxloleulxp iru H 1 Ohw � eh d
ixqfwlrq iurp 	f/ wkh vhw ri dwwdlqdeoh doorfdwlrqv/ wr wkh vhw � ri Sduhwr0
h!flhqw doorfdwlrqv wkdw vdwlv�hv wkh lqglylgxdo udwlrqdolw| frqglwlrq=

��E��E%�� � ��E%��c � ' �c 2c

dqg lv frqvlvwhqw zlwk %W=
�Ee� ' %W�

Zh fdq wklqn ri �E%� dv wkh wdujhw doorfdwlrq rqfh % kdv ehhq uhdfkhg1
Qrwh wkdw vwulfw txdvl0frqfdylw| ri �� lpsolhv wkdw �E%� lv wkh xqltxh Sduhwr0
h!flhqw doorfdwlrq wkdw lv dv jrrg dv �E%�/ vr

�E�E%�� ' �E%��
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Vlploduo|/ wkh sd|r� wr sod|hu � frqglwlrqdo rq uhdfklqj wkh doorfdwlrq % lv
��E%� ' ��E��E%��1

Ohw s ' Es�c s2� ghqrwh dq dv|pswrwlfdoo| sxuh PSH wkdw lpsohphqwv
ERWc %W� dqg gh�qh wkh vwudwhj| sur�oh s dv iroorzv1 Li % lv dq dwwdlqdeoh
doorfdwlrq dqg E�c �� d sdlu ri pdwfkhg djhqwv vxfk wkdw � 9' �/ wkhq sxw

s�E%c �c �� ' ��E%�� %�

' %� � ��E%�

dqg

s�E%c �c �c 5� '

�
|hv li 5 ' ��E%�� %� ru ��E%� 5� : ��E%�
qr rwkhuzlvh1

Lq zrugv/ wkh sursrvhu dozd|v pdnhv dq r�hu wkdw/ li dffhswhg/ zloo eulqj wkh
sdlu wr wkh wdujhw doorfdwlrq �E%�> wkh uhvsrqghu dffhswv wkdw r�hu ru rqh
wkdw lv vwulfwo| suhihuuhg dqg uhmhfwv doo rwkhuv1

Wkh vwudwhj| sur�oh s fohduo| lpsohphqwv wkh frpshwlwlyh doorfdwlrq ERWc %W�
lq wkh vhqvh wkdw wkh �qdo doorfdwlrq zloo eh %W li wkhvh vwudwhjlhv duh iroorzhg1
Wr vhh wkdw wklv lv dq dv|pswrwlfdoo| sxuh PSH/ zh qhhg wr vkrz wkdw wkh
djhqwv duh fkrrvlqj ehvw uhvsrqvhv dw hyhu| lqirupdwlrq vhw1 Vxssrvh wkdw
wkh fxuuhqw doorfdwlrq dw wkh ehjlqqlqj ri vrph shulrg lv % dqg wkdw wkh sdlu
E�c �� kdv ehhq fkrvhq e| Qdwxuh1 Wkh htxloleulxp sursrvdo lv 5 ' s�E%c �c ��1
Wkh sursrvhu fdqqrw gr dq| ehwwhu ehfdxvh wkh sursrvdo 5 ' ��E%� � %� lv
lqglylgxdoo| udwlrqdo dqg wkh uhvsrqghu zloo uhmhfw dq| rwkhu r�hu xqohvv lw
vdwlv�hv ��E%� 5� : ��E%�1 Vlqfh �E%� lv Sduhwr0h!flhqw/ wklv odvw lqhtxdolw|
lpsolhv wkdw ��E%� 5� 	 ��E%�/ vr wkh sursrvhu fdqqrw gr ehwwhu wkdq wr r�hu
51

Vlploduo|/ wkh uhvsrqghu fdqqrw gr ehwwhu wkdq wr iroorz wklv vwudwhj|
dorqj wkh htxloleulxp sdwk ehfdxvh wkh sursrvdo 5 lv lqglylgxdoo| udwlrqdo
dqg li kh uhmhfwv wkh r�hu/ zlwk suredelolw| rqh kh zloo hqg xs zlwk wkh vdph
doorfdwlrq lq wkh ixwxuh1 R� wkh htxloleulxp sdwk/ lw lv rswlpdo wr dffhsw
dq| sursrvdo 5 wkdw vdwlv�hv ��E%� 5� : ��E%� dqg zhdno| rswlpdo wr uhmhfw
dq| sursrvdo 5 wkdw vdwlv�hv ��E%� 5� � ��E%�/ vr djdlq s� lv rswlpdo iru wkh
uhvsrqghu1

Wklv frpsohwhv wkh surri ri wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 4< Ohw ERWc %W� eh d frpshwlwlyh htxloleulxp iru wkh wzr0shuvrq
hfrqrp| H1 Wkhq wkhuh h{lvwv dq dv|pswrwlfdoo| sxuh PSH s ri K vxfk wkdw
wkh dv|pswrwlf doorfdwlrq xqghu s lv %W1
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Qrz vxssrvh wkdw wkh hfrqrp| kdv wzr frpshwlwlyh htxloleuld ER�c %��
dqg ER�c %��1 Dv vkrzq deryh/ wkhuh h{lvw dv|pswrwlfdoo| sxuh PSH fruuh0
vsrqglqj wr hdfk ri wkh frpshwlwlyh htxloleuld/ fdoo wkhp s� dqg s� uhvshf0
wlyho|1 Xvlqj wkhvh PSH vwudwhj| sur�ohv/ wkhuh lv qr gl!fxow| lq frqvwuxfwlqj
d vxejdph shuihfw htxloleulxp +VSH, lq zklfk wkh rxwfrph lv d suredelolw|
glvwulexwlrq ryhu wkh wzr Zdoudvldq rxwfrphv ER�c %�� dqg ER�c %��1 Vlpso|
frqglwlrq wkh fkrlfh ri vwudwhj| rq zkr lv �uvw fkrvhq wr eh wkh sursrvhu1

� Li � ' � lv fkrvhq wr eh wkh sursrvhu dw gdwh � wkhq kdyh erwk sod|0
huv dgrsw wkh vwudwhjlhv s� fruuhvsrqglqj wr wkh PSH wkdw ohdgv wr
ER�c %��1

� Li � ' 2 lv fkrvhq wr eh wkh sursrvhu dw gdwh � wkhq kdyh erwk sod|0
huv dgrsw wkh vwudwhjlhv s� fruuhvsrqglqj wr wkh PSH wkdw ohdgv wr
ER�c %��1

Lw lv fohdu wkdw wkh vwudwhjlhv gh�qhg lq wklv zd| frqvwlwxwh d VSH dqg wkdw wkh
rxwfrph surgxfhv %� zlwk suredelolw| �*2 dqg %� zlwk suredelolw| �*21 Vlqfh
wkh djhqwv duh ulvn dyhuvh/ wklv udqgrp doorfdwlrq lv qrw Sduhwr0h!flhqw�wkh|
zrxog erwk suhihu wr uhfhlyh �

2
E%�n%�� iru vxuh�vr lw fdqqrw eh d Zdoudvldq

rxwfrph1 Wkh htxloleulxp lv qrw d PSH/ dv L kdyh gh�qhg lw/ ehfdxvh wkh
vwudwhjlhv ghshqg rq wkh pryh ri Qdwxuh dw wkh �uvw gdwh1

Wkhruhp 53 Vxssrvh wkdw wkh wzr0shuvrq hfrqrp| H kdv wzr htxloleuld
ER�c %�� dqg ER�c %�� zlwk %� 9' %�1 Wkhq wkhuh h{lvwv d vxejdph shuihfw
htxloleulxp vxfk wkdw zlwk suredelolw| �*2 wkh dv|pswrwlf doorfdwlrq lv %� dqg
zlwk suredelolw| �*2 wkh dv|pswrwlf doorfdwlrq lv %�1

Wkh dujxphqwv zh kdyh xvhg lq suhylrxv vhfwlrqv fdqqrw eh xvhg wr holpl0
qdwh wkh srvvlelolw| ri wklv htxloleulxp1 Rqfh wkh jdph ehjlqv zlwk d pryh e|
Qdwxuh dw gdwh �/ lw lv douhdg| wrr odwh1 Wkh frqglwlrqlqj ri wkh vwudwhjlhv rq
wklv udqgrp pryh suhyhqwv wkh dfklhyhphqw ri wkh frpshwlwlyh htxloleulxp
ehiruh dq|rqh kdv d fkdqfh wr pryh1 Wkh uhpdlqlqj sod| ri wkh jdph vdwlv�hv
doo wkh frqglwlrqv zh frxog krsh iru/ vr htxloleulxp dujxphqwv fdqqrw xqgr
wkh frqglwlrqlqj1

Qrwh wkdw wklv frqglwlrqlqj ri wkh sod| ri wkh jdph rq dq lqlwldo pryh
e| Qdwxuh surgxfhv d fruuhodwhg htxloleulxp lq wkh vhqvh ri Dxpdqq +4<:7,/
zlwk d suredelolw| glvwulexwlrq ryhu sxuh htxloleuld1 Wkh lqlwldo pryh e|
Qdwxuh sod|v wkh uroh ri d �vxqvsrw� ru fruuhodwlrq ghylfh1
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Wkh vwuxfwxuh ri wkh htxloleulxp lv yhu| vshfldo dqg lw frxog eh dujxhg
wkdw zh duh lq d vhqvh lpsohphqwlqj wkh frpshwlwlyh htxloleuld1 Iurp gdwh �
rqzdugv lw dsshduv wkdw wkh jdph lpsohphqwv d vlqjoh/ qrq0vwrfkdvwlf frp0
shwlwlyh htxloleulxp uhodwlyh wr wkh lqlwldo hqgrzphqwv1 Krzhyhu/ wkhuh pd|
eh rwkhu/ pruh frpsolfdwhg htxloleuld/ wkdw gr qrw kdyh wklv surshuw|1 Iru
h{dpsoh/ wkhuh pd| eh VSH lq zklfk wkh olplw doorfdwlrq lv qrw d Zdoudv do0
orfdwlrq uhodwlyh wr wkh ruljlqdo hqgrzphqwv1 Ru wkhuh pd| eh VSH lq zklfk/
iru dq| �qlwh gdwh | wkh olplw doorfdwlrq lv qrw d Zdoudv doorfdwlrq uhodwlyh wr
wkh fxuuhqw doorfdwlrq dw gdwh |1 Zh vlpso| gr qrw nqrz1

Li lw wxuqv rxw wkdw udqgrpqhvv lv dq lqwudfwdeoh revwdfoh wr wkh lpsohphq0
wdwlrq ri frpshwlwlyh htxloleuld/ wkhq wkh wkhru| zrxog dsshdu wr eh udwkhu
iudjloh1 Udqgrp pdwfklqj lv d frpprq lqjuhglhqw lq vhdufk prghov1 Lw lv
lqfoxghg rq wkh jurxqgv ri erwk uhdolvp dqg wkh vlpsolflw| lw r�huv lq pdq|
vhwwlqjv1 Dw wkh yhu| ohdvw zh vkrxog zdqw wr lqfoxgh wklv nlqg ri udqgrpqhvv1

Rqh srvvleoh zd| ri suhvhuylqj wkh frpshwlwlyh wkhru| lq vhwwlqjv zlwk
udqgrp pdwfklqj lv wr dsshdo djdlq wr odujh qxpehuv/ wklv wlph wr jhw ulg
ri djjuhjdwh xqfhuwdlqw|1 Ri frxuvh/ li wkhuh lv djjuhjdwh xqfhuwdlqw| lq wkh
zruog/ wkhq shukdsv wkh gh�qlwlrq ri frpshwlwlyh htxloleulxp vkrxog eh h{0
sdqghg wr doorz iru frqglwlrqlqj rq wklv xqfhuwdlqw|1 Wkh sureohp iru wkh
wkhru| lv vpdoo dprxqwv ri xqfhuwdlqw| wkdw qrqhwkhohvv pdwwhu d orw1 Exw li
wkhuh duh odujh qxpehuv ri lqglylgxdov dqg orwv ri udqgrpqhvv lq wkh pdwfklqj
surfhvv/ zh pljkw dvvxph wkdw ryhudoo lw zloo qrw pdwwhu wrr pxfk ehfdxvh
wkh glvwulexwlrq ri pdwfkhv zloo qrw gl�hu wrr pxfk dfurvv uhdol}dwlrqv ri wkh
surfhvv1 Ri frxuvh/ vkrzlqj wklv pd| qrw eh hdv|> exw lw lv qrw lpsodxvleoh
wkdw iru zhoo ehkdyhg fdvhv zh fdq ljqruh wkh h�hfw ri wklv nlqg ri xqfhuwdlqw|
rq wkh htxloleulxp rxwfrph1

4145 D Vxpplqj Xs
Wklv frpsohwhv p| dwwhpsw wr ghyhors d frpshwlwlyh wkhru| edvhg rq g|0
qdplf pdwfklqj dqg edujdlqlqj jdphv zlwk d �qlwh qxpehu ri djhqwv1 Lw
kdv ehhq d exps| urdg1 Vwurqj dvvxpswlrqv kdyh ehhq uhtxluhg/ dvvxps0
wlrqv lpsrvhg qrw rq wkh sulplwlyhv ri wkh prgho/ exw udwkhu rq hqgrjhqrxv
yduldeohv1

� Dwwhqwlrq lv uhvwulfwhg wr Pdunry shuihfw htxloleuld +dowkrxjk dv kdv
ehhq srlqwhg rxw/ lw lv rqo| d vpdoo dprxqw ri lqirupdwlrq wkdw qhhgv
wr eh ljqruhg lq rughu wr suryh wkh frpshwlwlyh olplw wkhruhp,1
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� Wkh frqwlqxlw| dvvxpswlrq lpsrvhg rq frpshwlwlyh vhtxhqfhv ri htxl0
oleuld vd|v wkdw lqglylgxdo djhqwv kdyh d qhjoljleoh h�hfw +uhodwlyh wr
wkh hqwluh hfrqrp|,1

� Htxloleuld duh dvvxphg wr eh dv|pswrwlfdoo| sxuh1

� D �qlwh0vwdwh dssur{lpdwlrq wr wkh ruljlqdo GPEJ lv uhtxluhg wr hq0
vxuh wkdw/ lq wkh fdvh ri glvfrxqwlqj/ wkh wlph wdnhq iru frqyhujhqfh lv
qrw wrr orqj1 Rwkhuzlvh/ wkh h�hfw ri glvfrxqwlqj grhv qrw qhfhvvdulo|
glvdsshdu dv wkh glvfrxqw idfwru � frqyhujhv wr �1

Ixuwkhupruh/ wkh lpsolfdwlrqv ri wkhvh dvvxpswlrqv duh revfxuh1 Lw lv qrw
fohdu zkdw uhvwulfwlrqv rq wkh sulplwlyhv ri wkh prgho zrxog eh qhfhvvdu| wr
hqvxuh wkhvh surshuwlhv krog lq htxloleulxp1

Qrqhwkhohvv/ wkh dvvxpswlrqv wkhpvhoyhv duh qrw lpsodxvleoh1 Wkh lghdv
wkdw vpdoo djhqwv kdyh olwwoh lpsdfw rq htxloleulxp/ wkdw vwudwhjlhv duh Pdunry/
wkdw djhqwv duh dqrq|prxv/ duh lghdv wkdw hfrqrplvwv duh txlwh frpiruw0
deoh zlwk1 Wkh| vhhp wr dffrug zlwk rxu lqwxlwlyh xqghuvwdqglqj ri odujh
hfrqrplhv dqg zlwk dw ohdvw vrph ri wkh �idfwv� zh nqrz derxw frpshwlwlyh
pdunhwv1

Rqh srvvleoh frqfoxvlrq lv wkdw frpshwlwlyh wkhru| uhtxluhv ixqgdphqwdo
surshuwlhv zklfk/ iru vrph uhdvrq/ fdqqrw eh ghulyhg iurp jdph0wkhruhwlf
dqdo|vlv1 Wklv lv dq lqwuljxlqj lghd/ exw rqh wkdw grhv qrw jlyh xv pxfk wr
vd| lq whupv ri wudglwlrqdo jdph wkhru|1

Dqrwkhu ylhz lv wkdw wkh prgho qhhgv wr eh fkdqjhg1 D ulfkhu prgho
pd| jlyh xv pruh vwuxfwxuh dqg doorz xv wr dfwxdoo| vlpsoli| wkh htxloleulxp
dqdo|vlv1 Wklv dssurdfk lv h{soruhg lq wkh qh{w fkdswhu1


