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Please show all of your work and clearly indicate your final response to each question.

1. (Review) A random variable Y is normally distributed with mean µ and variance
σ2y in a population. You have access to a random sample of size N from the
population. Denote the sample draws by {y1, ..., yN}.

1. Define the least squares estimator of µ as

µ̃ = argmin
µ

NP
i=1
(yi − µ)2.

Show that this estimator of µ is unbiased. Derive the standard error associ-
ated with this estimator.

2. Define the maximum likelihood estimator of µ, which you can denote by µ̂.
How are the µ̃ and µ̂ related?

3. Add regressors to this model. Instead of every population member have a
common mean value of Y, let the mean for individual i be given by Xiβ,
where Xi is a 1 × K vector of observed characteristics and β is a K × 1
(unknown parameter vector). Compare the least squares and maximum like-
lihood estimators of β in this case.

2. A dependent variable y has a uniform distribution on the interval [0, a], so that
the density (p.d.f.) of y is given by

f(y) =
1

a
χ[y ∈ [0, a]].

You have access to a random sample of 5 draws from this distribution, and your
goal is to estimate the unknown parameter a. The observations from the random
sample are {2, 1, 5, 3, 8}.

1. Derive the maximum likelihood estimator of a, which we will denote by â.
What is the maximum likelihood estimate of a from this sample?



2. Consider an alternative estimator for a, which is

ã = 2yN ,

where yN is the sample mean based on N observations. Find the value of ã
from this sample.

3. Determine whether ã and â are unbiased. Based on this criterion alone, which
one would you favor?

4. Assuming that the variance of â is a decreasing function of sample size (which
it is), are both estimators consistent?

3. Let the difference in utility between choosing an action a and not choosing it to
individual i be given by

U∗i = βxi + εi,

where the random variable εi is uniformly distributed on the interval [-.5,.5] for
all individuals i, xi denotes an observable characteristic individual i, and β is an
unknown parameter. The individual chooses the action a if the net utility from
doing so is positive, that is,

di =

½
1 if and only if U∗i > 0
0 if and only if U∗i ≤ 0

.

1. Derive the probability that individual i with characteristics xi will choose
action a.

2. Say that you have access to a random sample of observations on {di, xi}Ni=1.
Derive the maximum likelihood estimator of β.
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