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Abstract The dynamics of inequality are studied in a model of human capital
accumulation with credit constraints. This model admits a multiplicity of steady
state skill ratios that exhibit varying degrees of inequality across households. The
main result studies equilibrium paths. It is shown that an equilibrium sequence of
skill ratios must converge monotonically to the smallest steady state that exceeds
the initial ratio for that sequence. Convergence is “gradual" in that the steady state
is not achieved in finite time. On the other hand, if the initial skill ratio exceeds the
largest steady state, convergence to a steady state is immediate.
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1 Introduction

In this paper, I study the dynamics of inequality in a model of human capital accu-
mulation with credit constraints. The particular framework I study is possibly the
simplest representation of what might be called an interactive model of wealth
distribution, in which the intertemporal decisions made by individual dynasties
affect macroeconomic variables and so cannot be viewed as isolated dynamic pro-
cesses. Below, I describe the specific setting that I study (Section 3.4 contains
bibliographical references in a broader context).

There are an infinite number of generations, one at each date. In each period t a
member of generation receives an income w, which depends on the proportions of
the population in one of two different skill categories, as well as the skill category
to which this member belongs. This income is partly consumed and partly used in
educating the offspring of this member. Depending on the education level of the
child, the child receives an income next period, and the entire process repeats itself.

Each generation is altruistic – nonpaternalistically so – towards its descendants,
and maximizes the discounted sum of utilities of consumption starting from that
generation onwards.

The following observations are well known. If both skill categories are nec-
essary in production, wages must adjust so as to force separation in educational
choices even if all individuals are ex-ante identical. That is, both skill categories
must be inhabited in every generation. In turn, this necessitates the emergence
of (utility) inequality within generations. There must be individuals in low-pay-
ing professions that involve low training costs, whose parents invested little. And
there must be others in high-paying high-training-cost professions whose parents
invested a lot. In particular, every steady state of this model must exhibit persistent
inequality, not just in current wages, but also in lifetime utilities.

The endogenous emergence of inequality in these models stands in contrast to
an earlier literature on income distribution in which the degree of inequality is a
compromise between the tendency towards convergence – as in any convex model
of intertemporal accumulation – and ongoing stochastic shocks. In the model stud-
ied here, inequality is a necessary outcome even without stochastic shocks. Notice,
too, that a nonconvex model of accumulation, while more conducive to the study
of inequality (initial conditions would determine the subsequent paths), does not
necessitate its emergence. Both the interactive structure (wages determined endog-
enously) as well as the imperfect capital markets assumption are needed to drive
this result.

The arguments above apply to steady states, of which there are many. Indeed,
a continuum of steady states is possible, each fully described by the wage struc-
ture, or at a more primitive level, by the proportion of individuals in the high-skill
category. (All the steady states display inequality.) Which of these are possible
attractors for paths commencing from non-steady-state initial conditions? Do all
such paths converge to some steady state? The purpose of this paper is to address
these questions. In a more general setting than the one here (and I will presently
discuss such settings), these questions must be classified as open. However, the
particular focus of the model allows me to prove that

1. If the economy starts from a steady state skill distribution, it must remain there
in every subsequent period.
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2. If the initial skill proportion is smaller than some steady state skill proportion,
the economy must climb monotonically to the nearest steady state proportion
that exceeds the initial proportion.

3. If the initial skill proportion is larger than every steady state skill proportion,
convergence to a steady state occurs in one period.

Section 2 presents the model, and states and proves the main results. Section 3
discusses generalizations, extensions and open questions. In particular, Section 3.4
provides brief bibliographical notes.

2 The dynamics of inequality

2.1 Preliminaries

Time is discrete, running t = 0, 1, 2 . . . . A dynasty is represented by an infinite
sequence of individuals, each individual living for a single period. There is a contin-
uum of dynasties so that a unit mass of atomless individuals belongs to a generation
at each date.

There are two skill categories, “high" and “low", which are combined via a
production function f to produce a single final output, which we take to be the
numeraire.An individual in the high-skill category (or a “high individual" for short)
earns a wage w̄t at date t . Likewise, a low individual earns wt . Whether or not an
individual is high or low depends on the investment made by her parent. Being low
at any date requires no investment by the parent; being high requires an exogenous
investment of x.

Earned income is partly consumed and partly used in educating the individ-
ual’s offspring. Depending on the education level of the child, the child receives
an income next period, and the entire process repeats itself without end.

Now I turn to the determination of wages. Assume that the production function
f for final output is smooth, CRS in its two inputs, strictly concave in each input
and satisfies the Inada end-point conditions. Given a unit mass of individuals, if a
fraction λ of them is high at some date, then the high wage is given by

w̄(λ) ≡ f1(λ, 1 − λ),

while the low wage is given by

w(λ) ≡ f2(λ, 1 − λ),

where these subscripts represent partial derivatives. We will call these wages the
wages associated with λ.

It is easy to see that w̄(λ) is decreasing and continuous in λ, with w̄(λ) → ∞
as λ → 0. Likewise, w(λ) is increasing and continuous in λ, with w(λ) → ∞ as
λ → 1. These observations imply, in particular, that there exists a threshold λ̃ such
that w̄(λ̃) = w(λ̃).

To complete the description of the model, we presume that each generation
t maximizes an additive function of the one-period utility ut from its own con-
sumption, and the lifetime utility (Vt+1) felt by generation t + 1, discounted by
δ ∈ (0, 1). The utility function u will be assumed to be increasing, smooth and
strictly concave in consumption, and defined at least on [−x, ∞). This last require-
ment is innocuous but serves to simplify notation and exposition. Moreover, the
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idea that consumption can go negative captures the idea that the borrowing con-
straint is never absolute, but that the investment of x at lower wealth levels entails
ever greater utility losses (by strict concavity of u).

2.2 Equilibrium

Suppose, now, that an infinite sequence of wages is given, one for each skill cat-
egory. We may denote this by the path {w̄t , wt }∞t=0. With such a sequence given,
consider the maximization problem of generation t . Denote by V̄t the lifetime util-
ity for a high member of that generation, and by V t the corresponding lifetime
utility for a low member. Standard arguments tell us that the sequence {V̄t , V t }∞t=0
is connected over time in the following way: for each date t ,

V̄t = max u(ct ) + δVt+1 (1)

subject to the conditions that

ct + xt = w̄t , (2)

and

Vt+1 = V̄t+1 if xt ≥ x

= V t+1 if xt < x. (3)

In exactly the same way, V t = max u(ct )+ δVt+1, subject to the analogous budget
constraint ct + xt = wt and equation (3).

These maximization problems describe how education levels change from gen-
eration to generation, given some sequence of wage rates. To complete the equi-
librium setting, we remind ourselves that the wages are endogenous; in particular,
they will depend on the proportion of high individuals at each date.

Formally, for given λ0 ∈ (0, 1), a competitive equilibrium is a sequence
{w̄t , wt , λt }∞t=0 such that

1. Given λ0, the path {λt } is generated by the maximization problems described
above.

2. For each t , w̄t and wt are the wages associated with λt .

Standard fixed-point arguments suffice to show that a competitive equilibrium
exists, but we will not pursue such matters here.

Notice that our definition of competitive equilibrium assigns wages on the pre-
sumption that skilled labor must carry out skilled tasks. Alternatively, we could
restate the definition so that if the “natural wages” (as given by marginal product)
for a skilled worker falls short of that of an unskilled worker, the former will move
into the sector of the latter so that the two wages will be ex post equalized. None of
this matters much anyway because of the following easy observation, which holds
no matter what definition we use:

Observation 1 Recalling that λ̃ solves w̄(λ̃) = w(λ̃), 0 < λt < λ̃ for all t ≥ 1
along any competitive equilibrium.
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The formalities of the (obvious) proof are omitted.1 From now on I shall also
presume that λ0 ∈ (0, λ̃) as well. There is no great mystery in this: it saves the
expositional trouble of having to qualify several arguments for the initial value of λ.

For later use, I also record a familiar single-crossing observation.

Observation 2 Under a competitive equilibrium, there is no date at which a low
person creates a high child while simultaneously, a high person creates a low child.

Proof If a low person creates a high child, then

u(wt − x) + δV̄t+1 ≥ u(wt) + δV t+1,

or

u(wt) − u(wt − x) ≤ δ[V̄t+1 − V t+1].

By strict concavity and the fact that λt < λ̃ for all t , we may conclude that

u(w̄t ) − u(w̄t − x) < δ[V̄t+1 − V t+1].

But this means that a high person has a strict incentive to create a high child, and
we are done. ��

2.3 Steady states

A fraction λ is called a steady state if there exists a competitive equilibrium
{w̄t , wt , λt }∞t=0 from λ with (w̄t , wt , λt ) = (w̄, w, λ) for all t , where w̄ and w
are the wages associated with λ.

The single-crossing property in the previous section yields a simple character-
ization of steady states. Let w̄ ≡ w̄(λ) and w ≡ w(λ) be the associated wages,
and let V̄ and V be the lifetime utilities associated with being (initially) high and
low, respectively. By Observation 2, the following two conditions are necessary
and sufficient for λ to be a steady state:

V̄ = u(w̄ − x) + δV̄ ≥ u(w̄) + δV ,

while

V = u(w) + δV ≥ u(w − x) + δV̄ .

Combining these two expressions, we may conclude that

u(w̄) − u(w̄ − x) ≤ δ(V̄ − V ) ≤ u(w) − u(w − x)

is a necessary and sufficient condition for λ to be a steady state. Combining this
expression for the values of V̄ and V , we have established

1 That λt > 0 for all t follows from the fact that the difference between skilled and unskilled
wages would be infinitely high otherwise, so that some educational investment would have taken
place prior to that period. (Here we use the assumption that u is defined on [−x, ∞).) On the
other hand, λt cannot exceed λ̃ for any t ≥ 1, for in that case high and low wages are equalized,
and no one in the previous generation would then have invested in high skills.
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Fig. 1. The set of steady states

Theorem 1 The fraction λ (with associated wages (w̄, w)) is a steady state if and
only if

u(w̄) − u(w̄ − x) ≤ δ

1 − δ
[u(w̄ − x) − u(w)] ≤ u(w) − u(w − x). (4)

Figure 1 plots the three terms in equation (4) as a function of λ. The left hand
side, denoted by κ̄ , is just the utility cost to a high parent of acquiring skills for
her child. This lies below the right hand side, denoted by κ , which tracks the same
utility cost to a low parent. Finally, the middle term, denoted by B, is the present
value of benefits to being high rather than low. Of course, the κ̄ and κ lines meet
at λ̃, because wages are equalized there.

Note, moreover, that as λ → λ̃, B turns negative while κ̄ is positive. On the
other hand, as λ → 0, B grows unboundedly large while κ̄ is bounded above.
Because the changes are monotone, there is a unique λ∗ ∈ (0, λ̃) such that the first
inequality in equation (4) holds with equality. Observe, moreover, that at λ = λ∗,
the second inequality in equation (4) must hold as well, because of the strict con-
cavity of the utility function. Thus the set of steady states contains some interval
to the left of λ∗, and must be a subset of (0, λ∗].

Beyond this last observation, the set of steady states may be complicated. In
particular, the set need not be connected. For instance, in Fig. 1, the set of steady
states is the union of the two intervals [λ3, λ2] and [λ1, λ

∗].
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2.4 Dynamics

Recall from the previous section that λ∗ is a steady state, and it is the largest possible
steady state. We now state and prove the following.

Theorem 2 If λ0 > λ∗, then there exists a unique competitive equilibrium from
λ0. It goes to a steady state in one period: λ0 > λ1 = λt for all t ≥ 1.

If λ0 < λ∗, then along a competitive equilibrium λt converges monotonically
to the smallest steady state no less than λ. Convergence is never attained in finite
time unless λ happens to be a steady state to start with, in which case λt = λ0 for
all subsequent t .

A discussion of the theorem is postponed to Section 3.1, but the reader uninter-
ested in the proof (to which the remainder of this section is devoted) can go there
right away.

Define κ̄(λ) ≡ u(w̄(λ)) − u(w̄(λ) − x); this is the utility cost of acquiring
education when the parent is high. Define a similar utility cost for the low parent:
κ(λ) ≡ u(w(λ)) − u(w(λ) − x). Let b(λ) ≡ u(w̄ − x) − u(w) be the one-period
gain to being high (assuming that the high parent also invests in her child and the
low parent does not), and define B(λ) ≡ (1 − δ)−1b(λ).

Finally, for any sequence {λs} and for any date t , define

Bt ≡
∞∑

s=t

δs−t b(λs).

This is the lifetime gain between a currently high and a currently low dynasty
(starting from any date t), assuming that dynasties never switch their skill status.

The reason why Bt acquires salience is given by the following simple observa-
tion, which states that at every date, the equilibrium lifetime utility of the high (and
low) must be equal to the utility they would have received were their descendants
never to switch status. (To be sure, along the equilibrium path, switching of status
will generally occur nevertheless.)

Lemma 1 If {w̄t , wt , λt }∞t=0 is a competitive equilibrium, then for each date t ,

V̄t =
∞∑

s=t

δs−tu(w̄s − x) (5)

and

V t =
∞∑

s=t

δs−tu(ws), (6)

so that in particular,

V̄t − V t = Bt for all t. (7)
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Proof It suffices to show that for each t ≥ 0,

V̄t = u(w̄t − x) + δV̄t+1

and

V t = u(wt) + δV t+1.

To prove this, apply Observations 1 and 2. By Observation 1 and our restriction on
λ0, λt ∈ (0, λ̃) for all t ≥ 0. Now using Observation 2, we may conclude that at all
dates, some of the high people stay high, while some of the low people stay low.
This is enough to establish the result. ��

Thus along any competitive equilibrium, no dynasty will strictly prefer to switch
skills, though it may well be the case that it strictly prefers to stay where it is. Lemma
1 yields, in turn

Lemma 2 If {w̄t , wt , λt }∞t=0 is a competitive equilibrium, then for every t , (w̄t , wt )
are the wages associated with λt , and

κ̄(λt ) ≤ δBt+1 ≤ κ(λt ), (8)

with

λt+1 > λt only if δBt+1 = κ(λt ) (9)

and

λt+1 < λt only if δBt+1 = κ̄(λt ). (10)

Proof Let {w̄t , wt , λt } be a competitive equilibrium. Then by definition, (w̄t , wt )
must be the wages associated with λt for every t . Using equation (5) and utility
maximization, we see that

V̄t =
∞∑

s=t

δs−tu(w̄s − x) ≥ u(w̄t ) + δV t+1,

so that (using equation (5) again)

u(w̄t ) − u(w̄t − x) ≤ δ[V̄t+1 − V t+1]

with equality holding whenever a switch from “high” to “low” does occur along
the equilibrium path. Invoking equation (7) of Lemma 1, we get half of equation
(8) as well as equation (10). The same argument applied to a currently low dynasty
gets us the other half of equations 8 and 9. ��
The next step is central:

Lemma 3 If {w̄t , wt , λt }∞t=0 is a competitive equilibrium, then for every t ,

max{B(λt ),
1

δ
κ̄(λt )} ≥ Bt+1 ≥ min{B(λt ),

1

δ
κ(λt )}. (11)


















