
G25.2651: Advanced Statistical Mechanics

Problem set #3
Due: March 16, 2009

1. Consider two uncoupled classical harmonic oscillators described by a Hamiltonian of the form
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Here, mx, my, ωx and ωy are the masses and frequencies associated with the x and y oscillators, respectively.
Calculate the reversible work needed to bind these two oscillators together linearly with a coupling of the form
κxy.

2. Consider a particle of mass, m, moving in a one-dimensional double well potential so that the Hamiltonian is
given by
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where Ub and a are constants.

a. (5 points)
Sketch the potential, indicating the locations of the wells and the location and height of the barrier.

b. Sketch the constant energy surface at energy E for E < Ub, E = Ub+ǫ and E > Ub, where ǫ is a vanishingly
small number.

c. Suppose, now, that the system is coupled linearly to a bath of N harmonic oscillators so that the total
Hamiltonian is
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Moreover, assume the entire system is coupled to a thermal reservoir at temperature, T . Calculate the free
energy profile in x and indicate the locations of the wells and the location and height of the barrier in your
profile.

3. Consider a system in which an amount of work W is performed in order to effect a process within this system.
If we now consider a ensemble of such systems and consider the average of W over the ensemble 〈W 〉, then one
of the fundamental principles of statistical mechanics states that

〈W 〉 ≥ ∆A

where ∆A is the Helmholtz free energy difference associated with the process. Equality only holds if the work
is performed in a reversible manner, otherwise, if the work is performed irreversibly, then 〈W 〉 > ∆A. On the
other hand, according to the Jarzynski equality, it is true that

〈e−βW 〉 = e−β∆A

independent of whether the work is performed reversibly or irreversibly. However, in the case of an irreversible
process, the ensemble average must be taken over the initial conditions of the process.

Consider, more specifically, a classical system with two degrees of freedom x and y described by a potential
energy
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Consider a process in which x is moved from the position x = −a to the position x = 0.

a. Using your result from problem 3, calculate the Helmholtz free energy difference ∆A for this process in a
canonical ensemble.

b. Consider now an irreversible process in which the ensemble is frozen in time and, in each member of the
ensemble, x is moved instantaneously from x = −a to x = 0, i.e., the value of y remains fixed in each
ensemble member during this process. The work performed on each system in the ensemble is related to
the change in potential energy in this process by

W = U(0, y) − U(−a, y)

By performing the average over of W over the initial ensemble, i.e. an ensemble in which x = −a for each
member of the ensemble, show that 〈W 〉 > ∆A.

c. Now perform the average of exp(−βW ) for the work in part b using the same initial ensemble and show
that the Jarzynski equality 〈exp(−βW )〉 = exp(−β∆A) holds.

4. Calculate the unbiasing and curvature factors, z(r), and G(r), respectively in the blue moon ensemble method
for the following constraints:

a. a distance between two positions r1 and r2,

b. the difference of distances between r1 and r2 and r1 and r3, i.e. σ = |r1 − r2| − |r1 − r3|,

c. the bend angle between the three positions r1, r2, and r3. Treat r1 as the central position,
∗d. the dihedral angle involving the four positions r1, r2, r3, and r4.
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