
G25.2651: Statistical MechanicsNotes for Lecture 8I. STRUCTURE AND DISTRIBUTION FUNCTIONS IN CLASSICAL LIQUIDS AND GASESSo far, we have developed the classical theory of ensembles and applied it to the ideal gas, for which there was nopotential of interaction between the particles: U = 0. We were able to derive all the thermodynamics for this sytemusing the various ensembles available to us, and, in particular, we could compute the equation of state. Now, we wishto consider the general case that the potential is not zero. Of course, all of the interesting physics and chemistry ofreal systems results from the speci�c interactions between the particles. Real systems can exhibit spatial structure,undergo phase transitions, undergo chemical changes, exhibit interesting dynamics, basically, a wide variety of richbehavior.Consider the two snapshots below.On the left is shown a con�guration of an ideal gas, and on the right is shown a con�guration of liquid argon.Can you see any inherent structure in the snapshot of liquid argon? While it may not be readily apparent, there isconsiderable structure in the liquid argon system that is clearly not present in the ideal gas. One way of quantifyingspatial structure is through the use of the radial distribution function g(r), which will be discussed in great detaillater. For now, it is su�cient to know that g(r) is a measure of the probability that a particle will be located adistance r from a another particle in the system. The �gure below shows the function g(r) for the ideal gas and forthe liquid argon systems.It can be seen that the radial distribution function for the ideal gas is completely featureless signifying that it isequally likely to �nd a particle at any distance r from a given particle. (Since the probability is uniform, g(r) � 1=r2for small r. This is the particularly normalization condition on g(r) that gives rise to uniform probability. Henceits rapidly rising behavior for small r.) For the liquid argon system, g(r) exhibits several peaks, indicating that atcertain radial values, it is more likely to �nd particles than at others. This is a result of the attractive nature of theinteraction at such distances. The plot of g(r) also shows that there is essentially zero probability of �nding particlesat distances less than about 2.5�A from each other. This is due to the presence of very strong repulsive forces at shortdistances.Sometimes, the structure can be readily seen in snapshots of con�gurations. Consider the following snapshot of asystem of water molecules:The red spheres are oxygen atoms, the grey spheres are hydrogen atoms, the green lines are hydrogen bonds, andthe reddish-grey lines are covalent bonds. A good deal of structure can be seen in the form of a complex network ofhydrogen bonds. This high degree of structure is characteristic of water and gives rise to the ease which with watercan form stable, organized structures around other molecules. In water, one can ask several questions related tostructure. For example, what is the probability that an oxygen atom will be found at a distance r away from anotheroxygen atoms? What is the probability that a hydrogen atom will be located at a distance r from an oxygen atom,etc. The plot below shows the radial distribution functions corresponding to these two scenarios.The peak in the O-O radial distribution function occurs at roughly 2.8�A which is the well known average hydrogenbond length in water. Of course, one could also ask about structure from the point of view of a hydrogen atom andobtain two other representations of structure in water.One can also ask questions pertinent to chemical reactions. The following three snapshots depict a proton transferreaction in water upon solvation of an excess proton:While the reaction dynamics is expected to be very complicated, involving the breaking of hydrogen bonds and other
uctuations away from the �rst solvation shell, it might be possible to characterize certain features of the reactionby a single, special coordinate that somehow describes the motion of the proton through the hydrogen bond. Sucha coordinate is called a reaction coordinate and can, in general, be a funtion of all of some subset of the cartesianpositions of the other atoms in the system: qreac = q(r1; r2; :::; rN )There are many things one can do with such a coordinate, such as study its dynamics or obtain its distribution andhence its free energy pro�le. In the case of the latter, the free energy pro�le describes the \e�ective" potential at agiven temperature that the proton sees as it moves through the hydrogen bond. Computing this free energy pro�le,one might obtain a plot that looks as follows: 1



In this case, the free energy pro�le is obtained with and without quantum e�ects (which cannot be neglected forprotons). For the classical pro�le, the energy di�erence between the top of the barrier and the wells is the e�ectiveactivation energy. Quantum mechanically, this activation energy is reduced due to zero-point motion (a concept wewill discuss in the context of quantum statistical mechanics).A. General distribution functions and correlation functionsWe begin by considering a general N -particle system with HamiltonianH = 3NXi=1 p2i2m + U(r1; :::; rN )For simplicity, we consider the case that all the particles are of the same type. Having established the equivalenceof the ensembles in the thermodynamic limit, we are free to choose the ensemble that is the most convenient on inwhich to work. Thus, we choose to work in the canonical ensemble, for which the partition function isQ(N; V; T ) = 1N !h3N Z d3Np d3Nre��P3Ni=1 p2i2m e��U(r1;:::;rN)The 3N integrations over momentum variables can be done straighforwardly, givingQ(N; V; T ) = 1N !�3N Z dr1 � � � drNe��U(r1;:::;rN)= ZNN !�3Nwhere � = p�h2=2�m is the thermal wavelength and the quantity ZN is known as the con�gurational partitionfunction ZN = Z dr1 � � � drNe��U(r1;:::;rN)The quantity e��U(r1;:::;rN)ZN dr1 � � � drN � P (N)(r1; :::; rN )dr1 � � � drNrepresents the probability that particle 1 will be found in a volume element dr1 at the point r1, particle 2 will befound in a volume element dr2 at the point r2,..., particle N will be found in a volume element drN at the point rN .To obtain the probability associated with some number n < N of the particles, irrespective of the locations of theremaining n+ 1; :::; N particles, we simply integrate this expression over the particles with indices n+ 1; :::; N :P (n)(r1; :::; rn)dr1 � � � drn = 1ZN �Z drn+1 � � � drNe��U(r1;:::;rN)� dr1 � � � drnThe probability that any particle will be found in the volume element dr1 at the point r1 and any particle will befound in the volume element dr2 at the point r2,...,any particle will be found in the volume element drn at the pointrn is de�ned to be �(n)(r1; :::; rn)dr1 � � � drn = N !(N � n)!P (n)(r1; :::; rn)dr1 � � � drnwhich comes about since the �rst particle can be chosen in N ways, the second chosen in N � 1 ways, etc.Consider the specal case of n = 1. Then, by the above formula,�(1)(r1) = 1ZN N !(N � 1)! Z dr2 � � � drNe��U(r1;:::;rN)= NZN Z dr2 � � � drNe��U(r1;:::;rN)2



Thus, if we integrate over all r1, we �nd that 1V Z dr1�(1)(r1) = NV = �Thus, �(1) actually counts the number of particles likely to be found, on average, in the volume element dr1 at thepoint r1. Thus, integrating over the available volume, one �nds, not surprisingly, all the particles in the system.
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