
G25.2651: Statisti
al Me
hani
sNotes for Le
ture 6I. THE IDEAL GASThe ideal gas is simplest thermodynami
 system that lends itself to analyti
al solution in all the ensembles we havestudied thus far. It's importan
e lies in the fa
t that, for many \real" systems, the ideal gas behavior is the zerothorder approximation to these systems. Thus, deviations from ideal behavior be
ome manifestly 
lear. It is thereforeimportant that we establish what this ideal behaviour is. We will begin with the mi
ro
anoni
al ensemble treatment.A. Mi
ro
anoni
al ensemble treatmentConsider a system of N parti
les in a 
ubi
 box of volume V = L3.The parti
les are assumed not to intera
t with ea
h other. Thus, the Hamiltonian in Cartesian 
oordinates may betaken to be H = NXi=1 p2i2mwhere we are assuming that all parti
les are of the same type.The mi
ro
anoni
al partition fun
tion is
(N; V;E) = E0N !h3N Z dNp dNr Æ NXi=1 p2i2m �E!Sin
e the Hamiltonian is independent of the 
oordinates, the 3N 
oordinate integrations 
an be done straightforwardly.The range of ea
h one is 0 to L. Thus, these integrations give an overall fa
tor L3N = V N :
(N; V;E) = E0N !h3N V N Z dNp Æ NXi=1 p2i2m �E!To do the momentum integrals, we �rst 
hange variables top0i = pip2mdNp = (2m)3N=2dNp0Substitution into the partition fun
tion gives
(N; V;E) = E0N !h3N V N (2m)3N=2 Z dNp0 Æ NXi=1 pi02 �E!The 3N dimensional integral 
an now be seen to an integration over the surfa
e of a sphere de�ned by the equationNXi=1 p02i = ETherefore, it proves useful to transform to 3N dimensional spheri
al 
oordinates, R; �1; :::; �3N�1, where1



R2 = NXi=1 p02iThen dNp0 = d3N�1! dR R3N�1where d3N�1! is the 3N � 1 solid angle integral over the 3N � 1 angles. The partition fun
tion now be
omes:
(N; V;E) = E0N !h3N V N (2m)3N=2 Z d3N�1! dR R3N�1 Æ �R2 � E�At this point, we use an identity of Æ-fun
tions:Æ �x2 � a2� = 12jaj [Æ(x � a) + Æ(x + a)℄to write 
(N; V;E) = E0N !h3N V N (2m)3N=2 Z d3N�1! dR R3N�1 12pE hÆ �R�pE�+ Æ �R+pE�i= E0N !h3N V N (2m)3N=2 12E3N=2�1 Z d3N�1!We will also make use of the fa
t that N is large, so that we may take 3N � 1 � 3N . Using the general formula foran n dimensional solid angle integral: Z dn! = 2�(n+1)=2� �n+12 �where �(x) is the Gamma fun
tion: �(x) = Z 10 dttx�1e�twhi
h satis�es �(n) = (n� 1)!��12 + n� = (2n� 1)!!2n �1=2Thus, the solid angle integral is Z d3N�1! = 2�3N=2� � 3N2 �and the partition fun
tion �nally be
omes
(N; V;E) = 1N ! E0E � Vh3 (2�mE)3=2�N 1� � 3N2 �The entropy S(N; V;E) is given byS(N; V;E) = k ln
(N; V;E) = Nk ln � Vh3 (2�mE)3=2�� k lnN !� k ln �(3N=2)� k ln EE0Note that the term k ln(E=E0) � lnN sin
e E � N , whi
h is negligibly small 
ompared to the term proportional toN and lnN !. Thus, we 
an negle
t it. Now, we 
an simplify lnN ! using Stirling's approximationlnN ! � N lnN �N2



whi
h is valid for N very large. Also, note that�(3N=2) = (3N2 � 1)! � (3N=2)!so that ln �(3N=2) � (3N=2) ln(3N=2)� (3N=2)Substituting these approximations into the expression for the entropy, we obtainS(N; V;E) = k ln
(N; V;E) = Nk ln" Vh3 �4�mE3N �3=2#+ 32Nk � k lnN !We 
ould also simplify the lnN ! using Stirling's approximation, however, let us keep it as it is for now, sin
e, as weremember from our past treatment of the mi
ro
anoni
al ensemble, this fa
tor was in
luded in the partition fun
tionin an ad ho
 manner, in order to a

ount for the indistinguishability of the parti
les. We will want to explore thee�e
t of removing this term. Without it, the entropy is the purely 
lassi
al entropyS
l(N; V;E) = k ln
(N; V;E) = Nk ln" Vh3 �4�mE3N �3=2#+ 32NkOther thermodynami
 quantities 
an be easily obtained. For example, the temperature is1kT = �� ln
�E � = 3N2Eor E = 32NkTwhi
h is the result we obtained from our analysis of the 
lassi
al virial theorem. The pressure is given byP = kT �� ln
�V � = NVor PV = NkTwhi
h is the famous ideal gas law. This is a
tually the equation of state of the ideal gas, as it expresses the pressureas a fun
tion of the volume and temperature. It 
an also be written asPkT = NV = �where � is the 
onstant density of the gas.One often expresses the equation of state graphi
ally. For the ideal gas, if we plot P vs. V , for di�erent values ofT , we obtain the following plot:
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FIG. 1.The di�erent 
urves shown are 
alled the isotherms, sin
e they represent P vs. V for �xed temperature.The heat 
apa
ity of the ideal gas follows from the expression for the energyCV = ��E�T �N;V = 32NkFrom our previous analysis of the virial theorem, we 
an 
on
lude that ea
h kineti
 mode 
ontributes k=2 to the heat
apa
ity. B. Relation to thermodynami
 entropyIn thermodynami
s, the 
hange in entropy in a reversible pro
ess whi
h transforms the system from state 1 to state2 is �S = Z 21 dQrevTwhere dQrev is the heat absorbed in the pro
ess. We 
an now ask if the entropy obtained starting from the mi
ros
opi
des
ription agrees with the standard thermodynami
 de�nition. We will 
onsider two types of pro
esses as des
ribedbelow:I. Isothermal expansion/
ompression of the system from volume, V1 to V2. In an isothermal pro
ess,the temperature, T , does not 
hange. Thus, the entropy relation 
an be integrated immediately to yield�S = 1T Z 21 dQrev = �QrevTwhere �Qrev is the heat absorbed as the state 
hanges from 1 to 2. Now, from the �rst law of thermodynami
s,the 
hange in total internal energy of the system is 4



�E = �Qrev +�Wrevwhere �Wrev is the work done on the system. Sin
e, for the ideal gas,E = 32NkT�E = 32Nk�Tand �T = 0, �E = 0 and �Qrev = ��WrevThe expansion/
ompression of the system gives rise to a 
hange in pressure su
h that dWrev = �P (V )dV , whereP (V ) = NkT=V , is given by the equation of state (ideal gas law). Thus, the total work done on the system is�Wrev = � Z V2V1 NkTV dV = �NkT ln V2V1Thus, �Qrev = NkT ln V2V1and �S = Nk ln V2V1If we now use the statisti
al de�nition of entropyS = Nk ln" Vh3 �4�mE3N �3=2# + 3Nk2 � k lnN !the 
hange in entropy is �S = Nk ln"V2h3 �4�mE3N �3=2#+ 3Nk2 � k lnN !� Nk ln"V1h3 �4�mE3N �3=2#+ 3Nk2 � k lnN != Nk ln(
V2)�Nk ln(
V1)= Nk ln V2V1where 
 = (1=h3)(4�mE=3N)3=2. Thus, we see that the two agree exa
tly.II. Iso
hori
 heating/
ooling from temperature T1 to T2. In an iso
hori
 pro
ess, the volume remains
onstant. Hen
e, �Wrev = 0and, from the �rst law, 5



�Qrev = �EdQrev = dEHowever, for the ideal gas E = 32NkTdE = 32NkdTE1 = 32NkT1E2 = 32NkT2E2E1 = T2T1Thus, the 
hange in entropy is�S = Z T2T1 dQrevT = Z T2T1 32NkdTT = 32Nk ln T2T1From the statisti
al de�nition:�S = Nk ln" Vh3 �4�mE23N �3=2#+ 3Nk2 � k lnN !� Nk ln" Vh3 �4�mE13N �3=2#+ 3Nk2 � k lnN != Nk ln�aE3=22 ��Nk ln�aE3=21 �= Nk ln�E2E1�3=2= 32Nk ln E2E1= 32Nk ln T2T1whi
h agrees exa
tly with the thermodynami
 entropy 
hange.These two examples illustrate that the statisti
al approa
h agrees exa
tly with the standard thermodynami
 de�nitionof entropy. C. Canoni
al ensemble treatmentThe 
anoni
al partition fun
tion for the ideal gas is mu
h easier to evaluate than the mi
ro
anoni
al partitionfun
tion. Re
all the expression for the 
anoni
al partition fun
tion Q(N; V; T ):Q(N; V; T ) = 1N !h3N Z dNp dNr e��PNi=1 p2i2m6



Note that this 
an be expressed as Q(N; V; T ) = 1N !h3N V N �Z dpe��p2=2m�Nsin
e the Hamiltonian is 
ompletely separable. Evaluating the Gaussian integral gives us the �nal result immediately:Q(N; V; T ) = 1N ! " Vh3 �2�m� �3=2#NThe expressions for the energy E = � ��� lnQ(N; V; T )and pressure P = kT �� lnQ(N; V; T )�V �gives rise to the results E = 3NkT=2 and PV = NkT just as for the mi
ro
anoni
al ensemble. Note also that theentropy S(N; V; T ) given by S = k lnQ(N; V; T ) + ETbe
omes S(N; V; T ) = Nk ln" Vh3 �2�m� �3=2# + 32Nk � k lnN !whi
h redu
es to the mi
ro
anoni
al expression exa
tly if we use the fa
t that � = 3N=2E:S(N; V;E) = k ln
(N; V;E) = Nk ln" Vh3 �4�mE3N �3=2#+ 32Nk � k lnN !Thus, the 
anoni
al and mi
ro
anoni
al ensembles gives rise to exa
tly the same thermodynami
s!! Let us now lookmore 
arefully at the expression for the entropy.D. The Gibbs paradoxConsider an ideal gas of N parti
les in a 
ontainer with a volume V . A partition separates the 
ontainer into twose
tions with volumes V1 and V2, respe
tively, su
h that V1 + V2 = V . Also, there are N1 parti
les in the volume V1and N2 parti
les in the volume V2. It is assumed that the number density is the same throughout the system� = N1V1 = N2V2
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1 2FIG. 2.If the partition is now removed, what should happen to the total entropy? Sin
e the parti
les are identi
al, thetotal entropy should not in
rease as the partition is removed be
ause the two states 
annot be di�erentiated due tothe indistinguishability of the parti
les. Let us analyze this thought experiment using the 
lassi
al expression entropyderived above (i.e., we leave o� the lnN ! term).The entropies S1 and S2 before the partition is removed areS1 � N1klnV1 + 32N1kS2 � N2klnV2 + 32N2kand the total entropy is S = S1 + S2.After the partition is removed, the total entropy isS � (N1 +N2)k ln(V1 + V2) + 32(N1 +N2)kThus, the di�eren
e �S = Safter � Sbefore is�S = (N1 +N2)k ln(V1 + V2)�N1k lnV1 �N2k lnV2= N1k ln(V=V1) +N2k ln(V=V2) > 0This 
ontradi
ts our predi
ted result that �S = 0. Therefore, the 
lassi
al expression must not be quite right.Let us now restore the lnN !. Using the Stirling approximation lnN ! = N lnN �N , the entropy 
an be written asS = Nk " VNh3 �2�m� �3=2# + 52Nkwhi
h is known as the Sa
kur-Tetrode equation. Using this expression for the entropy, the di�eren
e now be
omes8



�S = (N1 +N2)k ln� V1 + V2N1 +N2��N1k ln(V1=N1)�N2k ln(V2=N2)= N1k ln(V=V1) +N2k ln(V=V2)�N1k ln(N=N1)�N2k ln(N=N2)= N1k ln� VN N1V1 �+N2k ln�VN N2V2 �However, sin
e the density � = N1=V1 = N2=V2 = N=V is 
onstant, the terms appearing in the log are all 1 and,therefore, vanish. Hen
e, the 
hange in entropy, �S = 0 as expe
ted. Thus, it seems that the 1=N ! term is absolutelyne
essary to resolve the paradox. This means that only a 
orre
t quantum me
hani
al treatment of the ideal gas givesrise to a 
onsistent entropy. E. Isothermal-isobari
 ensembleFinally, let us look at the ideal gas in the isothermal-isobari
 ensemble. The partition fun
tion is given by�(N;P; T ) = 1V0 Z 10 dV e��PVQ(N; V; T )= �2�m� �3N=2 1V0N !h3N Z 10 dV e��PV V NWe 
hange variables to v = �PVso that �(N;P; T ) = �2�m� �3N=2 1V0N !h3N 1(�P )N+1 Z 10 dve�vvN= " 1h3 �2�m� �3=2 1�P #N 1�PV0The enthalpy is given by �H = � ��� ln�(N;P; T )whi
h, for the ideal gas, be
omes �H = 3N2 kT + (N + 1)kT = 5N + 12 kTBut re
all that the enthalpy is �H = E + P hV i, where E is the average energy. Sin
e E = 3NkT=2, we haveP hV i = (N + 1)kTThis result 
an also be derived by 
onsidering the average volume, given byhV i = �kT �� ln��P � = N + 1P kTBut re
all the work virial theorem, whi
h states thatP hV i = hPintV i + kTwhere Pint is the instantaneous internal pressure obtained from Pint = ��H=�V . Thus, the appropriate form of theideal gas law is hPintV i = NkT9


