
G25.2651: Statistical MechanicsNotes for Lecture 5I. TEMPERATURE AND PRESSURE ESTIMATORSFrom the classical virial theorem hxi @H@xj i = kT�ijwe arrived at the equipartition theorem: * NXi=1 p2i2mi+ = 32NkTwhere p1; :::;pN are the N Cartesian momenta of the N particles in a system. This says that the microscopic functionof the N momenta that corresponds to the temperature, a macroscopic observable of the system, is given byK(p1; :::;pN ) = NXi=1 p2i2miThe ensemble average of K can be related directly to the temperatureT = 23Nk hK(p1; :::;pN )i = 23nR hK(p1; :::;p3)iK(p1; :::;pN ) is known as an estimator (a term taken over from the Monte Carlo literature) for the temperature.An estimator is some function of the phase space coordinates, i.e., a function of microscopic states, whose ensembleaverage gives rise to a physical observable.An estimator for the pressure can be derived as well, starting from the basic thermodynamic relation:P = ��@A@V �N;T = kT �@ lnQ(N; V; T )@V �N;Twith Q(N; V; T ) = CN Z dx e��H(x) = CN Z dNp ZV dNr e��H(p;r)The volume dependence of the partition function is contained in the limits of integration, since the range of integrationfor the coordinates is determined by the size of the physical container. For example, if the system is con�ned withina cubic box of volume V = L3, with L the length of a side, then the range of each q integration will be from 0 to L. Ifa change of variables is made to si = qi=L, then the range of each s integration will be from 0 to 1. The coordinatessi are known as scaled coordinates. For containers of a more general shape, a more general transformation issi = V �1=3riIn order to preserve the phase space volume element, however, we need to ensure that the transformation is a canonicalone. Thus, the corresponding momentum transformation is�i = V 1=3piWith this coordinate/momentum transformation, the phase space volume element transforms asdNp dNr = dN�dNs1



Thus, the volume element remains the same as required. With this transformation, the Hamiltonian becomesH = NXi=1 p2i2mi + U(r1; :::; rN ) = NXi=1 V �2=3�2i2mi + U(V 1=3s1; :::; V 1=3sN)and the canonical partition function becomesQ(N; V; T ) = CN Z dN� Z dNs exp(�� " NXi=1 V �2=3�2i2mi + U(V 1=3s1; :::; V 1=3sN)#)Thus, the pressure can now be calculated by explicit di�erentiation with respect to the volume, V :P = kT 1Q @Q@V= kTQ CN Z dN� Z dNs "23�V �5=3 NXi=1 �2i2mi � �3 V �2=3 NXi=1 si � @U@(V 1=3si)# e��H= kTQ CN Z dNp Z dNr" �3V NXi=1 p2imi � �3V NXi=1 ri � @U@ri # e��H(p;r)= 13V * NXi=1 �p2imi + ri � Fi�+= h�@H@V iThus, the pressure estimator is�(p1; :::;pN ; r1; :::; rN ) = �(x) = 13V NXi=1 � p2i2mi + ri � Fi(r)�and the pressure is given by P = h�(x)iFor periodic systems, such as solids and currently used models of liquids, an absolute Cartesian coordinate qi isill-de�ned. Thus, the virial part of the pressure estimatorPi qiFi must be rewritten in a form appropriate for periodicsystems. This can be done by recognizing that the force Fi is obtained as a sum of contributions Fij , which is theforce on particle i due to particle j. Then, the classical virial becomesNXi=1 ri �Fi = NXi=1 ri �Xj 6=i Fij= 12 24Xi riXj 6=i �Fij +Xj rj �Xi6=j Fji35= 12 24Xi ri �Xj 6=i Fij �Xj rj �Xi6=j Fij35= 12 Xi;j;i6=j(ri � rj) � Fij = 12 Xi;j;i6=j rij �Fijwhere rij is now a relative coordinate. rij must be computed consistent with periodic boundary conditions, i.e., therelative coordinate is de�ned with respect to the closest periodic image of particle j with respect to particle i. Thisgives rise to surface contributions, which lead to a nonzero pressure, as expected.2



II. ENERGY FLUCTUATIONS IN THE CANONICAL ENSEMBLEIn the canonical ensemble, the total energy is not conserved. (H(x) 6= const). What are the 
uctuations in theenergy? The energy 
uctuations are given by the root mean square deviation of the Hamiltonian from its averagehHi: �E = qh(H � hHi)2i = phH2i � hHi2hHi = � @@� lnQ(N; V; T )hH2i = 1QCN Z dxH2(x)e��H(x)= 1QCN Z dx @2@�2 e��H(x)= 1Q @2@�2Q= @2@�2 lnQ+ 1Q2 �@Q@� �2= @2@�2 lnQ+ � 1Q @Q@� �2= @2@�2 lnQ+ � @@� lnQ�2Therefore hH2i � hHi2 = @2@�2 lnQBut @2@�2 lnQ = kT 2CVThus, �E = pkT 2CVTherefore, the relative energy 
uctuation �E=E is given by�EE = pkT 2CVENow consider what happens when the system is taken to be very large. In fact, we will de�ne a formal limit calledthe thermodynamic limit, in which N �!1 and V �!1 such that N=V remains constant.Since CV and E are both extensive variables, CV � N and E � N ,�EE � 1pN �! 0 as N ! 1But �E=E would be exactly 0 in the microcanonical ensemble. Thus, in the thermodynamic limit, the canonical andmicrocanonical ensembles are equivalent, since the energy 
uctuations become vanishingly small.
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III. ISOTHERMAL-ISOBARIC ENSEMBLEA. Basic ThermodynamicsThe Helmholtz free energy A(N; V; T ) is a natural function of N , V and T . The isothermal-isobaric ensembleis generated by transforming the volume V in favor of the pressure P so that the natural variables are N , P andT (which are conditions under which many experiments are performed { \standard temperature and pressure," forexample).Performing a Legendre transformation of the Helmholtz free energy~A(N;P; T ) = A(N; V (P ); T ) � V (P )@A@VBut @A@V = �PThus, ~A(N;P; T ) = A(N; V (P ); T ) + PV � G(N;P; T )where G(N;P; T ) is the Gibbs free energy.The di�erential of G is dG = �@G@P �N;T dP + �@G@T �N;P dT + � @G@N�P;T dNBut from G = A+ PV , we have dG = dA + PdV + V dPbut dA = �SdT � PdV + �dN , thus dG = �SdT + V dP + �dNEquating the two expressions for dG, we see thatV = �@G@P �N;TS = ��@G@T �N;P� = � @G@N�P;TB. The partition function and relation to thermodynamicsIn principle, we should derive the isothermal-isobaric partition function by coupling our system to an in�nite thermalreservoir as was done for the canonical ensemble and also subject the system to the action of a movable piston underthe in
uence of an external pressure P . In this case, both the temperature of the system and its pressure will becontrolled, and the energy and volume will 
uctuate accordingly.However, we saw that the transformation from E to T between the microcanonical and canonical ensembles turnedinto a Laplace transform relation between the partition functions. The same result holds for the transformation fromV to T . The relevant \energy" quantity to transform is the work done by the system against the external pressure Pin changing its volume from V = 0 to V , which will be PV . Thus, the isothermal-isobaric partition function can beexpressed in terms of the canonical partition function by the Laplace transform:4



�(N;P; T ) = 1V0 Z 10 dV e��PVQ(N; V; T )where V0 is a constant that has units of volume. Thus,�(N;P; T ) = 1V0N !h3N Z 10 dV Z dxe��(H(x)+PV )The Gibbs free energy is related to the partition function byG(N;P; T ) = � 1� ln�(N;P; T )This can be shown in a manner similar to that used to prove the A = �(1=�) lnQ. The di�erential equation to startwith is G = A + PV = A + P @G@POther thermodynamic relations follow:Volume: V = �kT �@ ln�(N;P; T )@P �N;TEnthalpy: �H = hH(x) + PV i = � @@� ln�(N;P; T )Heat capacity at constant pressureCP = �@ �H@T �N;P = k�2 @2@� ln�(N;P; T )Entropy: S = ��@G@T �N;P= k ln�(N;P; T ) + �HTThe 
uctuations in the enthalpy � �H are given, in analogy with the canonical ensemble, by� �H = pkT 2CPso that � �H�H = pkT 2CP�Hso that, since CP and �H are both extensive, � �H= �H � 1=pN which vanish in the thermodynamic limit.5



C. Pressure and work virial theoremsAs noted earlier, the quantity �@H=@V is a measure of the instantaneous value of the internal pressure Pint. Letus look at the ensemble average of this quantityhPinti = � 1�CN Z 10 dV e��PV Z dx@H@V e��H(x)= 1�CN Z 10 dV e��PV Z dxkT @@V e��H(x)= 1� Z 10 dV e��PV kT @@V Q(N; V; T )Doing the volume integration by parts giveshPinti = 1� �e��PV kTQ(N; V; T )���10 � 1� Z 10 dV kT � @@V e��PV�Q(N; V; T )= P 1� Z 10 dV e��PVQ(N; V; T ) = PThus, hPinti = PThis result is known as the pressure virial theorem. It illustrates that the average of the quantity �@H=@V gives the�xed pressure P that de�nes the ensemble.Another important result comes from considering the ensemble average hPintV ihPintV i = 1� Z 10 dV e��PV kTV @@V Q(N; V; T )Once again, integrating by parts with respect to the volume yieldshPintV i = 1� �e��PV kTV Q(N; V; T )���10 � 1� Z 10 dV kT � @@V V e��PV�Q(N; V; T )= 1� ��kT Z 10 dV e��PVQ(V ) + P Z 10 dV e��PV V Q(V )�= �kT + P hV ior hPintV i + kT = P hV iThis result is known as the work virial theorem. It expresses the fact that equipartitioning of energy also applies tothe volume degrees of freedom, since the volume is now a 
uctuating quantity.
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