
G25.2651: Statistical MechanicsNotes for Lecture 28I. FIXED POINTS OF THE RG EQUATIONS IN GREATER THAN ONE DIMENSIONIn the last lecture, we noted that interactions between block of spins in a spin lattice are mediated by boundaryspins. In one dimension, where there is only a single pair between blocks, the block spin transformation yields acoupling constant that is approximately equal to the old coupling constant at very low temperature, i.e., K 0 � K.Let us now explore the implications of this fact in higher dimensions.Consider a two-dimensional spin lattice as we did in the previous lecture. Now interactions between blocks can bemediated by more than a single pair of spin interactions. For the case of 3�3 blocks, there will be 3 boundary spinpairs mediating the interaction between two blocks:
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Since 3 boundary spin pair interactions mediate the block-block interaction, the result of a block spin transformationshould yield, at low T , a coupling constant K 0 roughly three times as large as the original coupling constant, K:K 0 � 3KIn a three-dimensional lattice, using 3 � 3 � 3 blocks, there would be 32 = 9 spin pairs. Generally, in d dimensionsusing blocks containing bd spins, the RG equation at low T should behave asK 0 � bd�1K T ! 0; K ! 1The number b is called the length scaling factor. The above RG equation implies that for d > 1, K 0 > K for low T .Thus, iteration of the RG equation at low temperature should now 
ow toward K =1 and the �xed point at T = 0is now a stable �xed point. However, we know that at high temperature, the system must be in a paramagnetic state,so the �xed point at T =1 must remain a stable �xed point. These two facts suggest that, for d > 1, between T = 0and T =1, there must be another �xed point, which will be an unstable �xed point. To the extent that an RG 
owin more than one dimension can be considered a one-dimensional 
ow, the 
ow diagram would look like:
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FIG. 2.Any perturbation to the left of the unstable �xed point iterates to T = 0, K = 1 and any perturbation to theright iterates to T =1 and K = 0. The unstable �xed point corresponds to a �nite, nonzero value of K = Kc and atemperature Tc, and corresponds to a critical point.To see that this is so, consider the correlation length evolution of the correlation length under the RG 
ow. Recallthat for a length scaling factor b, the correlation length transform as�(K 0) = 1b �(K)�(K) = b�(K 0)Suppose we start at a point K near Kc and require n(K) iterations of the RG equations to reach a value K0 betweenK = 0 and K = Kc under the RG 
ow:
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If �0 is the correlation length at K = K0, which can expect to be a �nite number of order 1, then, by the abovetransformation rule for the correlation length, we have�(K) = �0bn(K)Now, recall that, as the starting point, K is chosen closer and closer to Kc, the number of iterations needed to reachK0 gets larger and larger. (Recall that near an unstable �xed point, the initial change in the coupling constant issmall as the iteration proceeds). Of course, if K = Kc initially, than an in�nite number of iterations is needed. Thistells us that as K approaches Kc, the correlation length becomes in�nite, which is what is expected for an orderedphase. Thus, the new unstable �xed point must correspond to a critical point.In fact, we can calculate the exponent � knowing the behavior of the RG equation near the unstable �xed point.Since this is a �xed point, Kc satis�es, quite generally,Kc = R(Kc)Near the �xed point, we can expand the RG equation, givingK 0 � R(Kc) + (K �Kc)R0(Kc) + � � �De�ne an exponent y by y = lnR0(Kc)ln bso that K 0 � Kc + by(K �Kc)Near the critical point, � diverges according to� � jT � Tcj�� � ���� 1K � 1Kc ������ � ����K �KcK ������ � ����K �KcKc ������Thus, � � jK �Kcj��but �(K) = b�(K 0)which implies jK �Kcj�� � bjK 0 �Kcj��= bjby(K �Kc)j��which is only possible if � = 1yThis result illustrates a more general one, namely, that critical exponents are related to derivatives of the RG trans-formation. II. GENERAL LINEARIZED RG THEORYThe above discussion illustrates the power of the linearized RG equations. We now generalize this approach to ageneral Hamiltonian H0 with parameters K1;K2; :::;� K. The RG equationK0 = R(K)3



can be linearized about an unstable �xed point at bK� according toK 0a �K�a �Xb Tab(Kb �K�b )where Tab = @Ra@Kb ����K=K�The matrix T need not be a symmetric matrix. Given this, we de�ne a left eigenvalue equation for T according toXa �iaTab = �i�ibwhere the eigenvalues f�g can be assumed to be real (although it cannot be proved). Finally, de�ne a scaling variable,ui by ui =Xa �ia(Ka �K�a)They are called scaling variables because they transform multiplicatively near a �xed point under the linearized RG
ow: u0i =Xa �ia(K 0a �K�a)=Xa Xb �iaTab(Kb �K�b )=Xb �i�ib(Kb �K�b )= �iuiSince ui scales with �i, it will increase if �i > 1 and will decrease if �i < 1. Rede�ning the eigenvalues �i accordingto �i = byiwe see that u0i = byiuiBy convention, the quantities fyig are called the RG eigenvalues. These will soon be shown to determine the scalingrelations among the critical exponents.For the RG eigenvalues, three cases can be identi�ed:1. yi > 0. The scaling variable ui is called a relevant variable. Repeated RG transformations will drive it awayfrom its �xed point value, ui = 0.2. yi < 0. The scaling variable ui is called an irrelevant variable. Repeated RG transformations will drive it toward0.3. yi = 0. The scaling variable ui is called a marginal variable. We cannot tell from the linearized RG equationsif ui will iterate toward or away from the �xed point.Typically, scaling variables are either relevant or irrelevant. Marginality is rare and will not be considered here. Thenumber of relevant scaling variables corresponds to the number of experimentally `tunable' parameters or `knobs'(such as T and h in the magnetic system, or P and T in a 
uid system; in the case of the former, the relevantvariables are called the thermal and magnetic scaling variables, respectively).4



III. UNDERSTANDING UNIVERSALITY FROM THE LINEARIZED RG THEORYIn the linearized RG theory, at a �xed point, all scaling variables are 0, whether relevant, irrelevant or marginal.Consider the case where there are no marginal scaling variables. Recall, moreover, that irrelevant scaling variableswill iterate to 0 under repeated RG transformations, starting from a point near the unstable �xed point, while therelevant variables will be driven away from 0. These facts provide us with a formal procedure for locating the �xedpoint:i. Start with the space spanned by the full set of eigenvectors of T.ii. Project out the relevant subspace by setting all the relevant scaling variables to 0 by hand.iii. The remaining subspace spanned by the irrelevant eigenvectors of T de�nes a hypersurface in the full couplingconstant space. This is called the critical hypersurface.iv. Any point on the critical hypersurface belongs to the irrelevant subspace and will iterate to 0 under successiveRG transformations. This will de�ne a trajectory on the hypersurface that leads to the �xed point as illustratedbelow:
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This �xed point is called the critical �xed point. Note that it is stable with respect to irrelevant scaling variablesand unstable with respect to relevant scaling variables.What is the importance of the critical �xed point? Consider a simple model in which there is one relevant and oneirrelevant scaling variable, u1 and u2, with corresponding couplings K1 and K2. In an Ising-type model, K1 mightrepresent the reduced nearest neighbor coupling and K2 might represent a next nearest neighbor coupling. Relevantvariables also include experimentally tunable parameters such as temperature and magnetic �eld. The reason u1 isrelevant and u2 is irrelevant is that there must be at least nearest neighbor coupling for the existence of a criticalpoint and ordered phase at h = 0 but this can happen whether or not there is a next nearest neighbor coupling. Thus,the condition u1(K1;K2) = 0de�nes the critical surface, in this case, a one-dimensional curve in the K1-K2 plane as illustrated below:
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1FIG. 5.Here, the blue curve represents the critical \surface" (curve), and the point where the arrows meet is the critical�xed point. The full coupling constant space represents the space of all physical systems containing nearest neighborand next nearest neighbor couplings. If we wish to consider the subset of systems with no next nearest neighborcoupling, i.e., K2 = 0, the point at which the line K2 = 0 intersects the critical surface (curve) de�nes the criticalvalue, K1c and corresponding critical temperature and will be an unstable �xed point of an RG transformation withK2 = 0. Similarly, if we consider a model for which K2 6= 0, but having a �xed �nite value, then the point at whichthis line intersects the critical surface (curve) will give the critical value of K1 for that model. For any of thesemodels, K1c lies on the critical surface and will, under the full RG transformation iterate toward the critical �xedpoint. This, then, de�nes a universality class: All models characterized by the same critical �xed point belong tothe same universality class and will share the same critical properties. This need not include only magnetic systems.Indeed, a 
uid system, near its critical point can be characterized by a so called lattice gas model. This model issimilar to the Ising model, except that the spin variables are replaced by site occupance variables ni, which can takeon values 0 or 1, depending on whether a given lattice site is occupied by a particle or not. The grand canonicalpartition function is 6



Z = Xn1=0;1 � � � XnN=0;1 �Pi nie2�Phi;jiJijninjand hence belongs to the same universality class as the Ising model. The critical surface, then, contains all physicalmodels that share the same universality properties and have the same critical �xed point.In order to see how the relevant scaling variables lead to the scaling relations among the critical exponents, we nextneed to introduce the scaling hypothesis.IV. THE SCALING HYPOTHESISRecall that the RG transformation preserves the partition function:Tr�0e�H00(f�0g;K0) = Tr�e�H0(f�g;K)For the one-dimensional Ising model, we found that the block spin transformation lead to a transformed Hamiltonianof the form H00(f�0g;K 0) = N 0g(K)�K 0 N 0Xi=1 �0i�0i+1Thus, H0(f�0g;K 0) contains a term that is of the same functional form as H0(f�g;K) plus an analytic function of K.De�ning the reduced free energy per spin from the spin trace as f(K), the equality of the partition functions allowsus to write generally:e�Nf(fKg) = Tr�e�H0(f�g;fKg) = e�N 0g(fKg)Tr�e�H0(f�0g;fK0g) = e�N 0g(fKg)e�N 0f(fK0g)which implies that f(fKg) = g(fKg) + N 0N f(fK 0g)If b is the size of the spin block, then N 0 = b�dNfrom which f(fKg) = g(fKg) + b�df(fK 0g)Now, g(fKg) is an analytic function and therefore plays no role in determining critical exponents, since it does notlead to divergences. Only the so called singular part of the free energy is important for this. Thus, the singular partof the free energy fs(fKg) can be seen to satisfy a scaling relation:fs(fKg) = b�dfs(fK 0g)This is the basic scaling relation for the free energy. From this simple equation, the scaling relations for the criticalexponents can be derived.To see how this works, consider the one-dimensional Ising model again with h 6= 0. The free energy depends onthe scaling variables through the dependence on the couplings K. For h = 0, we saw that there was a single relevantscaling variable corresponding to the nearest neighbor coupling K = J=kT . This variable is temperature dependentand is called a thermal scaling variable ut. For h 6= 0 there must also be a magnetic scaling variable, uh. These willtransform under the linearized RG as u0t = bytutu0h = byhuhwhere yt and yh are the relevant RG eigenvalues. Therefore, the scaling relation for the free energy becomesfs(ut; uh) = b�dfs(u0t; u0h) = b�dfs(bytut; byhuh)7



Now, after n iterations of the RG equations, the free energy becomesfs(ut; uh) = b�ndfs(bnytut; bnyhuh)Recall that relevant scaling variables are driven away from the critical �xed point. Thus, let us choose an n smallenough that the linear approximation is still valid. In order to determine n, we only need to consider one of the scalingvariables, so let it be ut. Thus, let ut0 be an arbitrary value of ut obtained after n iterations of the RG equation, suchthat ut0 is still close enough to the �xed point that the linearized RG theory is valid. Then,ut0 = bnytutor n = 1yt logb ����ut0ut ���� = logb ����ut0ut ����1=ytand fs(ut; uh) = ���� utut0 ����d=yt fs(�ut0; uhjut=ut0j�yh=yt)Now, let t = T � TcTWe know that fs must depend on the physical variables t and h. In the linearized theory, the scaling variables ut anduh will be related linearly to the physical variables: utut0 = tt0uh = hh0Here, t0 and h0 are nonuniversal proportionality constants, and we see that ut ! 0 when t! 0 and the same for uh.Then, we have fs(t; h) = jt=t0jd=ytfs��ut0; h=h0jt=t0jyh=yt�The left side of this equation does not depend on the nonuniversal constant ut0, hence the right side cannot. Thismeans that the function on the right side depends on a single argument. Thus, we rewrite the free energy equation asfs(t; h) = jt=t0jd=yt�� h=h0jt=t0jyh=yt �The function � is called a scaling function. Note that the dependence on the system-particular variables t0 and h0is trivial, as this only comes in as a scale factor in t and h. Such a scaling relation is a universal scaling relation,in that it will be the same for all systems in the same universality class. From the above scaling relation come allthermodynamic quantities. Note that the scaling relation depends on only two exponents yt and yh. This suggeststhat there can only be two independent critical exponents among the six, �; �; 
; �; �, and �. There must, therefore,be four relations relating some of the critical exponents to others. These are the scaling relations. To derive these,we use the scaling relation for the free energy to derive the thermodynamic functions:1. Heat Capacity: Ch � @2f@t2 ����h=0 � jtjd=yt�2but 8



Ch � jtj��Thus, � = 2 � dyt2. Magnetization: m = @f@h ����h=0 � jt=t0jd=ytjt=t0jyh=yt � jtj(d�yh)=ytbut m � jtj�Thus, � = d� yhyt3. Magnetic susceptibility: � = @m@h � @2f@h2 � jtj(d�2yh)=ytbut � � jtj�
Thus, 
 = 2yh � dyt4. Magnetization vs. magnetic �eld:m = @f@h = jt=t0j(d�yh)=yt�0� h=h0jt=t0jyh=yt�but m should remain �nite as t! 0, which means that �0(x) must behave as xd=yh�1 as x!1, since thenm � jt=t0j(d�yh)=yt (h=h0)(d�yh)=ytjt=t0jyh(d�yh)=(ytyh)� (h=h0)(d�yh)=yhBut m � h1=�Thus, � = yhd� yh9



From these, it is straightforward to show that the four exponents �, �, 
, and � are related by�+ 2� + 
 = 2�+ �(1 + �) = 2These are examples of scaling relations among the critical exponents.The other two scaling relations involve � and � and are derived from the scaling relation satis�ed by the correlationfunction: G(r) = b�2(d�yh)G(r=b; bytt)G(r) = jt=t0j2(d�yh)=yt	� rjt=t0j�1=yt�This leads to the relations � = 1yt� = d+ 2� 2yhand the scaling relations: � = 2� d�
 = �(2� �)
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