G25.2651: Statistical Mechanics

Notes for Lecture 23

I. QUANTUM LINEAR RESPONSE THEORY

Consider again the Hamiltonian for a system coupled to a time-dependent field
H = Hy, — BF,(t)
We wish to solve the quantum Liouville equation

LO0p
Zha - [Hap]

in the linear regime where F,(t) is small.

A. Perturbative solution of the Liouville equation

As in the classical case, we assume a solution of the form

p(t) = po(Ho) + Mp(t)

where
dpo
[ 05 Po] ot
and we will assume
H e—BHo

Substituting into the Liouville equation and working to first order in small quantities, we find

0Ap 1

1
o E[H():AP] - ,L-_[Bap[)]FE(t)
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which is a first order inhomogeneous equation that can be solved by using an integrating factor:

1 7t ) )
Ap(t) — _ﬁ ds eszg(tfs)/h[B’ po]ezHg(tfs)/hFe (S)
? — 00
(Note that we have chosen the origin in time to be t = —oo, which is an arbitrary choice.)

For an observable A, the expectation value is
(A() = Te(pA) = (A)o + Tr(Ap(t)4)

when the solution for Ap is substituted in, this becomes
t
(AWD) = (Ao~ = / ds Tr [Ae=T0U=9/M0r gl To(t=)/1] F (s)
t
— <A>0 _ _h/ ds Tr |:eiH°(t_s)/hAe_iHO(t_s)/hbar[B,po]] Fe(s)

= (A)o — —ds Tr [A(t = 5)[B, po]] F(s)



where the cyclic property of the trace has been used and the Heisenberg evolution for A has been substituted in.
Expanding the commutator gives

(A0 = (o= [ ds LA = 0B A - B Fufe)
= (o= g [ ds Tl (A - 0B~ BAt - )]l
= (o= g [ ds RG)1AG - 9, BO)

where the cyclic property of the trace has been used again. Define a function
@45(1) = (A1), BO))o

called the after effect function. It is essentially the antisymmetric quantum time correlation function, which involves
the commutator between A(t) and B(0). Then the linear response result can be written as

(A(t)) = (Ao + /_ dsF,.(s)®ap(t — s)

which is the starting point for the theory of quantum transport coefficients. If we choose to measure the operator B,
then we find

(B(t)) = (B)o + /_ ds F.(s)®pp(t — s)

B. Relation to spectra

Suppose that F,(t) is a monochromatic field
F, (t) — Fweiwteet

where the parameter € insures that field goes to 0 at ¢ = —oo. We will take € — 07 at the end of the calculation. The
expectation value of B then becomes

t
<B(t)> = <B>0 -I-/ ds (bBB(t _ S)Fweiwsees
= (B)o + Fwe(iw+e)t/ dT(bBB(T)e—i(w—ie)-r

0

where the change of integration variables 7 = ¢t — s has been made.
Define a frequency-dependent susceptibility by

XBB(W - iﬁ) = / dr®pp (T)eii(wiie)r
0
then
(B(t)) = (B)o + Fye'e“xpp(w — ie)
If we let z = w — i€, then we see immediately that
o0 .
XBB(Z) :/ dr @BB(T)e_ZZT
0

i.e., the susceptibility is just the Laplace transform of the after effect function or the time correlation function.



Recall that

i i i
®an(t) = £([A®), BO))o = #[ eiflot/n go—iHoth piyo
Under time reversal, we have
(I)AB % [e*lHot/hA zHgt/h >0
% (e—zHot/hAezHot/ﬁB Be—zHot/hAezHot/h)>
- 1 (AezHot/ﬁB —iHot/h _ iHot/hBeﬂﬂot/hlél)>0
h
i
= 2((AB(t) - B)A))
= —L{[B(1), A)) = ~® (1)
Thus,
Pap(—t) = —Ppalt)
and if A = B, then
Ppp(—t) = —Ppa(t)
Therefore
xBB(w) = lim dt e= i) G o (t)
e—0t Jo

o0
= lim dt e~ [dpp(t) coswt — i®pp(t) sin wt]
e—0+ 0

= Re(xpp(w)) — ilm(xpp(w))

From the properties of ®gp(t) it follows that

Re(xBs(w) = Re(xBB(—W)
Im(xgp(w) = —Im(xsa(—w)

so that Im(xgp(w)) is positive for w > 0 and negative for w < 0. It is a straightforward matter, now, to show that
the energy difference Q)(w) derived in the lecture from the Fermi golden rule is related to the susceptibility by

Q(w) = 2w|F,|’Im(x BB (w))

C. Kubo transform expression for the time correlation function (Optional)

We shall derive the following expression for the quantum time correlation function

B .
Ban(t) = [ d\ (Bl-imNAD)
0
known as a Kubo transform relation. Since B is given by the Heisenberg equation:
1
= —[B, H
i, 2 Hol

it follows that



. 1 . ,
B(t) — _ﬁezHgt/h[Hb:B(O)]eszgt/h
)

Evaluating the expression at t = —ih\ gives
B(—ih)) = eAHO%[B(O),HO]e’AHO
Thus,
Pap(t / (e <.—[ (0 )3H0]> e MOA(t))o

By performing the trace in the basis of eigenvectors of Hy, we obtain
d,p(t) = 1 /ﬁ d\ Z<n|e’\H° 1 [B(0), Hole 0 A(t)|n)e PEn
Q /o ~ ih ’
-3 / "l (LY (B(0), Hole Mo pmm A m)e 5
Qo £ ih ’
1 /B NS AN (| [B(0), Hol[m){m| A(t) nye=" P
Qo i if o

B(En—Em) _
= & e e nlB(0). Hollm) (ml () )

But
(n|[B(0), Hollm) = (n|B(0)Hy — HoB(0)|m) = (Em — E,){n|B(0)|m)
Therefore,
DAp(t) = —% Z (efﬁEn — e*ﬁEm) (n|B(0)|m){m|A(t)|n)
= —% ZefﬁE"‘(mIA( )[n)(n|B(0 Ze " (n|B(0)|m)(m|A(t)[n)
#[A() B(0)])o

which proves the relation. The classical limit can be deduced easily from the Kubo transform relation:
®ap(t) — B(B(0)A(1))o
Note further, by using the cylic properties of the trace, that

d

(B(=iMN)B(0)o = — 5 (B(=il\)B(t))o

D. The Onsager fluctuation regression theorem (Optional)

Suppose that F,(t) is of the form
Fe (t) = Foedé(—t)

which adiabatically induces a fluctuation in the system for ¢ < 0 and the lets the system evolve in time according
to the unperturbed Hamiltonian for ¢ > 0. How will the induced fluctuation evolve in time? Combining the kubo
transform relation with the linear response result for (B(t)), we find that



0 B
(B(t)):/_ dse“/ dNB(~ih\)B(t — 5))o

00 0
B 00 d
= —eft/ d)\/ due™ " —(B(—ihA)B(u))q
0 ‘ du

where the change of variables u = ¢t — s has been made. Taking the limit ¢ — 0, and performing the integral over u,
we find

B
(B(t)) = - / AN [(B(=ih\) B(oo))o — (B(—ih\)B(1))o]

Since we assumed that (B)g = 0, we have (B(—ih))B(c0))o = (B(—ihA))o(B(00))o = 0. Thus, dividing by (B(0))
we find

Y

(BW) _ Jy DBEIRNB®O) - (BO)BD)
(BO)) — [FaxB(—itNBO)) 2

Thus at long times in the classical limit, the fluctuations decay to 0, indicting a complete regression or suppression of
the induced fluctuation:




