
G25.2651: Statisti
al Me
hani
sNotes for Le
ture 23I. QUANTUM LINEAR RESPONSE THEORYConsider again the Hamiltonian for a system 
oupled to a time-dependent �eldH = H0 � BFe(t)We wish to solve the quantum Liouville equation i�h���t = [H; �℄in the linear regime where Fe(t) is small.A. Perturbative solution of the Liouville equationAs in the 
lassi
al 
ase, we assume a solution of the form�(t) = �0(H0) + ��(t)where [H0; �0℄ = 0 ) ��0�t = 0and we will assume �0(H0) = e��H0Q(N; V; T )Substituting into the Liouville equation and working to �rst order in small quantities, we �nd����t = 1i�h [H0;��℄ � 1i�h [B; �0℄Fe(t)whi
h is a �rst order inhomogeneous equation that 
an be solved by using an integrating fa
tor:��(t) = � 1i�h Z t�1 ds e�iH0(t�s)=�h[B; �0℄eiH0(t�s)=�hFe(s)(Note that we have 
hosen the origin in time to be t = �1, whi
h is an arbitrary 
hoi
e.)For an observable A, the expe
tation value ishA(t)i = Tr(�A) = hAi0 + Tr(��(t)A)when the solution for �� is substituted in, this be
omeshA(t)i = hAi0 � 1i�h Z t�1 ds Tr hAe�iH0(t�s)=hbar[B; �0℄eiH0(t�s)=�hiFe(s)= hAi0 � 1i�h Z t�1 ds Tr heiH0(t�s)=�hAe�iH0(t�s)=hbar[B; �0℄iFe(s)= hAi0 � 1i�hds Tr [A(t� s)[B; �0℄℄Fe(s)1



where the 
y
li
 property of the tra
e has been used and the Heisenberg evolution for A has been substituted in.Expanding the 
ommutator giveshA(t)i = hAi0 � 1i�h Z t�1 ds Tr [A(t� s)B�0 �A(t� s)�0B℄Fe(s)= hAi0 � 1i�h Z t�1 ds Tr [�0 (A(t� s)B �BA(t� s))℄Fe(s)= hAi0 � 1i�h Z t�1 ds Fe(s)h[A(t � s); B(0)℄0iwhere the 
y
li
 property of the tra
e has been used again. De�ne a fun
tion�AB(t) = i�h h[A(t); B(0)℄i0
alled the after e�e
t fun
tion. It is essentially the antisymmetri
 quantum time 
orrelation fun
tion, whi
h involvesthe 
ommutator between A(t) and B(0). Then the linear response result 
an be written ashA(t)i = hAi0 + Z t�1 dsFe(s)�AB(t � s)whi
h is the starting point for the theory of quantum transport 
oeÆ
ients. If we 
hoose to measure the operator B,then we �nd hB(t)i = hBi0 + Z t�1 ds Fe(s)�BB(t � s)B. Relation to spe
traSuppose that Fe(t) is a mono
hromati
 �eld Fe(t) = F!ei!te�twhere the parameter � insures that �eld goes to 0 at t = �1. We will take �! 0+ at the end of the 
al
ulation. Theexpe
tation value of B then be
omeshB(t)i = hBi0 + Z t�1 ds �BB(t� s)F!ei!se�s= hBi0 + F!e(i!+�)t Z 10 d��BB(�)e�i(!�i�)�where the 
hange of integration variables � = t� s has been made.De�ne a frequen
y-dependent sus
eptibility by�BB(! � i�) = Z 10 d��BB(�)e�i(!�i�)�then hB(t)i = hBi0 + F!ei!te�t�BB(! � i�)If we let z = ! � i�, then we see immediately that�BB(z) = Z 10 d� �BB(�)e�iz�i.e., the sus
eptibility is just the Lapla
e transform of the after e�e
t fun
tion or the time 
orrelation fun
tion.2



Re
all that �AB(t) = i�h h[A(t); B(0)℄i0 = i�h h[eiH0t=�hAe�iH0t�h; B℄i0Under time reversal, we have�AB(�t) = i�h hhe�iH0t=�hAeiH0t=�h; Bii0= i�h h�e�iH0t=�hAeiH0t=�hB �Be�iH0t=�hAeiH0t=�h�i0= i�h h�AeiH0t=�hBe�iH0t=�h � eiH0t=�hBe�iH0t=�hA�i0= i�h h(AB(t) �B(t)A)i0= � i�hh[B(t); A℄i = ��BA(t)Thus, �AB(�t) = ��BA(t)and if A = B, then �BB(�t) = ��BB(t)Therefore �BB(!) = lim�!0+ Z 10 dt e�i(!�i�t)�BB(t)= lim�!0+ Z 10 dt e��t [�BB(t) 
os!t� i�BB(t) sin!t℄= Re(�BB(!))� iIm(�BB(!))From the properties of �BB(t) it follows thatRe(�BB(!) = Re(�BB(�!)Im(�BB(!) = �Im(�BB(�!)so that Im(�BB(!)) is positive for ! > 0 and negative for ! < 0. It is a straightforward matter, now, to show thatthe energy di�eren
e Q(!) derived in the le
ture from the Fermi golden rule is related to the sus
eptibility byQ(!) = 2!jF!j2Im(�BB(!))C. Kubo transform expression for the time 
orrelation fun
tion (Optional)We shall derive the following expression for the quantum time 
orrelation fun
tion�AB(t) = Z �0 d� h _B(�i�h�)A(t)i0known as a Kubo transform relation. Sin
e _B is given by the Heisenberg equation:_B = 1i�h [B;H0℄it follows that 3



_B(t) = � 1i�heiH0t=�h[H0; B(0)℄e�iH0t=�hEvaluating the expression at t = �i�h� gives_B(�i�h�) = e�H0 1i�h [B(0); H0℄e��H0Thus, �AB(t) = Z �0 d�he�H0 � 1i�h [B(0); H0℄� e��H0A(t)i0By performing the tra
e in the basis of eigenve
tors of H0, we obtain�AB(t) = 1Q Z �0 d�Xn hnje�H0 � 1i�h� [B(0); H0℄e��H0A(t)jnie��En= 1Q Z �0 d�Xm;nhnje�H0 � 1i�h� [B(0); H0℄e��H0 jmihmjA(t)jnie��En= 1Q Z �0 d�Xm;n e�Ene��Em 1i�h hnj[B(0); H0℄jmihmjA(t)jnie��En= 1QXm;n e��En e�(En�Em) � 1(En �Em) 1i�hhnj[B(0); H0℄jmihmjA(t)jnie��EnBut hnj[B(0); H0℄jmi = hnjB(0)H0 �H0B(0)jmi = (Em � En)hnjB(0)jmiTherefore, �AB(t) = � 1i�hQXm;n �e��En � e��Em� hnjB(0)jmihmjA(t)jni= � 1i�hQ "Xm;n e��EmhmjA(t)jnihnjB(0)jmi �Xm;n e��EnhnjB(0)jmihmjA(t)jni#= i�h h[A(t); B(0)℄i0whi
h proves the relation. The 
lassi
al limit 
an be dedu
ed easily from the Kubo transform relation:�AB(t) �! �h _B(0)A(t)i0Note further, by using the 
yli
 properties of the tra
e, thath _B(�i�h�)B(t)i0 = � ddt hB(�i�h�)B(t)i0D. The Onsager 
u
tuation regression theorem (Optional)Suppose that Fe(t) is of the form Fe(t) = F0e�t�(�t)whi
h adiabati
ally indu
es a 
u
tuation in the system for t < 0 and the lets the system evolve in time a

ordingto the unperturbed Hamiltonian for t > 0. How will the indu
ed 
u
tuation evolve in time? Combining the kubotransform relation with the linear response result for hB(t)i, we �nd that4



hB(t)i = Z 0�1 dse�s Z �0 d�h _B(�i�h�)B(t� s)i0= �e�t Z �0 d� Z 1t due��u ddu hB(�i�h�)B(u)i0where the 
hange of variables u = t� s has been made. Taking the limit �! 0, and performing the integral over u,we �nd hB(t)i = � Z �0 d� [hB(�i�h�)B(1)i0 � hB(�i�h�)B(t)i0℄Sin
e we assumed that hBi0 = 0, we have hB(�i�h�)B(1)i0 = hB(�i�h�)i0hB(1)i0 = 0. Thus, dividing by hB(0)i,we �nd hB(t)ihB(0)i = R �0 d�B(�i�h�)B(t)i0R �0 d�B(�i�h�)B(0)i0 �!�h!0 hB(0)B(t)i0hB(0)2i0Thus at long times in the 
lassi
al limit, the 
u
tuations de
ay to 0, indi
ting a 
omplete regression or suppression ofthe indu
ed 
u
tuation: hB(t)ihB(0)i ! 0
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