
G25.2651: Statisti
al Me
hani
sNotes for Le
ture 22I. QUANTUM TIME CORRELATION FUNCTIONS AND SPECTRAA. The HamiltonianConsider a quantum system with a Hamiltonian H0. Suppose this system is subje
t to an external driving for
eFe(t) su
h that the full Hamiltonian takes the formH = H0 � BFe(t) = H0 +H 0where B is an operator through whi
h this 
oupling o

urs. This is the situation, for example, when the infraredspe
trum is measured experimentally { the external for
e Fe(t) is identi�ed with an ele
tri
 �eld E(t) and B isidenti�ed with the ele
tri
 dipole moment operator. If the �eld Fe(t) is inhomogeneous, then H takes the moregeneral form H = H0 � Z d3x B(x)Fe(x; t) = H0 �Xk BkFe;k(t)where the sum is taken over Fourier modes. Often, B is an operator su
h that, if Fe(t) = 0, thenhBi = Tr �Be��H�Tr (e��H)Suppose we take Fe(t) to be a mono
hromati
 �eld of the formFe(t) = F!ei!tGenerally, the external �eld 
an indu
e transitions between eigenstates of H0 in the system. Consider su
h a transitionbetween an initial state jii and a �nal state jfi, with energies Ei and Ef , respe
tively:H0jii = EijiiH0jfi = Ef jfi(see �gure below).
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This transition 
an only o

ur if Ef = Ei + �h!B. The transition rateIn the next le
ture, we will solve the quantum Liouville equationi�h���t = [H; �℄perturbatively and derive quantum linear response theory. However, the transition rate 
an a
tually be determineddire
tly within perturbation theory using the Fermi Golden Rule approximation, whi
h states that the probability ofa transition's o

uring per unit time, Ri!f , is given byRi!f (!) = 2��h jhf jH 0jiij2Æ(Ef �Ei � �h!) = 2��h jF! j2jhf jBjiij2Æ(Ef � Ei � �h!)The Æ-fun
tion expresses the fa
t that energy is 
onserved. This des
ribes the rate of transitions between spe
i�
states jii and jfi. The transition rate between any initial and �nal states 
an be obtained by summing over both iand f and weighting the sum by the probability that the system is found in the initial state jii:P (!) = Xi;f Ri!f (!)wiwhere wi is an eigenvalue of the density matrix, whi
h we will take to be the 
anoni
al density matrix:wi = e��EiTr (e��H)Using the expression for Ri!f (!), we �ndP (!) = 2��h jF!j2Xi;f wijhijBjfij2Æ(Ef � Ei � �h!)Note that P (�!) = 2��h jF! j2Xi;f wijhijBjfij2Æ(Ef � Ei + �h!)This quantity 
orresponds to a time-reversed analog of the absorption pro
ess. Thus, it des
ribes an emission eventjii ! jfi with Ef = Ei��h!, i.e., emission of a photon with energy �h!. If 
an also be expressed as a pro
ess jfi ! jiiby re
ognizing that wf = e��EfTr (e��H) = e��(Ei��h!)Tr (e��H)or wf = e��h!wi ) wi = e���h!wfTherefore P (�!) = 2��h jF!j2e���h!Xi;f wf jhijBjfij2Æ(Ef � Ei + �h!)If we now inter
hange the summation indi
es, we �nd 2



P (�!) = 2��h jF!j2e���h!Xi;f wijhijBjfij2Æ(Ei �Ef + �h!)= 2��h jF!j2Xi;f wijhijBjfij2e���h!Æ(Ei �Ef � �h!)where the fa
t that Æ(x) = Æ(�x) has been used. Comparing this expression for P (�!) to that for P (!), we �ndP (�!) = e���h!P (!)whi
h is the equation of detailed balan
e. We see from it that the probability of emission is less than that for absorption.The reason for this is that it is less likely to �nd the system in an ex
ited state jfi initially, when it is in 
onta
twith a heat bath and hen
e thermally equilibrated. However, we must remember that the mi
ros
opi
 laws of motion(Newton's equations for 
lassi
al systems and the S
hr�odinger equation for quantum systems) are reversible. Thismeans that Ri!f (!) = Rf!i(�!)The 
on
lusion is that, sin
e P (!) > P (�!), reversibility is lost when the system is pla
ed in 
onta
t with a heatbath, i.e., the system is being driven irreversibly in time.De�ne C>(!) =Xi;f wijhijBjfij2Æ(Ef �Ei � �h!)C<(!) =Xi;f wijhijBjfij2Æ(Ef �Ei + �h!)then C<(!) = e���h!C>(!)Now using the fa
t that the Æ-fun
tion 
an be written asÆ(E) = 12� Z 1�1 dte�iEtC>(!) be
omes C>(!) = 12��h Z 1�1 dtXi;f wijhijBjfij2e�i(Ef�Ei��h!)t=�h= 12��h Z 1�1 dt ei!tXi;f wijhijBjfij2e�i(Ef�Ei)t=�h= 12��h Z 1�1 dt ei!tXi;f wihijBjfihf jBjiie�iEf t=�heiEit=�h= 12��h Z 1�1 dt ei!tXi;f wihijeiH0t=�hBe�iH0t=�hjfihf jBjiiRe
all that the evolution of an operator in the Heisenberg pi
ture is given byB(t) = eiH0t=�hBe�iH0t=�hif the evolution is determined solely by H0. Thus, the expression for C>(!) be
omesC>(!) = 12��h Z 1�1 dt ei!tXi;f wihijB(t)jfihf jBjii= 12��h Z 1�1 dt ei!tXi wihijB(t)B(0)jii= 12��h Z 1�1 ei!tTr [�B(t)B(0)℄= 12��h Z 1�1 ei!thB(t)B(0)i3



whi
h involves the quantum auto
orrelation fun
tion hB(t)B(0)i.In general, a quantum time 
orrelation fun
tion in the 
anoni
al ensemble is de�ned byCAB(t) = Tr �A(t)B(0)e��H�Tr [e��H ℄In a similar manner, we 
an show thatC<(!) = 12��h Z 1�1 dt ei!thB(0)B(t)i 6= C>(!)sin
e [B(0); B(t)℄ 6= 0in general. Also, the produ
t B(0)B(t) is not Hermitian. However, a hermitian 
ombination o

urs if we 
onsider theenergy di�eren
e between absorption and emission. The energy absorbed per unit of time by the system is P (!)�h!,while the emitted into the bath by the system per unit of time is P (�!)�h!. The energy di�eren
e Q(!) is justQ(!) = [P (!)� P (�!)℄�h!= P (!)[1� e���h!℄�h!= 2�!jF!j2C>(!)[1� e���h!℄But sin
e C<(!) = e���h!C>(!)it follows that C>(!) + C<(!) = �1 + e���h!�C>(!)or C>(!) = C>(!) + C<(!)1 + e���h!Note, however, that C>(!) + C<(!) = 12��h Z 1�1 dtei!thB(t)B(0) +B(0)B(t)i= 1��hdt ei!th12 [B(0); B(t)℄+iwhere [:::; :::℄+ is known as the anti
ommutator: [A;B℄+ = AB + BA. The anti
ommutator between two operatorsis, itself, hermitian. Therefore, the energy di�eren
e isQ(!) = 2!�h jF!j2 1� e���h!1 + e���h! Z 1�1 dt ei!th[B(0); B(t)℄+i= 2!�h jF!j2tanh(��h!=2) Z 1�1 dt ei!th[B(0); B(t)℄+iThe quantity h[B(0); B(t)℄+i is the symmetrized quantum auto
orrelation fun
tion. The 
lassi
al limit is now manifest(tanh(��h!=2)! ��h!=2): Q(!) ! jF!j2 Z 1�1 dt ei!thB(0)B(t)iThe 
lassi
ally, the energy spe
trum Q(!) is dire
tly related to the Fourier transform of a time 
orrelation fun
tion.4



C. ExamplesDe�ne G(!) = 12� Z 1�1 dtei!th12[B(0); B(t)℄+iwhi
h is just the frequen
y spe
trum 
orresponding to the auto
orrelation fun
tion of B. For di�erent 
hoi
es of B,G(!) 
orresponds to di�erent experimental measurements.Consider the example of a mole
ule with a transition dipole moment ve
tor �. If an ele
tri
 �eld E(t) is applied,then the Hamiltonian H 0 be
omes H 0 = �� � E(t)If we take E(t) = E(t)ẑ, then H 0 = ��zE(t)Identifying B = �z, the spe
trum be
omesG(!) = 12� Z 1�1 dt ei!th12[�z(0); �z(t)℄+ior for a general ele
tri
 �eld, the result be
omesG(!) = 12� Z 1�1 dt ei!th12(�(0) � �(t) + �(t) � �(0))iThese spe
tra are the infrared spe
tra.As another example, 
onsider a blo
k of material pla
ed in a magneti
 �eld H(t) in the z dire
tion. The spin Sz ofea
h parti
le will 
ouple to the magneti
 �eld giving a Hamiltonian H 0H 0 = � NXi=1 Si;zH(t)The net magnetization 
reated by the �eld mz is given bymz = 1N NXi=1 Si;zso that H 0 = �NmzH(t)Identify B = mz (the extra fa
tor of N just expresses the fa
t that H 0 is extensive). Then the spe
trum isG(!) = 12� Z 1�1 dt ei!th12[mz(0);mz(t)℄+iwhi
h is just the NMR spe
trum. In general for ea
h 
orrelation fun
tion there is a 
orresponding experiment thatmeasures its frequen
y spe
trum.To see what some spe
i�
 lineshapes look like, 
onsider as an ansatz a pure exponential de
ay for the 
orrelationfun
tion CBB(t): CBB(t) = hB2ie��jtjThe spe
trum 
orresponding to this time 
orrelation fun
tion isG(!) = 12� Z 1�1 dtei!tCBB(t)and doing the integral gives G(!) = hB2i� �!2 + �2whi
h is shown in the �gure below: 5



FIG. 2.We see that the lineshape is a Lorentzian with a width �.As a further example, suppose CBB(t) is a de
aying os
illatory fun
tion:CBB(t) = hB2ie��jtj 
os!0twhi
h des
ribes well the behavior of a harmoni
 diatomi
 
oupled to a bath. The spe
trum 
an be shown to beG(!) = hB2i�� � �2 + !2 + !20(�2 + (! � !0)2) (�2 + (! + !0)2)�whi
h 
ontains two peaks at ! = �p!20 � �2 as shown in the �gure below:
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FIG. 3.
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