
G25.2651: Statisti
al Me
hani
sNotes for Le
ture 20I. THE IDEAL BOSON GAS: INTRODUCTIONFor the bosoni
 ideal gas, one must solve the equationsPVkT = �gXn ln �1� �e��"n�hNi = gXn �e��"n1� �e��"nin order to obtain the equation of state. Examination of these equations, however, shows an immediate problem: Theterm n = (0; 0; 0) is divergent both for the pressure and the average parti
le number. These terms need to be treated
arefully, and so we split them o� from the rest of the sum, giving:PVkT = �g 0Xn ln �1� �e��"n�� g ln(1� �)hNi = g 0Xn �e��"n1� �e��"n + g �1� �where P0 means that the n = (0; 0; 0) term is ex
luded. With these divergent terms split o�, the thermodynami
limit 
an be taken and the remaining sums 
onverted to integrals as was done in the fermion 
ase. Thus, for thepressure, we �nd PVkT = �g Z dn ln �1� �e��"n�� g ln(1� �)= �4�g Z 10 dn n2 ln�1� �e�2�2��h2jnj2=mL2�� g ln(1� �)= � 4V gp��3 Z 10 dx x2 ln(1� �e�x2)� g ln(1� �)where the 
hange of variables x = s2�2��h2mL2 nhas been made. Using the expansion ln(1 � �e�x2) = � 1Xl=1 �ll e�lx2the pressure equation be
omes P�3gkT = 1Xl=1 �ll5=2 � �3V ln(1 � �)and by a similar pro
edure, the average parti
le number be
omes��3g = 1Xl=1 �ll3=2 + �3V �1� �1



In this equation, the term that has been split o� represents the average o

upation of the ground (n = (0; 0; 0)) energystate: hf0i = �1� �Sin
e hf0i must be greater than or equal to 0, it 
an be seen that there are restri
tions on the allowed values of �.Firstly, sin
e � = exp(��), � must be a positive number. However, in order that the average o

upation of the groundstate be positive, 0 � � < 1from whi
h it follows that � < 0The fa
t that as � ! 1 
auses hf0i to diverge will have interesting 
onsequen
es to be dis
ussed below. However, letus �rst 
onsider the low density limit with � << 1.II. LOW DENSITY, SMALL � LIMITIn a manner 
ompletely analogous to what was done for the fermion 
ase, the low density limit 
an be treatedby perturbation theory. Note that if � is not 
lose to 1, then the divergent terms, whi
h have a �3=V prefa
tora

ompanying them, will vanish in the thermodynami
 limit. Thus, for the pro
eeding analysis, these terms 
an benegle
ted.As before, we assume the fuga
ity 
an be expanded as� = a1� + a2�2 + a3�3 + � � �Then the equation for the density be
omes��3g = (a1�+ a2�2 + a3�3 + � � �)� 123=2 (a1�+ a2�2 + a3�3 + � � �)2 + 133=2 (a1�+ a2�2 + a3�3 + � � �)3 + � � �By equating like powers of � on both sides, the 
oeÆ
ients a1; a2; a3; ::: 
an be determined as they were for the fermiongas. Working to �rst order in � gives a1 = �3g � � �3�gand the equation of state is PkT = �whi
h is just the 
lassi
al ideal gas equation. To se
ond order, however, we �nda2 = � �623=2g2 � = �3�g � �623=2g2 �2and the se
ond order equation of state be
omes PkT = � � �325=2g �2The se
ond virial 
oeÆ
ient 
an be read o� and is given byB2(T ) = � 125=2g�3 = �0:1768g �3 < 0Interestingly, in 
ontrast to the fermioni
 system, the pressure is a
tually de
reased from its 
lassi
al value as a resultof bosoni
 spin statisti
s. Thus, it appears that there is an \e�e
tive attra
tion" between the parti
les. This fa
t isnot entirely unexpe
ted, given that any number of bosons 
an o

upy the same quantum state.2



III. THE HIGH DENSITY, � ! 1 LIMITThe � ! 1 limit is the limit of maximum 
hemi
al potential, whi
h is expe
ted at high density. However, sin
e� < 0, maximum 
hemi
al potential will be the limit � ! 0. In this limit, the full problem, in
luding the divergentterms, must be solved: P�3gkT = 1Xl=1 �ll5=2 � �3V ln(1� �)��3g = 1Xl=1 �ll3=2 + �3V �1� �We will need to refer to these two sums often in this se
tion, so let us de�ne them to beg3=2(�) = 1Xl=1 �ll3=2g5=2(�) = 1Xl=1 �ll5=2Thus, the problem be
omes one of solving P�3gkT = g5=2(�) � �3V ln(1� �)��3g = g3=2(�) + �3V �1� �We examine, �rst the density equation. The se
ond term will diverge at � = 1. It is instru
tive to ask what is thebehavior of the �rst term g3=2(�) at � = 1. In fa
t g3=2(1) is nothing but a Riemann zeta-fun
tion:g3=2(1) = 1Xl=1 1l3=2 = R(3=2)In general, a Riemann zeta-fun
tion R(n) is given byR(n) = 1Xl=1 1lnand the values of this fun
tion are given in many standard math tables. The parti
les value of R(3=2) is approximately2.612... Moreover, from the form of g3=2(�), it is 
lear that, sin
e � < 1, g3=2(1) is the maximum value of g3=2(�). Aplot of g3=2(�) is given below:
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FIG. 1.The �gure also indi
ates that the derivative g03=2(�) diverges at � = 1 despite the fa
t that the value of the fun
tionis �nite. Note that, sin
e � < 1 g3=2(�) < g5=2(�)It is possible to solve the density equation for � by noting that unless � is very 
lose to 1, the divergent term willstill vanish in the thermodynami
 limit as a result of its �3=V prefa
tor. How 
lose to 1 must it be for this term todominate? It 
an only be di�erent from 1 by an amount on the order of 1=V . Thus, let us take � to be of the form� = 1 � aV4



where a is a positive 
onstant. Substituting this ansatz into the equation for the density gives��3g = g3=2(1 � a=V ) + �3V 1� a=Va=VSin
e g3=2(�) does not 
hange its value mu
h if � is displa
ed just a little from 1, we 
an repla
e the �rst term byR(3=2). Then, ��3g � g3=2(1) + �3V 1� a=Va=V
an be solved for a to yield a = �3��3g �R(3=2)where we have negle
ted a term �3=V , whi
h vanishes in the thermodynami
 limit. Sin
e a must be positive, thissolution is only valid for ��3=g > R(3=2). For ��3=g < R(3=2), � will be di�erent from 1 by more than an amount1=V so in this regime, the �=(1� �) term 
an be negle
ted, leaving the problem of solving ��3=g = g3=2(�). Therefore,the solution for � 
an be expressed as� = 8<: 1� �3=V��3g �R(3=2) ��3g > R(3=2)root of g3=2(�) = ��3g ��3g < R(3=2)whi
h, in the thermodynami
 limit, be
omes� = ( 1 ��3g > R(3=2)root of g3=2(�) = ��3g ��3g < R(3=2)A plot of � vs. v=�3 = V=hNi�3 is shown below:
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1/2.612FIG. 2.Clearly, point R(3=2) is spe
ial, as � undergoes a transition there to a 
onstant value of 1.Re
all that the o

upation of the ground state is hf0i = �1� �Thus, for � = 1� a=V , this be
omes hf0i � Va = V�3 (��3g � R(3=2))for ��3=g > R(3=2). At ��3=g = R(3=2) the o

upation of the ground state be
omes 0. To what temperature doesthis 
orrespond? We 
an �nd this out by solving ��3g = R(3=2)�g � 2��h2mkT0�3=2 = R(3=2)kT0 = � �gR(3=2)�2=3 2��h2mso that for temperatures less than T0 the o

upation of the ground state be
omeshf0i = �Vg �1� g��3R(3=2)�6



= hNig �1� g��3R(3=2)�= hNig "1� gR(3=2)� �mkT2��h2�3=2�kT0kT0�3=2#hNig "1�� TT0�3=2#hf0ihNi = 1g "1�� TT0�3=2#Thus, at T = 0 hf0i = hNigwhi
h is equivalent to hfn=(0;0;0);mi = hNigIf we sum both sides over m, this gives Xm hfn=(0;0;0);mi =Xm hNigh �f0i = hNiwhere h �f0i indi
ates that the spin degenera
y has been summed over. For T > T0, ��3=g < R(3=2) and � is notwithin 1=V of 1. This means that �=(1� �) is �nite andhf0ihNi = 1hNi �1� � �! 0as hNi ! 1. Therefore, we have, for the o

upation of the ground state:hf0ihNi = � 1� (T=T0)3=2 T < T00 T > T0whi
h is shown in the �gure below:
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FIG. 3.The o

upation of the ground state undergoes a transition from a �nite value to 0 at T = T0 and for all highertemperatures, remains 0. Now, h �f0i=hNi represents the probability that a parti
le will be found in the ground state.It also represents the fra
tion of the total number of parti
les that will be found in the ground state. For T << T0,this number is very 
lose to 1, and at T = 0, it be
omes exa
tly 1, implying that at T = 0 all parti
les will be foundin the ground state. This is a phenomenon known as Bose-Einstein 
ondensation. The o

upation number of theground state as a fun
tion of temperature is shown in the plot below:Note that there is also a 
riti
al density 
orresponding to this temperature. This will be given by the solution of��3g = R(3=2)whi
h 
an be solved to yield 8



� = gR(3=2)�3 = gR(3=2)�mkT02��h2 �3=2 � �0and the o

upation number, expressed in terms of the density ish �f0ihNi = � 1� (�0=�) � > �00 � < �0The term in the pressure equation ��3V ln(1 � �)be
omes, for � very 
lose to 1 �3V ln(V=a) � lnVVwhi
h 
learly vanishes in the thermodynami
 limit, sin
e V � hNi. This allows to dedu
e the equation of state asPgkT = ( g5=2(1)�3 � > �0g5=2(�)�3 � < �0where � in the above equation 
omes from the a
tual solution of ��3=g = g3=2(�). What is parti
ularly interesting tonote about the equation of state is that the pressure is independent of the density for � > �0. Isotherms of the idealBose gas are shown below:
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Here, v0 
orresponds to the 
riti
al density �0. As a fun
tion of temperature, we see that P � T 5=2, whi
h is quitedi�erent from the 
lassi
al ideal gas. This is also in 
ontrast to the fermion ideal gas, where as T ! 0 the pressureremains �nite. For the Boson gas, as T ! 0 the pressure vanishes, in keeping with the notion of an \e�e
tive"attra
tion between the parti
les.Other thermodynami
 quantities 
an be determined in a similar manner. The energy 
an be obtained from E =3PV=2 straightforwardly: E = � 32 kTV�3 g5=2(1) � > �0; T < T032 kTV�3 g5=2(�) � < �0; T > T0and the heat 
apa
ity at 
onstant volume from CV = ��E�T �Vwhi
h gives CVhNiK = ( 154 g5=2(1)��3 T < T0154 g5=2(�)��3 � 94 g3=2(�)g1=2(�) T > T0A plot of the heat 
apa
ity exhibits a 
usp at T = T0:
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T0FIG. 5.Experiments 
arried out on liquid He4, whi
h has been observed to undergo Bose-Einstein 
ondensation at aroundT=2.18 K, have measured an a
tual dis
ontinuity in the heat 
apa
ity at the transition temperature, suggesting thatBose-Einstein 
ondensation is a phase transition known as the � transition. The experimental heat 
apa
ity is shownroughly below: 10
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2.18K1 FIG. 6.By 
ontrast, the ideal Bose gas undergoes a �rst order phase transition. However, using the mass and density ofliquid He4 in the expression for T0 given above, one would predi
t that T0 is about 3.14 K, whi
h is not far o� theexperimental transition temperature of 2.18 K for real liquid helium.For 
ompleteness, other thermodynami
 properties of the ideal Bose gas are given as follows: The entropy isShNiK = � 52 1��3 g5=2(1) T < T052 1��3 g5=2(�)� ln � T > T0The Gibbs free energy is given by GhNiK = � 0 T < T0ln � T > T0It is 
lear from the analysis of this and the fermion ideal gas that quantum statisti
s give rise to an enormously ri
hbehavior, even when there are no parti
le intera
tions!

11


