
G25.2651: Statistical MechanicsNotes for Lecture 2I. THE LIOUVILLE OPERATOR AND THE POISSON BRACKETFrom the last lecture, we saw that Liouville's equation could be cast in the form@f@t +rx � _xf = 0The Liouville equation is the foundation on which statistical mechanics rests. It will now be cast in a form that will besuggestive of a more general structure that has a de�nite quantum analog (to be revisited when we treat the quantumLiouville equation).De�ne an operator iL = _x � rxknown as the Liouville operator (i = p�1 { the i is there as a matter of convention and has the e�ect of making L aHermitian operator). Then Liouville's equation can be written@f@t + iLf = 0The Liouville operator also be expressed asiL = NXi=1 �@H@pi � @@ri � @H@ri � @@pi � � f:::; Hgwhere fA;Bg is known as the Poisson bracket between A(x) and B(x):fA;Bg = NXi=1 �@A@ri � @B@pi � @A@pi � @B@ri �Thus, the Liouville equation can be written as @f@t + ff;Hg = 0The Liouville equation is a partial di�erential equation for the phase space probability distribution function. Thus,it speci�es a general class of functions f(x; t) that satisfy it. In order to obtain a speci�c solution requires more inputinformation, such as an initial condition on f , a boundary condition on f , and other control variables that characterizethe ensemble.II. PRESERVATION OF PHASE SPACE VOLUME AND LIOUVILLE'S THEOREMConsider a phase space volume element dx0 at t = 0, containing a small collection of initial conditions on a set oftrajectories. The trajectories evolve in time according to Hamilton's equations of motion, and at a time t later willbe located in a new volume element dxt as shown in the �gure below:
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FIG. 1.How is dx0 related to dxt? To answer this, consider a trajectory starting from a phase space vector x0 in dx0 andhaving a phase space vector xt at time t in dxt. Since the solution of Hamilton's equations depends on the choice ofinitial conditions, xt depends on x0: x0 = (p1(0); :::;pN (0); r1(0); :::; rN (0))xt = (p1(t); :::;pN (t); r1(t); :::; rN (t))xit = xit(x10; :::; x6N0 )Thus, the phase space vector components can be viewed as a coordinate transformation on the phase space from t = 0to time t. The phase space volume element then transforms according todxt = J(xt; x0)dx0where J(xt; x0) is the Jacobian of the transformation:J(xt; x0) = @(x1t � � � xnt )@(x10 � � � xn0 )where n = 6N . The precise form of the Jacobian can be determined as will be demonstrated below.The Jacobian is the determinant of a matrix M,J(xt; x0) = det(M) = eTrlnMwhose matrix elements are Mij = @xit@xj0Taking the time derivative of the Jacobian, we therefore have2



dJdt = Tr�M�1 dMdt � eTrlnM= J nXi=1 nXj=1M�1ij dMjidtThe matrices M�1 and dM=dt can be seen to be given byM�1ij = @xi0@xjtdMjidt = @ _xjt@xi0Substituting into the expression for dJ=dt givesdJdt = J nXi;j=1 @xi0@xjt @ _xjt@xi0= J nXi;j;k=1 @xi0@xjt @ _xjt@xkt @xkt@xi0where the chain rule has been introduced for the derivative @ _xjt=@xi0. The sum over i can now be performed:nXi=1 @xi0@xjt @xkt@xi0 = nXi=1 M�1ij Mki = nXi=1 MkiM�1ij = �kjThus, dJdt = J nXj;k=1 �jk @ _xjt@xkt= J nXj=1 @ _xjtxjt = Jrx � _xor dJdt = Jrx � _xThe initial condition on this di�erential equation is J(0) � J(x0; x0) = 1. Moreover, for a Hamiltonian systemrx � _x = 0. This says that dJ=dt = 0 and J(0) = 1. Thus, J(xt; x0) = 1. If this is true, then the phase space volumeelement transforms according to dx0 = dxtwhich is another conservation law. This conservation law states that the phase space volume occupied by a collectionof systems evolving according to Hamilton's equations of motion will be preserved in time. This is one statement ofLiouville's theorem.Combining this with the fact that df=dt = 0, we have a conservation law for the phase space probability:f(x0; 0)dx0 = f(xt; t)dxtwhich is an equivalent statement of Liouville's theorem.
3



III. LIOUVILLE'S THEOREM FOR NON-HAMILTONIAN SYSTEMSThe equations of motion of a system can be cast in the generic form_x = �(x)where, for a Hamiltonian system, the vector function � would be�(x) = ��@H@r1 ; :::;� @H@rN ; @H@p1 ; :::; @H@pN �and the incompressibility condition would be a condition on �:rx � _x = rx � � = 0A non-Hamiltonian system, described by a general vector funciton �, will not, in general, satisfy the incompressibilitycondition. That is: rx � _x = rx � � 6= 0Non-Hamiltonian dynamical systems are often used to describe open systems, i.e., systems in contact with heatreservoirs or mechanical pistons or particle reservoirs. They are also often used to describe driven systems or systemsin contact with external �elds.The fact that the compressibility does not vanish has interesting consequences for the structure of the phase space.The Jacobian, which satis�es dJdt = Jrx � _xwill no longer be 1 for all time. De�ning � = rx � _x, the general solution for the Jacobian can be written asJ(xt; x0) = J(x0; x0) exp�Z t0 ds�(xs)�Note that J(x0; x0) = 1 as before. Also, note that � = d ln J=dt. Thus, � can be expressed as the total time derivativeof some function, which we will denote W , i.e., � = _W . Then, the Jacobian becomesJ(xt; x0) = exp�Z t0 ds _W (xs)�= exp (W (xt)�W (x0))Thus, the volume element in phase space now transforms according todxt = exp (W (xt)�W (x0)) dx0which can be arranged to read as a conservation law:e�W (xt)dxt = e�W (x0)dx0Thus, we have a conservation law for a modi�ed volume element, involving a \metric factor" exp(�W (x)). Introducingthe suggestive notation pg = exp(�W (x)), the conservation law reads pg(xtdxt = pg(x0dx0. This is a generalizedversion of Liouville's theorem. Furthermore, a generalized Liouville equation for non-Hamiltonian systems can bederived which incorporates this metric factor. The derivation is beyond the scope of this course, however, the resultis @(fpg) +rx � ( _xfpg) = 0We have called this equation, the generalized Liouville equation Finally, noting that pg satis�es the same equation asJ , i.e., 4



dpgdt = �pgthe presence of pg in the generalized Liouville equation can be eliminated, resulting in@f@t + _x � rxf = dfdt = 0which is the ordinary Liouville equation from before. Thus, we have derived a modi�ed version of Liouville's theoremand have shown that it leads to a conservation law for f equivalent to the Hamiltonian case. This, then, supports thegenerality of the Liouville equation for both Hamiltonian and non-Hamiltonian based ensembles, an important factconsidering that this equation is the foundation of statistical mechanics.IV. EQUILIBRIUM ENSEMBLESAn equilibrium ensemble is one for which there is no explicit time-dependence in the phase space distributionfunction, @f=@t = 0. In this case, Liouville's equation reduces toff;Hg = 0which implies that f(x) must be a pure function of the Hamiltonianf(x) = F (H(x))The speci�c form that F (H(x)) has depends on the speci�c details of the ensemble.The integral over the phase space distribution function plays a special role in statistical mechanics:F = Z dxF (H(x)) (1)It is known as the partition function and is equal to the number of members in the ensemble. That is, it is equal tothe number of microstates that all give rise to a given set of macroscopic observables. Thus, it is the quantity fromwhich all thermodynamic properties are derived.If a measurement of a macroscopic observable A(x) is made, then the value obtained will be the ensemble average:hAi = 1F Z dxA(x)F (H(x)) (2)Eqs. (1) and (2) are the central results of ensemble theory, since they determine all thermodynamic and otherobservable quantities. A. Introduction to the Microcanonical EnsembleThe microcanonical ensemble is built upon the so called postulate of equal a priori probabilities:Postulate of equal a priori probabilities: For an isolated macroscopic system in equilibrium, all microscopicstates corresponding to the same set of macroscopic observables are equally probable.1. Basic de�nitions and thermodynamicsConsider a thought experiment in which N particles are placed in a container of volume V and allowed to evolveaccording to Hamilton's equations of motion. The total energy E = H(x) is conserved. Moreover, the number ofparticles N and volume V are considered to be �xed. This constitutes a set of three thermodynamic variables N; V;Ethat characterize the ensemble and can be varied to alter the conditions of the experiment.5



The evolution of this system in time generates a trajectory that samples the constant energy hypersurfaceH(x) = E.All points on this surface correspond to the same set of macroscopic observables. Thus, by the postulate of equala priori probabilities, the corresponding ensemble, called the microcanonical ensemble, should have a distributionfunction F (H(x)) that re
ects the fact that all points on the constant energy hypersurface are equally probable. Sucha distribution function need only re
ect the fact that energy is conserved and can be written asF (H(x)) = �(H(x) � E)where �(x) is the Dirac delta function. The delta function has the property thatZ 1�1 �(x � a)f(x)dx = f(a)for any function f(x).Averaging over the microcanonical distribution function is equivalent to computing the time average in our thoughtexperiment. The microcanonical partition function 
(N; V;E) is given by
(N; V;E) = CN Z dx �(H(x) � E)In Cartesian coordinates, this is equivalent to
(N; V;E) = CN Z dnp ZD(V ) dNr�(H(p; r) � E)where CN is a constant of proportionality. It is given byCN = E0N !h3NHere h is a constant with units Energy�Time, and E0 is a constant having units of energy. The extra factor of E0is needed because the � function has units of inverse energy. Such a constant has no e�ect at all on any properties).Thus, 
(N; V;E) is dimensionless. The origin of CN is quantum mechanical in nature (h turns out to be Planck'sconstant) and must be put into the classical expression by hand. Later, we will explore the e�ects of this constant onthermodynamic properties of the ideal gas.The microcanonical partition function function measures the number of microstates available to a system whichevolves on the constant energy hypersurface. Boltzmann identi�ed this quantity as the entropy, S of the system,which, for the microcanonical ensemble is a natural function of N , V and E:S = S(N; V;E)Thus, Boltzmann's relation between 
(N; V;E), the number of microstates and S(N; V;E) isS(N; V;E) = k ln
(N; V;E)where k is Boltzmann's constant 1=k = 315773.218 Kelvin/Hartree. The importance of Boltzmann's relation is thatit establishes a connection between the thermodynamic properties of a system and its microscopic details.Recall the standard thermodynamic de�nition of entropy:S = Z dQTwhere an amount of heat dQ is assumed to be absorbed reversibly, i.e., along a thermodynamic path, by the system.The �rst law of thermodynamics states that the energy, E of the system is given by the sum of the heat absorbed bythe system and the work done on the system in a thermodynamic process:E = Q +WIf the thermodynamic transformation of the system is carried reversibly, i.e., along a thermodynamic path, then the�rst law will be valid for the di�erential change in energy, dE due to absorption of a di�erential amount of heat, dQrevand a di�erential amount of work, dW done on the system:6



dE = dQ + dWThe work done on the system can be in the form of compression/expansion work at constant pressure, P , leading toa change, dV in the volume and/or the insertion/deletion of particles from the system at constant chemical potential,�, leading to a change dN in the particle number. Thus, in generaldW = �PdV + �dN(The above relation for the work is true only for a one-component system. If there are M types of particles present,then the second term must be generalized according to PMk=1 �kdNk). Then, using the fact that dQ = TdS, we havedE = TdS � PdV + �dNor dS = dET + PT dV � �T dNBut since S = S(N; V;E) is a natural function of N , V , and E, the di�erential, dS is also given bydS = � @S@E�N;V dE + � @S@V �N;E dV + � @S@N �E;V dNComparing these two expressions, we see that � @S@E�N;V = 1T� @S@V �N;E = PT�� @S@N�E;V = �TFinally, using Boltzmann's relation between the entropy S and the partition function 
, we obtain a prescription forobtaining the thermodynamic properties of the system starting from a microscopic, particle-based description of thesystem: 1T = k�@ ln
@E �N;VPT = k�@ ln
@V �N;E�T = �k�@ ln
@N �V;EOf course, the ultimate test of Boltzmann's relation between entropy and the partition function is that the aboverelations correctly generate the known thermodynamic properties of a given system, e.g. the equation of state. Wewill soon see several examples in which this is, indeed, the case.
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