
G25.2651: Statisti
al Me
hani
sNotes for Le
ture 19I. THE FERMION QUANTUM IDEAL GAS: INTRODUCTIONFor an ideal gas of fermions, we had shown that the problem of determining the equation of state was one of solvingtwo equations PVkT = gXn ln �1 + �e��"n�hNi = gXn �e��"n1 + �e��"nwhere the se
ond of these must be solved for � in terms of � and substituted into the �rst to obtain P as a fun
tionof �.As we did in the Boltzmann 
ase, let us 
onsider the thermodynami
 limit L ! 1 so that the spa
ing betweenenergy levels be
omes small. Then the sums 
an be repla
ed by integrals over the 
ontinuous variable n. For thepressure, this repla
ement give rise toPVkT = g Z d3n ln �1 + �e��"n�= g Z d3n ln�1 + �e�2�2��h2jnj2=mL2�= 4�g Z 10 dnn2 ln�1 + �e�2�2��h2jnj2=mL2�Change variables to x = s2�2�h2mL2 nThen, PVkT = 4�gV � m2�2��h2�3=2 Z 10 dxx2 ln�1 + �e�x2�= 4V gp��3 Z 10 dxx2 ln�1 + �e�x2�The remaining integral 
an be evaluated by expanding the log in a power series and integrating the series term byterm: ln�1 + �e��x2� = 1Xl=1 (�1)l+1�ll e�lx2PVkT = 4V gp��3 1Xl=1 (�1)l+1�ll Z 10 dxx2e�lx2= V g�3 1Xl=1 (�1)l+1�ll5=2By the same te
hnique, the average parti
le number hNi 
an be shown to be equal to1



hNi = V g�3 1Xl=1 (�1)l+1�ll3=2Multipling both over these equations on both sides by �3=V givesP�3gkT = 1Xl=1 (�1)l+1�ll5=2��3g = 1Xl=1 (�1)l+1�ll3=2Although exa
t solution of these equations analyti
ally is intra
table, we will 
onsider their solutions in two interestinglimits: The high temperature, low density limit and its 
ounterpart, the low temperature, high density limit.II. THE HIGH TEMPERATURE, LOW DENSITY LIMITSin
e � = �(�), in the low density limit, the fuga
ity 
an be expanded in the form� = a1� + a2�2 + a3�3 + � � �Writing out the �rst few terms in the pressure and density equations, we haveP�3gkT = � � �225=2 + �335=2 � �445=2 + � � ���3g = � � �223=2 + �333=2 � �443=2 + � � �Substituting the expansion for �(�) into the density equation gives��3g = (a1�+ a2�2 + a3�3 + � � �)� 123=2 (a1�+ a2�2 + a3�3 + � � �)2 + 133=2 (a1�+ a2�2 + a3�3 + � � �)3 + � � �This equation 
an now be solved perturbatively, equating like powers of � on both sides. For example, working onlyto �rst order in �, yields: ��3g = a1� ) a1 = �3g ) � � �3�gWhen this is substituted into the pressure equation, and only �rst order terms in the density are kept, we �ndP�3gkT = ��3g ) PkT = � = hNiVwhi
h is just the 
lassi
al ideal gas equation. Working, now, to se
ond order in �, we have, from the density equation�3�g = �3�g + a2�2 � 123=2 �6�2g2or a2 = �623=2g2Thus, � � �3�g + �623=2g2 �2and the equation of state be
omes 2



PkT = � + �325=2g �2From this, we 
an read o� the se
ond virial 
oeÆ
ientB2(T ) = �325=2g � 0:1768�3g > 0It is parti
ularly interesting to note that there is a nonzero se
ond virial 
oeÆ
ient in spite of the fa
t that there areno intera
tions among the parti
les. The impli
ation is that there is an \e�e
tive" intera
tion among the parti
lesas a result of the fermioni
 spin statisti
s. Moreover, this e�e
tive intera
tion is su
h that is tends to in
rease thepressure above the 
lassi
al ideal gas result (B2(T ) > 0). Thus, the e�e
tive intera
tion is repulsive in nature. This isa 
onsequen
e of the Pauli ex
lusion prin
iple: The parti
le energies must be distributed among the available levelsin su
h a way that no two parti
les 
an o

upy the same quantum state, thus giving rise to an \e�e
tive" repulsionbetween them.If we look at the third order 
orre
tion to the pressure, we �nd thata3 = �14 � 133=2� �9g3� = �3�g + �623=2g2 �2 +�14 � 133=2� �9g3 �3PkT = �+ �325=2g�2 + �6g2 �18 � 235=2� �3so that B3(T ) < 0. Thus, one must go out to third order in the density expansion to �nd a 
ontribution that tendsto de
rease the pressure. III. THE HIGH DENSITY, LOW TEMPERATURE LIMITRe
all that the density equation 
ould be expressed as an integral��3 = 4gp� Z 10 x2dx��1e�x2 + 1whi
h lead to an expansion in powers of �. It is also possible to develop an expansion in powers of ln � � mu=kT .This is a

omplished by letting � = ln � = �kTand developing an expansion in powers of �. In order to see how this is done, 
onsider making a 
hange of variablesin the integral y = x2, x = py, dx = dy=(2py). Then��3 = 2gp� Z 10 pydyey�� + 1Integrate by parts using u = 1ey�� + 1 du = � 1(ey�� + 1)2 ey��dydv = y1=2dy v = 23y3=2so that ��3 = 4g3p� Z 10 y3=2ey��dy(ey�� + 1)23



If we now expand y3=2 about y = �:y3=2 = �3=2 + 32�1=2(y � �) + 38��1=2(y � �)2 + � � �substitute this expansion into the integral and perform the resulting integrals over y, we �nd��3 = 4g3p� �(ln �)3=2 + �28 (ln �)�1=2 + � � �� +O(1=�)where the fa
t that �=kT � 1 has been used owing to the low temperature. Sin
e we are in the high density limit,�(�) is expe
ted to be large as well so that the series, whose error goes as powers of 1=� will 
onverge. As T ! 0,� !1 and only one term in the above expansion survives:��3 = ��2��h2mkT � � 4g3p� (ln �)3=2 = 4g3p� � �kT �3=2Solving for � gives � = �h22m �6�2�g �2=3 � �0 = "Fwhi
h is independent of T . The spe
ial value of the 
hemi
al potential �0 = �(T = 0) is known as the Fermi energy.To see what its physi
al meaning is, 
onsider the expression for the average number of parti
les:hNi =Xm Xn �e��"n1 + �e��"nHowever, re
all that Xm Xn fnm = Nfor a spe
i�
 number of parti
les. Averaging both sides giveshNi = Xm Xn hfnmiComparing these two expressions, we see that the average o

upation number of a given state with quantum numbern and m is hfnmi = e��("n��)1 + e��("n��) = 11 + e�("n��)As T ! 0, � !1, and e�("n��0) !1 if "n > �0, and e�("n��0) ! 0 if "n < �0. Thus, at T = 0, we have the resulthfnmi = � 0 "n > "F1 "n < "F = �("F � "n)A plot of the o

upation average o

upation number vs. "n at T = 0 is shown in the plot below:
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FIG. 1.Thus, at T = 0, the parti
les will exa
tly �ll up all of the energy levels up to an energy value "F above whi
h noenergy levels will be o

upied. As T is in
reased, the probability of an ex
itation above the Fermi energy be
omesnonzero, and the average o

upation (shown for several di�erent values of �) appears as follows:
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FIG. 2.Thus, there is a �nite probability that some of the levels just above the Fermi energy will be
ome o

upied as T israised slightly above T = 0. At T = 0, the highest o

upied energy eigenvalue must satisfy"n = "F6



2�2�h2mL2 jnj2 = "F2�2�h2mL2 (n2x + n2y + n2z) = "FThis de�nes a spheri
al surfa
e in n spa
e, whi
h is known as the Fermi Surfa
e. Note that the Fermi surfa
e is onlya sphere for the ideal gas. For systems in whi
h intera
tions are in
luded, the Fermi surfa
e 
an be a mu
h more
ompli
ated surfa
e, and studying the properties of this surfa
e is a task that o

upies the time of many a solid-statephysi
ist. A. Zero-temperature thermodynami
sIn order to derive an expression for the average parti
le number, re
all thathNi =Xm Xn hfnmi =Xm Xn �("F � "n) = gXn �("F � "n)In the thermodynami
 limit, we may take the sum over to an integration:hNi = 4�g Z 10 dnn2�("F � "n)But "n = 2�2�h2mL2 n2Therefore, it proves useful to 
hange variables of integration from n to "n, using the above relation:n = � mL22�2�h2�1=2 "1=2ndn = 12 � mL22�2�h2�1=2 "�1=2nThus, hNi = 4�g Z 10 dnn2�("F � "n)= 2�� mL22�2�h2�3=2 Z 10 d"n"1=2n �("F � "n)= 2�g� mL22�2�h2�3=2 Z "F0 d""1=2hNi = 4�g3 � m2��h2�3=2 V "F3=2In order to derive an expression for the average energy, re
all that the energy eigenvalues were given byEffng =Xm Xn fnm"nTherefore, the average energy is given by hHi = E =Xm Xn hfnmi"nAt T = 0, this be
omes 7



E = gXn �("F � "n)"n! g Z d3n�("F � "n)"n= 4�g Z 10 dn n2�("F � "n)"nIf the same 
hange of variables is made, one �nds thatE = 4�g Z 10 d"n 12 � mL22�2�h2�3=2 "n3=2�("F � "n)= 2�g� m2�2�h2�3=2 V Z "F0 d"n"n3=2= 4�g5 � m2�2�h2�3=2 "F5=2Thus, the average energy 
an be seen to be related to the average parti
le number byE = 35hNi"Fwhi
h is 
learly not 0 (as it would be 
lassi
ally).Note that the pressure 
an be obtained simply in the following way: Re
ognize thatPVkT = V g�3 1Xl=1 (�1)l+1�ll5=2 = lnZ(�; V; T )The energy is given by E = �� ��� lnZ(�; V; T )��;VThus, E = 32� V g�3 1Xl=1 (�1)l+1�ll5=2Comparing these two equations for the energy and pressure shows thatE = 32PV ) P = 23 EVNote, that just like the energy, the pressure at T = 0 is not zero. The T = 0 values of both the energy and pressureare: E = 35hNi"FP = 25 hNiV "FThese are referred to as the zero-point energy and pressure and are purely quantum me
hani
al in nature. The fa
tthat the pressure does not vanish at T = 0 is again a 
onsequen
e of the Pauli ex
lusion prin
iple and the e�e
tiverepulsive intera
tion that also showed up in the low density, high temperature limit. Using the expansion for ��3, we
an derive the thermodynami
s in this limit.
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B. Thermodynami
s at low temperatureFinite temperature thermal 
orre
tions 
an be obtained by starting with the expansion derived earlier: Note that��3 = 4g3p� �(ln �)3=2 + �28 (ln �)�1=2 + � � ��= 4g3p� �� �kT �3=2 + �28 � �kT ��1=2 + � � ��= 4g3p� "� �kT �3=2 1 + �28 �kT� �2 + � � �!#The term proportional to T 2 is a small thermal 
orre
tion to the T = 0 limit. As su
h, it is small and we 
an repla
ethe � appearing there with �0 = "F to the same order in T :��3 = 4g3p� "� �kT �3=2 1 + �28 �kT"F �2 + � � �!#Solving this, now, for � (whi
h is equivalent to solving for �) gives� � kT �3��3p�4g �2=3 1�1 + �28 �kT"F �2�2=3� "F "1� �212 �kT"F �2 + � � �#where the se
ond line is obtained by expanding 1=(1 + x)2=3 about x = 0.In order to obtain the thermal 
orre
tions, one must expand the average o

upation number formula about the�0 = "F value using the expansion obtained above for � and the do the integrals. The result is simplyE = 35N"F "1 + 512�2 �kT"F �2 + � � �#The thermal 
orre
tion is ne
essary in order to obtain the heat 
apa
ity at 
onstant volume, whi
h is given byCV = ��E�T �VUsing the above expression for the energy, one �ndsCVhNik = �2kT2"FFrom the thermally-
orre
ted expression for the energy, the pressure 
an be obtained immediately:P = 25�"F "1 + 512�2 �kT"F �2 + � � �#
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