
G25.2651: Statisti
al Me
hani
sNotes for Le
ture 18I. INTRODUCTION TO SPINThe path integral formulation of quantum statisti
al me
hani
s is parti
ularly useful for situations in whi
h parti
lespin statisti
s 
an be largely ignored. In the quantum ideal gases, we have a situation in whi
h the spin statisti
sdetermine all of the interesting behavior! The fully quantum treatment of the ideal gas will be the subje
t of the nextseveral le
tures.The spin degree of freedom of a parti
le is a purely quantum me
hani
al aspe
t (with no 
lassi
al analog). Inquantum me
hani
s, spin is analogous to an angular momentum. It is des
ribed by a Hermitian operator S =(Sx; Sy; Sz), where the 
omponents satisfy angular momentum type 
ommutation relations:[Sx; Sy℄ = i�hSz [Sy; Sz℄ = i�hSx [Sz; Sx℄ = i�hSyThe spin operators for a spin-s parti
le are represented by (2s + 1) � (2s + 1) matri
es (whi
h de�ne di�erentrepresentations of the group SU(2)). For example, for a spin-1/2 parti
le, su
h as an ele
tron, the three spin operatorsare Sx = �h2 � 0 11 0� Sy = �h2 � 0 �ii 0 � Sz = �h2 � 1 00 �1�whi
h 
an be shown to satisfy the above 
ommutation relations. Sin
e the three 
omponents of spin to do not 
ommute,we 
hoose, by 
onvention, to work in a basis in whi
h Sz is diagonal. Thus, there will be (2s + 1) eigenvalues givenby �s�h; :::; s�h. In the example of the spin-1/2 parti
le, we see that the allowed spin eigenvalues (denoted m) arem = �hbar=2 and m = �h=2. The 
orresponding eigenstates are justjm = �h=2i � j�1=2i = � 10� jm = ��h=2i � j��1=2i = � 01�whi
h are denoted the \spin-up" and \spin-down" states, respe
tively. Note that the operator S2 = S2x + S2y + S2z isalso diagonal so that the spin-up and spin-down eigenstates of Sz are also eigenstate of S2, both having the eigenvalues(s + 1)�h2. Thus, given a Hamiltonian H for a system, if H is independent of spin, then the eigenstates of H mustalso be eigenstates of S2 and Sz sin
e all three 
an be simultaneously diagonalized.What happens in quantum me
hani
s when we have systems of identi
al parti
les of a given type of spin? Considerthe simple example of a system of two identi
al spin-1/2 parti
les. Suppose we perform a measurement whi
h is ableto determine that one of the parti
les has an Sz eigenvalue of ma�h and the other mb�h su
h that ma 6= mb. Is thestate ve
tor of the total system just after this measurementjma;mbi or jmb;maiwhere, in the �rst state, parti
les 1 and 2 have Sz eigenvalues ma�h and mb�h, respe
tively, and, in the se
ond state, itis the reverse of this? The answer is that neither state is the 
orre
t state ve
tor sin
e the measurement is not ableto assign the parti
ular spin states of ea
h parti
le. In fa
t, the two state jma;mbi and jmb;mai are not physi
allyequivalent states. Two states j i and j 0i 
an only be physi
all equivalent if there is a 
omplex number � su
h thatj i = �j 0iand there is no su
h number 
onne
ting jma;mbi and jmb;mai. However, it is possible to 
onstru
t a new state ve
torj	(ma;mb)i su
h that j	(mb;ma)i is physi
ally equivalent to j (ma;mb)i. Letj	(ma;mb)i = Cjma;mbi + C 0jmb;maiIf we require that j	(ma;mb)i = �j	(mb;ma)i1



then Cjma;mbi + C 0jmb;mai = � (Cjmb;mai+ C 0jma;mbi)from whi
h we see that C = �C 0 C 0 = �Cor C 0 = �2C 0from whi
h � = �1 and C = �C 0. This gives us two possible physi
al states of the systemj	S(ma;mb)i / jma;mbi+ jmb;maij	A(ma;mb)i / jma;mbi � jmb;maiwhi
h are symmetri
 and antisymmetri
, respe
tively, with respe
t to an ex
hange of the parti
le spin eigenvalues.The analog in ordinary one-dimensional quantum me
hani
s would be the 
ase of two identi
al parti
les moving alongthe x axis. If a measurement performed on the system determined that a parti
le was at position x = a and the otherwas at x = b, then the state of the system after the measurement would be one of the two following possibilities:j	S(a; b)i / ja bi+ jb aij	A(a; b)i / ja bi � jb aiThe standard postulates of quantum me
hani
s now need to supplemented by an additional postulate that allows usto determine whi
h of the two possible physi
al states a system will assume. The new postulate states the following:In nature, parti
les are of two possible types { those that are always found in symmetri
 (S) states and those thatare always found in antisymmetri
 (A) states. The former of these are known as bosons and the latter are known asfermions. Moreover, fermions possess only half-integer spin, s=1/2,3/2,5/2,..., while bosons possess only integer spin,s=0,1,2,....Suppose a system is 
omposed of N identi
al fermions or bosons with 
oordinate labels r1; :::; rN and spin labelss1; :::; sN . Let us de�ne, for ea
h parti
le, a 
ombined lable xi � ri; si. Then, for a given permutation P (1); :::; P (N)of the parti
le indi
es 1,..,N , the wave fun
tion will be totally symmetri
 if the parti
les are bosons:	B(x1; :::;xN ) = 	B(xP (1); ::::;xP (N))For fermions, as a result of the Pauli ex
lusion prin
iple, the wave fun
tion is antisymmetri
 with respe
t to anex
hange of any two parti
les in the systems. Therefore, in 
reating the given permutation, the wave fun
tion willpi
k up a fa
tor of -1 for ea
h ex
hange of two parti
les that is performed:	F(x1; :::;xN ) = (�1)Nex	F(xP (1); ::::;xP (N))whereNex is the total number of ex
hanges of two parti
les required in order to a
hieve the permutation P (1); :::; P (N).An N -parti
le bosoni
 or fermioni
 state 
an be 
reated from a state �(x1; :::;xN ) whi
h is not properly symmetrizedbut whi
h, nevertheless, is an eigenfun
tion of the HamiltonianH� = E�Noting that there will be N ! possible permutations of the N parti
le labels in an N -parti
le state, the bosoni
 state	B(x1; :::;xN ) is 
reated from �(x1; :::;xN ) a

ording to	B(x1; :::;xN ) = 1N ! N !X�=1P��(x1; :::;xN )where Palpha 
reates 1 of the N ! possible permutations of the indi
es. The fermioni
 state is 
reated from	F(x1; :::;xN ) = 1N ! N !X�=1 (�1)Nex(�) P��(x1; :::;xN )where Nex(�) is the number of ex
hanges needed to 
reate permutation �.This simple di�eren
e in the symmetry of the wavefun
tion leads to stark 
ontrasts in the properties of fermoni
and bosoni
 systems. With these quantum me
hani
al rules in mind, let us work out what these properties are.2



II. SOLUTION OF THE N-PARTICLE EIGENVALUE PROBLEMThe Hamiltonian for an ideal gas of N parti
les isH = NXi=1 P2i2mThe eigenvalue problem for the Hamiltonian is in the form of the time-independent S
hr�odinger equation for the(unsymmetrized) eigenfun
tions � �h22m NXi=1 r2i�(x1; :::;xN ) = E�(x1; :::;xN )First, we noti
e that the equation is 
ompletely separable in the N parti
le 
oordinate/spin labels x1; :::;xN ,meaning that the Hamiltonian is of the form H = NXi=1 hihi = P2i2mNote, further, that H is independent of spin, hen
e, the eigenfun
tions must also be eigenfun
tions of S2 and Sz.Therefore, the solution 
an be written as��1m1;:::;�NmN (x1; :::;xN ) = NYi=1 ��imi(xi)where ��imi(xi) is a single parti
le wave fun
tion 
hara
terized by a set of spatial quantum numbers �i and Szeigenvalues mi. The spatial quantum numbers �i are 
hose to 
hara
terized the spatial part of the eigenfun
tionsin terms of appropriately 
hosen observables that 
ommute with the Hamiltonian. Note that ea
h single-parti
lefun
tion ��imi(xi) 
an be further de
omposed into a produ
t of a spatial fun
tion  �i(ri) and a spin eigenfun
tion�mi(si), where �m(s) = hsj�mi = ÆmsSubstituting this ansatz in to the wave equation yields a single-parti
le wave equation for ea
h single parti
le fun
tion:� �h22mr2i �i(ri) = "�i �i(ri)Here, "�i is a single parti
le eigenvalue, and the N -parti
le eigenvalue is, therefore, given byE�1;:::;�N = NXi=1 "�iWe will solve the single-parti
le wave equation in a 
ubi
 box of side L for single parti
le wave fun
tions that satisfyperiodi
 boundary 
onditions: �i(xi; yi; zi) =  �i(xi + L; yi; zi) =  �i(xi; yi + L; zi) =  �i(xi; yi; zi + L)Note that the momentum operator Pi 
ommutes with the 
orresponding single-parti
le Hamiltonian[Pi; hi℄ = 0This means that the the momentum eigenvalue pi is a good number for 
hara
terizing the single parti
le states �i =  pi . In fa
t, the solutions of the single-parti
le wave equation are of the form3



 pi(ri) = Ceipi�ri=�hprovided that the single parti
le eigenvalues are given by"pi = p2i2mThe 
onstant C is an overall normalization 
onstant on the single-parti
le states to ensure that R d3rij i(ri)j2 = 1.Now, we apply the periodi
 boundary 
ondition. Consider the boundary 
ondition in the x-dire
tion. The 
ondition pi(xi; yi; zi) =  pi(xi + L; yi; zi)leads to eipxixi=�h = eipxi (xi+L)=�hor 1 = eipxiL=�h = 
os�pxiL�h � + i sin�pxiL�h �whi
h will be satis�ed if pxiL�h = 2�nxiwhere nxi is an integer, 0;�1;�2,.... Thus, the momentum pxi 
an take on only dis
rete values, i.e., it is quantized,and is given by pxi = 2��hL nxiApplying the boundary 
onditions in y and z leads to the 
onditionspyi = 2��hL nyipzi = 2��hL nziThus, the momentum ve
tor pi 
an be written generally aspi = 2��hL niwhere ni is a ve
tor of integers ni = (nxi ; nyi ; nzi). This ve
tor of integers 
an be used in pla
e of pi to 
hara
terizethe single-parti
le eigenvalues and wave fun
tions. The single-parti
le energy eigenvalues will be given by"ni = p2i2m = 2�2�h2mL2 jnij2and the single-parti
le eigenfun
tions are given by ni(ri) = Ce2�ini�ri=LFinally, the normalization 
onstant C is determined by the 
onditionZ d3rij ni(ri)j2 = jCj2 Z L0 dxi Z L0 dyi Z L0 dzie�2�ini�ri=Le2�ini�ri=L = 1jCj2 Z L0 dxi Z L0 dyi Z L0 dzi = jCj2L3 = 1C = 1pV 4



Therefore, the 
omplete solution for the single-parti
le eigenvalues and eigenfun
tions ishxijni mii = �nimi(xi) = 1pV e2�ini�ri=L�mi(si)"ni = 2�2�h2mL2 jnij2and the total energy eigenvalues are given byEn1;:::;nN = NXi=1 2�2�h2mL2 jnij2Another way to formulate the solution of the eigenvalue problem is to 
onsider the single parti
le eigenvalue andeigenfun
tion for a given ve
tor of integers n:  n(r) = 1pV e2�in�r=L"n = 2�2�h2mL2 jnj2and ask how many parti
les in the N -parti
le system o

upy this state. Let this number be fnm. fnm is 
alled ano

upation number and it tells just how many parti
les o

upy the state 
hara
terized by a ve
tor of integers n. Sin
ethere are an in�nite number of possible 
hoi
es for n, there is an in�nite number of o

upation numbers. However,they must satisfy the obvious restri
tion Xm Xn fnm = Nwhere Xn � 1Xnx=�1 1Xny=�1 1Xnz=�1and Xm � sXm=�sruns over the (2s+1) possible values of m for a spin-s parti
le. These o

upation numbers 
an be used to 
hara
terizethe total energy eigenvalues of the system. The total energy eigenvalue will be given byEffnmg = Xm Xn "nfnmIII. AN IDEAL GAS OF DISTINGUISHABLE QUANTUM PARTICLESAs an illustration of the use of o

upation numbers in the evaluation of the quantum partition fun
tion, let us
onsider the simple 
ase of Boltzmann statisti
s (ignoring spin statisti
s or treating the parti
les as distinguishable).The 
anoni
al partition fun
tion Q(N; V; T ) 
an be expressed as a sum over the quantum numbers n1; :::;nN for ea
hparti
le: Q(N; V; T ) =Xn1 Xn2 � � �XnN e��En1;:::;nN=Xn1 Xn2 � � �XnN e��"n1 e��"n2 � � � e��"nN=  Xn1 e��"n1! Xn2 e��"n2! � � � XnN e��"nN!=  Xn e��"nN!N5



In terms of o

upation numbers, the partition isQ(N; V; T ) =Xffg g(ffg)e��Pn "nfnwhere g(ffg) is a fa
tor that tells how many di�erent physi
al states 
an be represented by a given set of o

upationnumbers ffg. For Boltzmann parti
les, ex
hanging the momentum labels of two parti
les leads to a di�erent physi
alstate but leaves the o

upation numbers un
hanged. In fa
t the 
ounting problem is merely one of determining howmany di�erent ways 
an N parti
les be pla
ed in the di�erent physi
al states. This is justg(ffg) = N !Qn fn!For example, if there are just two states, then the o

upation numbers must be N1 and N2 where N1+N2 = N . Theabove formula gives g(N1; N2) = N !N1!N2! = N !N1!(N �N1)!whi
h is the expe
ted binomial 
oeÆ
ient.The partition fun
tion therefore be
omesQ(N; V; T ) =Xffg N !Qn fn!Yn e��fn"nwhi
h is just the multinomial expansion forQ(N; V; T ) =  Xn e��"n!NAgain, if there were two states, then the partition fun
tion would be(e��"1 + e��"2)N = XN1;N2;N1+N2=N N !N1!N2!e�N1�"1e�N2�"2using the binomial theorem.Therefore, we just need to be able to evaluate the sumXn e��"n =Xn e�2�2��h2jnj2=mL2But we are interested in the thermodynami
 limit, where L!1. In this limit, the spa
ing between the single-parti
leenergy levels be
omes quite small, and the dis
rete sum over n 
an, to a very good approximation, be repla
ed by anintegral over a 
ontinuous variable:Xn e�2�2��h2jnj2=mL2 = Z d3ne�2�2��h2jnj2=mL2Sin
e the single-parti
le eigenvalues only depend on the magnitude of n, this be
omes4� Z 10 dnn2e�2�2��h2jnj2=mL2 = V � m2���h2�3=2 = � V�3�where � is the thermal deBroglie wavelength.Hen
e, Q(N; V; T ) = � V�3�Nwhi
h is just the 
lassi
al result. Therefore, we see that an ideal gas of distinguishable parti
les, even when treatedfully quantum me
hani
ally, will have pre
isely the same properties as a 
lassi
al ideal gas. Clearly, all of the quantume�e
ts are 
ontained in the parti
le spin statisti
s. In the next few le
tures we will see just how profound an e�e
tthe spin statisti
s 
an have on the equilibrium properties.6



IV. GENERAL FORMULATION FOR FERMIONS AND BOSONSFor systems of identi
al femions and identi
al bosons, an ex
hange of parti
les does not 
hange the physi
al state.Therefore the fa
tor g(ffnmg) is just 1 for both of kinds of systems. Moreover, the o

upation number of a state
hara
terized by n for a system of identi
al bosons 
an be any number between 0 and N :fnm = 0; 1; 2; :::; NFor fermions, the Pauli ex
lusion prin
iple forbids two identi
al parti
les from o

upying the same quantum state.This restri
ts the o

upation numbers to be either 0 or 1:fnm = 0; 1Given these possibilities for the o

upation numbers, the 
anoni
al partition fun
tion 
an be formulated:Q(N; V; T ) = Xffnmg e��PmPn fnm"n = XffnmgYn Ym e��fn"nNote that the sum over o

upation numbers must be performed subje
t to the restri
tionXm Xn fnm = Na 
ondition that makes the evaluation of Q(N; V; T ) extremely diÆ
ult. Therefore, it seems that the 
anoni
alensemble is not the best 
hoi
e for 
arrying out the 
al
ulation. No worry, there are other ensembles from whi
h to
hoose, and of these, it turns out that the grand 
anoni
al ensemble is signi�
antly easier to work with. Re
all thatin the grand 
anoni
al ensemble, �, V and T are the 
ontrol variables and the partition fun
tion is given byZ(�; V; T ) = 1XN=0 �NQ(N; V; T )= 1XN=0 e��N XffnmgYm Yn e��fnm"nNote that the inner sum over o

upation numbers is still subje
t to the restri
tionPmPn fnm = N . However, thereis a �nal sum over all possible values that N , the number that restri
ts the sum over o

upation numbers, 
an take on.Therefore, if we let the sum over o

upation numbers be unrestri
ted, then they 
ould sum to any value they liked.This would be equivalent to performing an unrestri
ted sum over o

upation numbers without performing the �nalsum over N , sin
e in the 
ourse of summing, unrestri
ted, over o

upation numbers, we would obtain every possiblevalue of N as required by the �nal sum over N . This is the main advantage of using this ensemble for bosoni
 andfermoni
 systems. Thus, the grand 
anoni
al partition fun
tion be
omesZ(�; V; T ) = XffnmgYm Yn e�(��"n)fnNote also that the sum of produ
ts is justXf1 Xf2 Xf3 � � � e�(��"1)f1e�(��"2)f2e�(��"3)f3 � � � = 0�Xf1 e�(��"1)f11A0�Xf2 e�(��"1)f21A0�Xf3 e�(��"1)f31A � � �=Ym Yn Xffnmg e�(��"n)fnmFor bosons, ea
h individual sum is just the sum of a geometri
 series. Hen
e,Z(�; V; T ) =Ym Yn 11� e�(��"n)7



whereas, for fermions, ea
h individual sum 
ontains only two terms 
orresponding to fn = 0 and fn = 1. Thus, forfermions: Z(�; V; T ) =Ym Yn �1 + e�(��"n)�Note that the summands are independent of the quantum number m so that we may perform the produ
t over mvalues trivially with the result Z(�; V; T ) = "Yn 11� e�(��"n)#gfor bosons and Z(�; V; T ) = "Yn �1 + e�(��"n)�#gfor fermions, where g = (2s+ 1) is the number of eigenstates of Sz (also known as the spin degenera
y).At this point, let us re
all the pro
edure for 
al
ulating the equation of state in the grand 
anoni
al ensemble. Thefree energy in this ensemble is PV=kT given by PVkT = lnZ(�; V; T )and the average parti
le number is given by hNi = � ��� lnZ(�; V; T )The fuga
ity � must be eliminated in favor of hNi using the se
ond equation and substituted into the �rst equationto yield the equation of state. Re
all that, for the 
lassi
al ideal gas,Z(�; V; T ) = eV �=�3PVkT = V ��3hNi = � ��� lnZ = V ��3Eliminating � in favor hNi is trivial in this 
ase, leading to the 
lassi
al ideal gas equationPV = hNikTFor the ideal gas of identi
al fermions, the equations one must solve arePVkT = lnZ(�; V; T ) = ln"Yn �1 + �e��"n�#g = gXn ln �1 + �e��"n�hNi = � ��� lnZ = gXn �e��"n1 + �e��"nand for bosons, they arePVkT = lnZ(�; V; T ) = ln"Yn 11� �e��"n #g = �gXn ln �1� �e��"n�hNi = � ��� lnZ = gXn �e��"n1� �e��"nIt is not diÆ
ult to see that the problem of solving for � in terms of hNi is highly non-trivial for both systems. Thenext two le
tures will be devoted to just this problem and exploring the ri
h behavior that the quantum ideal gasesexhibit. 8


