
G25.2651: Statistical MechanicsNotes for Lecture 12I. THE FUNDAMENTAL POSTULATES OF QUANTUM MECHANICSThe fundamental postulates of quantum mechanics concern the following questions:1. How is the physical state of a system described?2. How are physical observables represented?3. What are the results of measurements on quantum mechanical systems?4. How does the physical state of a system evolve in time?5. The uncertainty principle. A. The physical state of a quantum systemThe physical state of a quantum system is represented by a vector denotedj	(t)iwhich is a column vector, whose components are probability amplitudes for di�erent states in which the system mightbe found if a measurement were made on it.A probability amplitude � is a complex number, the square modulus of which gives the corresponding probabilityP� P� = j�j2The number of components of j	(t)i is equal to the number of possible states in which the system might observed.The space that contains j	(t)i is called a Hilbert space H. The dimension of H is also equal to the number of statesin which the system might be observed. It could be �nite or in�nite (countable or not).j	(t)i must be a unit vector. This means that the inner product:h	(t)j	(t)i = 1In the above, if the vector j	(t)i, known as a Dirac \ket" vector, is given by the columnj	(t)i = 0BBB@ 1 2��� 1CCCAthen the vector h	(t)j, known as a Dirac \bra" vector, is given byh	(t)j = ( �1  �2 � � �)so that the inner product becomes h	(t)j	(t)i =Xi j ij2 = 1We can understand the meaning of this by noting that  i, the components of the state vector, are probabilityamplitudes, and j ij2 are the corresponding probabilities. The above condition then implies that the sum of all theprobabilities of being in the various possible states is 1, which we know must be true for probabilities.1



B. Physical ObservablesPhysical observables are represented by linear, hermitian operators that act on the vectors of the Hilbert space. IfA is such an operator, and j�i is an arbitrary vector in the Hilbert space, then A might act on j�i to produce a vectorj�0i, which we express as Aj�i = j�0iSince j�i is representable as a column vector, A is representable as a matrix with componentsA =  A11 A12 A13 � � �A21 A22 A23 � � �� � � � � �!The condition that A must be hermitian means that Ay = Aor Aij = A�jiC. MeasurementThe result of a measurement of the observable A must yield one of the eigenvalues of A. Thus, we see why A isrequired to be a hermitian operator: Hermitian operators have real eigenvalues. If we denote the set of eigenvalues ofA by faig, then each of the eigenvalues ai satis�es an eigenvalue equationAjaii = aijaiiwhere jaii is the corresponding eigenvector. Since the operator A is hermitian and ai is therefore real, we have alsothe left eigenvalue equation haijA = haijaiThe probability amplitude that a measurement of A will yield the eigenvalue ai is obtained by taking the innerproduct of the corresponding eigenvector jaii with the state vector j	(t)i, haij	(t)i. Thus, the probability that thevalue ai is obtained is given by Pai = jhaij	(t)ij2Another useful and important property of hermitian operators is that their eigenvectors form a complete orthonormalbasis of the Hilbert space, when the eigenvalue spectrum is non-degenerate. That is, they are linearly independent,span the space, satisfy the orthonormality conditionhaijaji = �ijand thus any arbitrary vector j�i can be expanded as a linear combination of these vectors:j�i = Xi cijaiiBy multiplying both sides of this equation by haj j and using the orthonormality condition, it can be seen that theexpansion coe�cients are ci = haij�iThe eigenvectors also satisfy a closure relation: 2



I =Xi jaiihaijwhere I is the identity operator.Averaging over many individual measurements of A gives rise to an average value or expectation value for theobservable A, which we denote hAi and is given byhAi = h	(t)jAj	(t)iThat this is true can be seen by expanding the state vector j	(t)i in the eigenvectors of A:j	(t)i =Xi �i(t)jaiiwhere �i are the amplitudes for obtaining the eigenvalue ai upon measuring A, i.e., �i = haij	(t)i. Introducing thisexpansion into the expectation value expression giveshAi(t) =Xi;j ��i (t)�j(t)haijAjaii=Xi;j ��i (t)�jai(t)�ij=Xi aij�i(t)j2The interpretation of the above result is that the expectation value of A is the sum over possible outcomes ofa measurement of A weighted by the probability that each result is obtained. Since j�ij2 = jhaij	(t)ij2 is thisprobability, the equivalence of the expressions can be seen.Two observables are said to be compatible if AB = BA. If this is true, then the observables can be diagonalizedsimultaneously to yield the same set of eigenvectors. To see this, consider the action of BA on an eigenvector jaii ofA. BAjaii = aiBjaii. But if this must equal ABjaii, then the only way this can be true is if Bjaii yields a vectorproportional to jaii which means it must also be an eigenvector of B. The condition AB = BA can be expressed asAB �BA = 0[A;B] = 0where, in the second line, the quantity [A;B] � AB�BA is know as the commutator between A and B. If [A;B] = 0,then A and B are said to commute with each other. That they can be simultaneously diagonalized implies that onecan simultaneously predict the observables A and B with the same measurement.As we have seen, classical observables are functions of position x and momentum p (for a one-particle system).Quantum analogs of classical observables are, therefore, functions of the operators X and P corresponding to positionand momentum. Like other observables X and P are linear hermitian operators. The corresponding eigenvalues xand p and eigenvectors jxi and jpi satisfy the equationsX jxi = xjxiP jpi = pjpiwhich, in general, could constitute a continuous spectrum of eigenvalues and eigenvectors. The operators X and Pare not compatible. In accordance with the Heisenberg uncertainty principle (to be discussed below), the commutatorbetween X and P is given by [X;P ] = i�hIand that the inner product between eigenvectors of X and P ishxjpi = 1p2��heipx=�hSince, in general, the eigenvalues and eigenvectors ofX and P form a continuous spectrum, we write the orthonormalityand closure relations for the eigenvectors as: 3



hxjx0i = �(x� x0) hpjp0i = �(p� p0)j�i = Z dxjxihxj�i j�i = Z dpjpihpj�iI = Z dxjxihxj I = Z dpjpihpjThe probability that a measurement of the operator X will yield an eigenvalue x in a region dx about some point isP (x; t)dx = jhxj	(t)ij2dxThe object hxj	(t)i is best represented by a continuous function 	(x; t) often referred to as the wave function. It is arepresentation of the inner product between eigenvectors of X with the state vector. To determine the action of theoperator X on the state vector in the basis set of the operator X , we computehxjX j	(t)i = x	(x; t)The action of P on the state vector in the basis of the X operator is consequential of the incompatibility of X and Pand is given by hxjP j	(t)i = �hi @@x	(x; t)Thus, in general, for any observable A(X;P ), its action on the state vector represented in the basis of X ishxjA(X;P )j	(t)i = A�x; �hi @@x�	(x; t)D. Time evolution of the state vectorThe time evolution of the state vector is prescribed by the Schr�odinger equationi�h @@t j	(t)i = H j	(t)iwhere H is the Hamiltonian operator. This equation can be solved, in principle, yieldingj	(t)i = e�iHt=�hj	(0)iwhere j	(0)i is the initial state vector. The operatorU(t) = e�iHt�his the time evolution operator or quantum propagator. Let us introduce the eigenvalues and eigenvectors of theHamiltonian H that satisfy H jEii = EijEiiThe eigenvectors for an orthonormal basis on the Hilbert space and therefore, the state vector can be expanded inthem according to j	(t)i =Xi ci(t)jEiiwhere, of course, ci(t) = hEij	(t)i, which is the amplitude for obtaining the value Ei at time t if a measurement ofH is performed. Using this expansion, it is straightforward to show that the time evolution of the state vector can bewritten as an expansion: 4



j	(t)i = e�iHt�hj	(0)i= e�iHt=�hXi jEiihEij	(0)i=Xi e�iEit=�hjEiihEij	(0)iThus, we need to compute all the initial amplitudes for obtaining the di�erent eigenvalues Ei of H , apply to each thefactor exp(�iEit=�h)jEii and then sum over all the eigenstates to obtain the state vector at time t.If the Hamiltonian is obtained from a classical Hamiltonian H(x; p), then, using the formula from the previoussection for the action of an arbitrary operator A(X;P ) on the state vector in the coordinate basis, we can recast theSchr�odiner equation as a partial di�erential equation. By multiplying both sides of the Schr�odinger equation by hxj,we obtain hxjH(X;P )j	(t)i = i�h @@thxj	(t)iH �x; �hi @@x�	(x; t) = i�h @@t	(x; t)If the classical Hamiltonian takes the form H(x; p) = p22m + U(x)then the Schr�odinger equation becomes�� �h22m @2@x2 + U(x)�	(x; t) = i�h @@t	(x; t)which is known as the Schr�odinger wave equation or the time-dependent Schr�odinger equation.In a similar manner, the eigenvalue equation for H can be expressed as a di�erential equation by projecting it intothe X basis: hxjH jEii = EihxjEiiH �x; �hi @@x� i(x) = Ei i(x)�� �h22m @2@x2 + U(x)� i(x) = Ei i(x)where  i(x) = hxjEii is an eigenfunction of the Hamiltonian.E. The Heisenberg uncertainty principleBecause the operators X and P are not compatible, [X;P ] 6= 0, there is no measurement that can preciselydetermine both X and P simultaneously. Hence, there must be an uncertainty relation between them that speci�eshow uncertain we are about one quantity given a de�nite precision in the measurement of the other. Presumably, ifone can be determined with in�nite precision, then there will be an in�nite uncertainty in the other. Recall that wehad de�ned the uncertainty in a quantity by �A = phA2i � hAi2Thus, for X and P , we have �x =phX2i � hXi2�p =phP 2i � hP i2These quantities can be expressed explicitly in terms of the wave function 	(x; t) using the fact that5



hXi = h	(t)jX j	(t)i = Z dxh	(t)jxihxjX j	(t)i = Z dx	�(x; t)x	(x; t)and hX2i = h	(t)jX2j	(t)i = Z 	�(x; t)x2	(x; t)Similarly, hP i = h	(t)jP j	(t)i = Z dxh	(t)jxihxjP j	(t)i = Z dx	�(x; t)�hi @@x	(x; t)and hP 2i = h	(t)jP 2j	(t)i = Z dx	�(x; t)���h2 @2@x2�	(x; t)Then, the Heisenberg uncertainty principle states that�x�p >� �hwhich essentially states that the greater certainty with which a measurement of X or P can be made, the greater willbe the uncertainty in the other. F. The Heisenberg pictureIn all of the above, notice that we have formulated the postulates of quantum mechanics such that the state vectorj	(t)i evolves in time but the operators corresponding to observables are taken to be stationary. This formulation ofquantum mechanics is known as the Schr�odinger picture. However, there is another, completely equivalent, picture inwhich the state vector remains stationary and the operators evolve in time. This picture is known as the Heisenbergpicture. This particular picture will prove particularly useful to us when we consider quantum time correlationfunctions.The Heisenberg picture speci�es an evolution equation for any operator A, known as the Heisenberg equation. Itstates that the time evolution of A is given by dAdt = 1i�h [A;H ]While this evolution equation must be regarded as a postulate, it has a very immediate connection to classicalmechanics. Recall that any function of the phase space variables A(x; p) evolves according todAdt = fA;Hgwhere f:::; :::g is the Poisson bracket. The suggestion is that in the classical limit (�h small), the commutator goes overto the Poisson bracket. The Heisenberg equation can be solved in principle givingA(t) = eiHt=�hAe�iHt=�h= U y(t)AU(t)where A is the corresponding operator in the Schr�odinger picture. Thus, the expectation value of A at any time t iscomputed from hA(t)i = h	jA(t)j	iwhere j	i is the stationary state vector.Let's look at the Heisenberg equations for the operators X and P . If H is given byH = P 22m + U(X)6



then Heisenberg's equations for X and P are dXdt = 1i�h [X;H ] = PmdPdt = 1i�h [P;H ] = � @U@XThus, Heisenberg's equations for the operators X and P are just Hamilton's equations cast in operator form. Despitetheir innocent appearance, the solution of such equations, even for a one-particle system, is highly nontrivial and hasbeen the subject of a considerable amount of research in physics and mathematics.Note that any operator that satis�es [A(t); H ] = 0 will not evolve in time. Such operators are known as constants ofthe motion. The Heisenberg picture shows explicitly that such operators do not evolve in time. However, there is ananalog with the Schr�odinger picture: Operators that commute with the Hamiltonian will have associated probabilitiesfor obtaining di�erent eigenvalues that do not evolve in time. For example, consider the Hamiltonian, itself, which ittrivially a constant of the motion. According to the evolution equation of the state vector in the Schr�odinger picture,j	(t)i =Xi e�iEit=�hjEiihEij	(0)ithe amplitude for obtaining an energy eigenvalue Ej at time t upon measuring H will behEj j	(t)i =Xi e�iEit=�hhEj jEiihEij	(0)i=Xi e�iEit=�h�ijhEij	(0)i= e�iEjt=�hhEj j	(0)iThus, the squared modulus of both sides yields the probability for obtaining Ej , which isjhEj j	(t)ij2 = jhEj j	(0)ij2Thus, the probabilities do not evolve in time. Since any operator that commutes with H can be diagonalized simul-taneously with H and will have the same set of eigenvectors, the above arguments will hold for any such operator.
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