
G25.2651: Statistical MechanicsNotes for Lecture 11I. REACTION COORDINATESOften simple chemical processes can be described in terms of a one-dimensional coordinate, which is not one of theCartesian coordinates in a system but a generalized coordinate, q. Such a coordinate is, in general, a function of theCartesian coordinates: q = q(r1; :::; rN )In some cases, a set of reaction coordinates is required.Examples 1: Dissociation reactions. Consider a dissociation reaction of the formAB �! A + BA reaction coordinate for such a process is the distance r between the two atoms in the diatomic. If r1 and r2 are theCartesian positions of atoms A and atom B, respectively, thenr = jr1 � r2jWhat set of generalized coordinates contains r explicitly? Let us transform to center-of-mass and relative coordinate:R = mAr1 +mBr2mA +mBr = r1 � r2Then, let r = (x; y; z) be transformed to spherical polar coordinates(x; y; z) �! (r; �; �)x = r sin � cos�y = r sin � sin�z = r cos �Example 2: Proton transfer reactions. Consider proton transfer through a hydrogen bond according to:A � H � � �A *) A � � �H � Awhich is illustrated schematically in the cartoon below:
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The two heavy atoms are assumed to be of the same type (e.g. oxygen atoms). A reaction coordinate describingthis process is the di�erence in the two distances d1 and d2:� = d1 � d2 = jrp � r1j � jrp � r2jWhat generalized coordinate system contains � explicitly?To see what coordinate system this is, consider transforming to center of mass and two relative coordinates asfollows: R = mO(r1 + r2) +mHrp2mO +mHr = r1 � r2s = rp � 12(r1 + r2)Now the six degrees of freedom (rx; ry; rz ; sx; sy; sz) are transformed to 6 new degrees of freedom, which are thespherical polar coordinates of r and the confocal elliptic coordinates for the position of the proton:r =qr2x + r2y + r2z� = tan�1 qr2x + r2yrz� = tan�1 ryrz� = d1 + d2 = js+ 12rj+ js+ 12rj� = d1 + d2 = js+ 12rj � js+ 12rj� = tilt angle of plane containing three atomsThen, the coordinate � is the reaction coordinate �.II. FREE ENERGY PROFILESFor a reaction coordinate q, we can de�ne a probability distribution function according toP (�q) = h�(q(r1; :::; rN )� �q)= CNQ Z dNpdNr e��H(p;r)�(q(r1;:::;rN)��q)Then, we de�ne the free energy pro�le, A(�q), to beA(�q) = �kT lnP (�q)Apart from the normalization of P (�q) by the partition function, Q, P (�q), itself is a kind of partition function corre-sponding to a �xed value of the reaction coordinate. Thus, de�ning the free energy pro�le in terms of the log of P (�q)is analogous to de�ning the global free energy A = �kT lnQ.A. Physical meaning of A(�q)Consider the free energy di�erence between two values of the reaction coordinate �q and �q0, which can be written asA(�q) � A(�q0) = Z �q�q0 d�q0 dAd�q0 = �kT Z �q�q0 d�q0 1P (�q0) dPd�q0The integrand can be written as 2



1P (�q0) dPd�q0 = CNQ R dNpdNre��H(p;r) @@�q0 �(q(r1; :::; rN )� �q0)h�(q � �q0)iNow, we introduce a coordinate transformation from Cartesian coordinates to a set of generalized coordinates thatcontains q: (r1; :::; rN ) �! (u1; :::; un; q)where n = 3N � 1. In addition, a corresponding transformation is made on the conjugate momenta according to:(p1; :::;pN ) �! (pu1 ; :::; pun ; pq)so that, in the measure, no overall Jacobian appears:dNpdNr = dnpudpqdnudqThus, we have 1P (�q0) dPd�q0 = CNQ R dnpudpqdnudqe��H(pu;pq ;u;q) @@�q0 �(q � �q0)h�(q � �q0)iNext, the derivative with respect to �q0 is changed to a derivative with respect to q:1P (�q0) dPd�q0 = � CNQ R dnpudpqdnudqe��H(pu;pq;u;q) @@q �(q � �q0)h�(q � �q0)iThen, an integration by parts is performed, which yields1P (�q0) dPd�q0 = CNQ R dnpudpqdnudq h @@q e��H(pu;pq;u;q)i �(q � �q0)h�(q � �q0)i= ��CNQ R dnpudpqdnudq @H@q e��H(pu;pq;u;q)�(q � �q0)h�(q � �q0)i= �� h@H@q �(q � �q0)ih�(q � �q0)i� ��h@H@q icond�q0where the �nal average is an ensemble average conditional upon the restriction that the reaction coordinate q is equalto �q0. Generally, h� � �icond�q0 = h(� � �)�(q � �q0)ih�(q � �q0)iThus, the free energy di�erence becomes:A(�q) � A(�q0) = Z �q�q0 d�q0 h@H@q icond�q0Note that the average in the above expression can also be performed with respect to Cartesian positions and momenta,in which case the derivative can be carried out via the chain rule. IfH = NXi=1 p2i2mi + U(r1; :::; rN )then 3



@H@q = NXi=1 �@H@pi � @pi@q + @H@ri � @ri@q � = NXi=1 � pimi � @pi@q + @U@ri � @ri@q �= NXi=1 � pimi � @pi@q � Fi � @ri@q �The quantity �@H=@q is the generalized force on the generalized coordinate q. Thus, let the conditional average ofthis force be F�q0 . Then, F�q0 = �h@H@q icond�q0and A(�q) � A(�q0) = � Z �q�q0 d�q0 F�q0Thus, the free energy di�erence can be seen to be equal to the work performed against the averaged generalized forcein bringing the system from �q0 to �q, irrespective of the values of the other degrees of freedom. Such an integration iscalled thermodynamic integration.Another useful expression for the free energy derivative can be obtained by integrating out the momenta beforeperforming a transformation. We begin with1P (�q0) dPd�q0 = CNQ R dNpdNre��H(p;r) @@�q0 �(q(r1; :::; rN )� �q0)h�(q � �q0)iNow, noting that the �-function condition is independent of momenta, we can integrate out the Cartesian momentato yield: 1P (�q0) dPd�q0 = CNQ�3N R dNre��U(r1;:::;rN) @@�q0 �(q(r1; :::; rN )� �q0)h�(q � �q0)iNext, the coordinate transformation to generalized coordinates is performed:(r1; :::; rN ) �! (u1; :::; un; q)associated with which there is a Jacobian given byJ(u1; :::; un; q) = @(r1; :::; rN )@(u1; :::; un; q)Introducing the coordinate transformation, we obtain1P (�q0) dPd�q0 = CNQ�3N R dnudqJ(u1; :::; un; q)e��U @@�q0 �(q � �q0)h�(q � �q0)i= � CNQ�3N R dnudqJ(u1; :::; un; q)e��U @@q �(q � �q0)h�(q � �q0)i= CNQ�3N R dnudq h @@qJ(u1; :::; un; q)e��Ui �(q � �q0)h�(q � �q0)i= CNQ�3N R dnudq h @@q e��(U�kT lnJ)i �(q � �q0)h�(q � �q0)i= ��CNQ�3N R dnudq �@U@q � kT @ lnJ@q � e��(U�kT lnJ)�(q � �q0)h�(q � �q0)i4



= ��CNQ�3N R dnudqJ(u1; :::; un; q)�@U@q � kT @ lnJ@q � e��U�(q � �q0)h�(q � �q0)i= ��h�@U@q � kT @ ln J@q �icond�q0or dAd�q0 = h�@U@q � kT @ ln J@q �icond�q0III. EXAMPLE OF A DISSOCIATION REACTIONLet us again look at the dissociation reaction AB �! A + Bfor which the reaction coordinate r = jr1 � r2j is appropriate. The transformation to center of mass and relativecoordinate is: R = mAr1 +mBr2Mr = r1 � r2The inverse of this transformation is r1 = R+ m2M rr2 = R� m1M rNext, the vector r = (x; y; z) is transformed to spherical polar coordinates according tox = r sin � cos�y = r sin � sin�z = r cos �and the derivative of the potential with respect to r can be easily worked out using the chain rule:@U@r = @U@r � @r@r@U@r = @U@r1 m2M � @U@r2 m1M= � 1M [m2F1 �m1F2]@r@r = �xr ; yr ; zr� � n̂ � (sin � cos�; sin � sin�; cos �)@U@r = � 1M [m2F1 �m1F2] � n̂The Jacobian is clearly J = r2 sin �so that @ ln J@r = 2rThus, the free energy derivative is 5



dAd�r0 = h� 1M [m2F1 �m1F2] � n̂� 2kTjr1 � r2j icond�r0which is expressed completely in terms of Cartesian quantities and can be calculated straightforwardly.Once dA=d�r0 is known, it can be integrated to obtain the full free energy pro�le A(�r0). This is another use ofthermodynamic integration.It is always interesting to see what A(r) looks like compared to the bare potential. Suppose the dissociation reactionis governed by a pair potential describing the interaction of the dissociating molecule with a solvent:U(r1; :::; rN ) = u0(jr1 � r2j) + Xj 6=1;2 [~u(jr1 � rj j) + ~u(jr2 � rj j)] + Xi;j;i6=j;i;j 6=1;2 v(jri � rj j)The potential u0(r) might look like:
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FIG. 2.If, at a given temperature T , the solvent assists in the dissociation process, then we might expect A(r) to have alower dissociation threshold and perhaps a slightly longer e�ective minimum bond length:
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FIG. 3.If, on the other hand, at a given temperature, T , the solvent hinders dissociation, by causing the molecule to buryitself in a cavity, for example, then we might expect A(r) to appear as follows:
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FIG. 4.with a higher dissociation threshold energy and slightly shorter e�ective minimum bond length. Such curves will,of course, be temperature dependent and depend on the speci�c nature of the interactions with the solvent.
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