
G25.2651: Statisti
al Me
hani
sNotes for Le
ture 1De�ning statisti
al me
hani
s: Statisti
al Me
hani
s provies the 
onne
tion between mi
ros
opi
 motion of indi-vidual atoms of matter and ma
ros
opi
ally observable properties su
h as temperature, pressure, entropy, free energy,heat 
apa
ity, 
hemi
al potential, vis
osity, spe
tra, rea
tion rates, et
.Why do we need Statisti
al Me
hani
s:1. Statisti
al Me
hani
s provides the mi
ros
opi
 basis for thermodynami
s, whi
h, otherwise, is just a phenomeno-logi
al theory.2. Mi
ros
opi
 basis allows 
al
ulation of a wide variety of properties not dealt with in thermodynami
s, su
has stru
tural properties, using distribution fun
tions, and dynami
al properties { spe
tra, rate 
onstants, et
.,using time 
orrelation fun
tions.3. Be
ause a statisti
al me
hani
al formulation of a problem begins with a detailed mi
ros
opi
 des
ription, mi-
ros
opi
 traje
tories 
an, in prin
iple and in pra
ti
e, be generated providing a window into the mi
ros
opi
world. This window often provides a means of 
onne
ting 
ertain ma
ros
opi
 properties with parti
ular modesof motion in the 
omplex dan
e of the individual atoms that 
ompose a system, and this, in turn, allows forinterpretation of experimental data and an elu
idation of the me
hanisms of energy and mass transfer in asystem. I. THE MICROSCOPIC LAWS OF MOTIONConsider a system of N 
lassi
al parti
les. The parti
les a 
on�ned to a parti
ular region of spa
e by a \
ontainer"of volume V . The parti
les have a �nite kineti
 energy and are therefore in 
onstant motion, driven by the for
esthey exert on ea
h other (and any external for
es whi
h may be present). At a given instant in time t, the Cartesianpositions of the parti
les are r1(t); :::; rN (t). The time evolution of the positions of the parti
les is then given byNewton's se
ond law of motion: mi�ri = Fi(r1; :::; rN )where F1; :::;FN are the for
es on ea
h of the N parti
les due to all the other parti
les in the system. The notation�ri = d2ri=dt2.N Newton's equations of motion 
onstitute a set of 3N 
oupled se
ond order di�erential equations. In order to solvethese, it is ne
essary to spe
ify a set of appropriate initial 
onditions on the 
oordinates and their �rst time derivaties,fr1(0); :::; rN (0); _r1(0); :::; _rN (0)g. Then, the solution of Newton's equations gives the 
omplete set of 
oordinates andvelo
ities for all time t. II. THE ENSEMBLE CONCEPT (HEURISTIC DEFINITION)For a typi
al ma
ros
opi
 system, the total number of parti
les N � 1023. Sin
e an essentially in�nite amountof pre
ision is needed in order to spe
ify the initial 
onditions (due to exponentially rapid growth of errors in thisspe
i�
ation), the amount of information required to spe
ify a traje
tory is essentially in�nite. Even if we 
ontentedourselves with quadrupole pre
ision, however, the amount of memory needed to hold just one phase spa
e point wouldbe about 128 bytes = 27 � 102 bytes for ea
h number or 102 � 6 � 1023 � 1017 Gbytes. The largest 
omputers wehave today have perhaps 103 Gbytes of memory, so we are o� by 14 orders of magnitude just to spe
ify 1 point inphase spa
e.Do we need all this detail? (Yes and No). 1



Yes { There are plenty of 
hemi
ally interesting phenomena for whi
h we really would like to know how individualatoms are moving as a pro
ess o

urs. Experimental te
hniques su
h as ultrafast laser spe
tros
opy 
an resolveshort time s
ale phenomena and, thus, obtain important insights into su
h motions. From a theoreti
al point ofview, although we 
annot follow 1023 parti
les, there is some hope that we 
ould follow the motion of a system
ontaining 104 or 105 parti
les, whi
h might 
apture most of the features of true ma
ros
opi
 matter. Thus, bysolving Newton's equations of motion numeri
ally on a 
omputer, we have a kind of window into the mi
ros
opi
world. This is the basis of what are known as mole
ular dynami
s 
al
ulations.No { Intuitively, we would expe
t that if we were to follow the evolution of a large number of systems all des
ribed bythe same set of for
es but having starting from di�erent initial 
onditions, these systems would have essentiallythe same ma
ros
opi
 
hara
teristi
s, e.g. the same temperature, pressure, et
. even if the mi
ros
opi
 detailedevolution of ea
h system in time would be very di�erent. This idea suggests that the mi
ros
opi
 details arelargely unimportant.Sin
e, from the point of view of ma
ros
opi
 properties, pre
ise mi
ros
opi
 details are largely unimportant, we mightimagine employing a 
onstru
t known as the ensemble 
on
ept in whi
h a large number of systems with di�erentmi
ros
opi
 
hara
teristi
s but similar ma
ros
opi
 
hara
teristi
s is used to \wash out" the mi
ros
opi
 details viaan averaging pro
e
ure. This is an idea developed by individuals su
h as Gibbs, Maxwell, and Boltzmann.Ensemble: Consider a large number of systems ea
h des
ribed by the same set of mi
ros
opi
 for
es and sharing some
ommon ma
ros
opi
 property (e.g. the same total energy). Ea
h system is assumed to evolve under the mi
ros
opi
laws of motion from a di�erent initial 
ondition so that the time evolution of ea
h system will be di�erent from allthe others. Su
h a 
olle
tion of systems is 
alled an ensemble. The ensemble 
on
ept then states that ma
ros
opi
observables 
an be 
al
ulated by performing averages over the systems in the ensemble. For many properties, su
h astemperature and pressure, whi
h are time-independent, the fa
t that the systems are evolving in time will not a�e
ttheir values, and we may perform averages at a parti
ular instant in time. Thus, let A denote a ma
ros
opi
 propertyand let a denote a mi
ros
opi
 fun
tion that is used to 
ompute A. An example of A would be the temperature, anda would be the kineti
 energy (a mi
ros
opi
 fun
tion of velo
ities). Then, A is obtained by 
al
ulating the value ofa in ea
h system of the ensemble and performing an average over all systems in the ensemble:A = 1N NX�=1 a�where N is the total number of members in the ensemble and a� is the value of a in the �th system.The questions that naturally arise are:1. How do we 
onstru
t an ensemble?2. How do we perform averages over an ensemble?3. How many systems will an ensemble 
ontain?4. How do we distinguish time-independent from time-dependent properties in the ensemble pi
ture?Answering these questions will be our main obje
tive in this 
ourse.III. THE LAGRANGIAN FORMULATION OF CLASSICAL MECHANICSIn order to begin to make a 
onne
tion between the mi
ros
opi
 and ma
ros
opi
 worlds, we need to better understandthe mi
ros
opi
 world and the laws that govern it. We will begin pla
ing Newton's laws of motion in a formal frameworkwhi
h will be heavily used in our study of 
lassi
al statisti
al me
hani
s.First, we begin by restri
ting our dis
ussion to systems for whi
h the for
es are purely 
onservative. Su
h for
es arederivable from a potential energy fun
tion U(r1; :::; rN ) by di�erentiation:Fi = ��U�ri2



It is 
lear that su
h for
es 
annot 
ontain dissipative or fri
tion terms. An important property of systems whose for
esare 
onservative is that they 
onserve the total energyE = K + U = 12 NXi=1mi _r2i + U(r1; :::; rN )To see this, simply di�erentiate the energy with respe
t to time:dEdt = NXi=1mi _ri � �ri + NXi=1 �U�ri � _ri= NXi=1 _ri � Fi � NXi=1 Fi � _ri= 0where, the se
ond line, the fa
ts that �ri = Fi=mi (Newton's law) and Fi = ��U=�ri (
onservative for
e de�nition)have been used. This is known as the law of 
onservation of energy.For 
onservative systems, there is an elegant formulation of 
lassi
al me
hani
s known as the Lagrangian formulation.The Lagrangian fun
tion, L, for a system is de�ned to be the di�eren
e between the kineti
 and potential energiesexpressed as a fun
tion of positions and velo
ities. In order to make the nomen
lature more 
ompa
t, we shallintrodu
e a shorthand for the 
omplete set of positions in an N -parti
le system: r � r1; :::; rN and for the velo
ities:_r � _r1; :::; _rN . Then, the Lagrangian is de�ned as follows:L(r; _r) = K � U = NXi=1 12mi _r2i � U(r1; :::; rN )In terms of the Lagrangian, the 
lassi
al equations of motion are given by the so 
alled Euler-Lagrange equation:ddt � �L� _ri� � �L�ri = 0The equations that result from appli
ation of the Euler-Lagrange equation to a parti
ular Lagrangian are known asthe equations of motion. The solution of the equations of motion for a given initial 
ondition is known as a traje
toryof the system. The Euler-Lagrange equation results from what is known as an a
tion prin
iple. We shall deferfurther dis
ussion of the a
tion prin
iple until we study the Feynman path integral formulation of quantum statisti
alme
hani
s in terms of whi
h the a
tion prin
iple emerges very naturally. For now, we a

ept the Euler-Lagrangeequation as a de�nition.The Euler-Lagrange formulation is 
ompletely equivalent to Newton's se
ond law. In order to see this, note that�L� _ri = mi _ri�L�r i = ��U�ri = FiTherefore, ddt � �L� _ri� � �L�ri = mi�ri � Fi = 0whi
h is just Newton's equation of motion.An important property of the Lagrangian formulation is that it 
an be used to obtain the equations of motion of asystem in any set of 
oordinates, not just the standard Cartesian 
oordinates, via the Euler-Lagrange equation (seeproblem set #1). 3



IV. THE HAMILTONIAN FORMULATION OF CLASSICAL MECHANICSThe Lagrangian formulation of me
hani
s will be useful later when we study the Feynman path integral. For ourpurposes now, the Lagrangian formulation is an important springboard from whi
h to develop another useful formu-lation of 
lassi
al me
hani
s known as the Hamiltonian formulation. The Hamiltonian of a system is de�ned to bethe sum of the kineti
 and potential energies expressed as a fun
tion of positions and their 
onjugate momenta. Whatare 
onjugate momenta?Re
all from elementary physi
s that momentum of a parti
le, pi, is de�ned in terms of its velo
ity _ri bypi = mi _riIn fa
t, the more general de�nition of 
onjugate momentum, valid for any set of 
oordinates, is given in terms of theLagrangian: pi = �L� _riNote that these two de�nitions are equivalent for Cartesian variables.In terms of Cartesian momenta, the kineti
 energy is given byK = NXi=1 p2i2miThen, the Hamiltonian, whi
h is de�ned to be the sum, K + U , expressed as a fun
tion of positions and momenta,will be given by H(p; r) = NXi=1 p2i2mi + U(r1; :::; rN ) = H(p; r)where p � p1; :::;pN . In terms of the Hamiltonian, the equations of motion of a system are given by Hamilton'sequations: _ri = �H�pi _pi = ��H�riThe solution of Hamilton's equations of motion will yield a traje
tory in terms of positions and momenta as fun
tionsof time. Again, Hamilton's equations 
an be easily shown to be equivalent to Newton's equations, and, like theLagrangian formulation, Hamilton's equations 
an be used to determine the equations of motion of a system in anyset of 
oordinates.The Hamiltonian and Lagrangian formulations possess an interesting 
onne
tion. The Hamiltonian 
an be dire
tlyobtained from the Lagrangian by a transformation known as a Legendre transform. We will say more about Legendretransforms in a later le
ture. For now, note that the 
onne
tion is given byH(p; r) = NXi=1 pi � _ri � L(r; _r)whi
h, when the fa
t that _ri = pi=mi is used, be
omesH(p; r) = NXi=1 pi � pimi � NXi=1 12mi� pimi�2 + U(r1; :::; rN )= NXi=1 p2i2mi + U(r1; :::; rN )Be
ause a system des
ribed by 
onservative for
es 
onserves the total energy, it follows that Hamilton's equationsof motion 
onserve the total Hamiltonian. Hamilton's equations of motion 
onserve the Hamiltonian4



H(p(t); r(t)) = H(p(0); r(0)) = EProof: H = 
onst) dH=dt = 0 dHdt = NXi=1 ��H�ri � _ri + �H�pi � _pi�= NXi=1 ��H�ri � �H�pi � �H�pi � �H�ri � = 0QED. This, then, provides another expression of the law of 
onservation of energy.V. PHASE SPACEWe 
onstru
t a 
artesian spa
e in whi
h ea
h of the 6N 
oordinates and momenta is assigned to one of 6N mutuallyorthogonal axes. Phase spa
e is, therefore, a 6N dimensional spa
e. A point in this spa
e is spe
i�ed by giving aparti
ular set of values for the 6N 
oordinates and momenta. Denote su
h a point byx = (p1; :::;pN ; r1; :::; rN )x is a 6N dimensional ve
tor. Thus, the time evolution or traje
tory of a system as spe
i�ed by Hamilton's equationsof motion, 
an be expressed by giving the phase spa
e ve
tor, x as a fun
tion of time.The law of 
onservation of energy, expressed as a 
ondition on the phase spa
e ve
tor:H(x(t)) = 
onst = Ede�nes a 6N � 1 dimensional hypersurfa
e in phase spa
e on whi
h the traje
tory must remain.A. Classi
al mi
ros
opi
 states or mi
rostates and ensemblesA mi
ros
opi
 state or mi
rostate of a 
lassi
al system is a spe
i�
ation of the 
omplete set of positions and momentaof the system at any given time. In the language of phase spa
e ve
tors, it is a spe
i�
ation of the 
omplete phase spa
eve
tor of a system at any instant in time. For a 
onservative system, any valid mi
rostate must lie on the 
onstantenergy hypersurfa
e, H(x) = E. Hen
e, spe
ifying a mi
rostate of a 
lassi
al system is equivalent to spe
ifying apoint on the 
onstant energy hypersurfa
e.The 
on
ept of 
lassi
al mi
rostates now allows us to give a more formal de�nition of an ensemble.An ensemble is a 
olle
tion of systems sharing one or more ma
ros
opi
 
hara
teristi
s but ea
h being in a uniquemi
rostate. The 
omplete ensemble is spe
i�ed by giving all systems or mi
rostates 
onsistent with the 
ommonma
ros
opi
 
hara
teristi
s of the ensemble.The idea of ensemble averaging 
an also be expressed in terms of an average over all su
h mi
rostates (whi
h 
omprisethe ensemble). A given ma
ros
opi
 property, A, and its mi
ros
opi
 fun
tion a = a(x), whi
h is a fun
tion of thepositions and momenta of a system, i.e. the phase spa
e ve
tor, are related byA = haiensemble = 1N NX�=1 a(x�)where x� is the mi
rostate of the �th member of the ensemble.However, re
all the original problem of determining the mi
ros
opi
 detailed motion of ea
h individual parti
le in asystem. In reality, measurements are made only on a single system and all the mi
ros
opi
 detailed motion is present.However, what one observes is still an average, but it is an average over time of the detailed motion, an average thatalso washes out the mi
ros
opi
 details. Thus, the time average and the ensemble average should be equivalent, i.e.5



A = haiensemble = limT!1 1T Z T0 dt a(x(t))This statement is known as the ergodi
 hypothesis. A system that is ergodi
 is one for whi
h, given an in�nite amountof time, it will visit all possible mi
ros
opi
 states available to it (for Hamiltonian dynami
s, this means it will visitall points on the 
onstant energy hypersurfa
e). No one has yet been able to prove that a parti
ular system is trulyergodi
, hen
e the above statement 
annot be more than a supposition. However, it states that if a system is ergodi
,then the ensemble average of a property A(x) 
an be equated to a time average of the property over an ergodi
traje
tory. VI. PHASE SPACE DISTRIBUTION FUNCTIONS AND LIOUVILLE'S THEOREMGiven an ensemble with many members, ea
h member having a di�erent phase spa
e ve
tor x 
orresponding to adi�erent mi
rostate, we need a way of des
ribing how the phase spa
e ve
tors of the members in the ensemble will bedistributed in the phase spa
e. That is, if we 
hoose to observe one parti
ular member in the ensemble, what is theprobability that its phase spa
e ve
tor will be in a small volume dx around a point x in the phase spa
e at time t.This probability will be denoted f(x; t)dxwhere f(x; t) is known as the phase spa
e probability density or phase spa
e distribution fun
tion. It's properties areas follows: f(x; t) � 0Z dxf(x; t) = Number of members in the ensembleLiouville's Theorem: The total number of systems in the ensemble is a 
onstant. What restri
tions does this pla
eon f(x; t)? For a given volume 
 in phase spa
e, this 
ondition requires that the rate of de
rease of the number ofsystems from this region is equal to the 
ux of systems into the volume. Let n̂ be the unit normal ve
tor to thesurfa
e of this region.
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n

Volume = Ω

dS

FIG. 1.The 
ux through the small surfa
e area element, dS is just n̂ � _xf(x; t)dS. Then the total 
ux out of volume is obtainedby integrating this over the entire surfa
e that en
loses 
:Z dSn̂ � _xf(x; t)) = Z
rx � ( _xf(x; t))whi
h follows from the divergen
e theorem. rx is the 6N dimensional gradient on the phase spa
erx = � ��p1 ; :::; ��pN ; ��r 1; :::; ��rN �= (rp1 ; :::;rpN ;rr1 ; :::;rrN )On the other hand, the rate of de
rease in the number of systems out of the volume is� ddt Z
 dxf(x; t) = � Z
 dx ��tf(x; t)Equating these two quantities gives Z
 dxrx � ( _xf(x; t)) = � Z
 dx ��tf(x; t)But this result must hold for any arbitrary 
hoi
e of the volume 
, whi
h we may also allow to shrink to 0 so thatthe result holds lo
ally, and we obtain the lo
al result:��tf(x; t) +rx � ( _xf(x; t)) = 07



But rx � ( _xf(x; t)) = _x � rxf(x; t) + f(x; t)rx � _xThis equation resembles an equation for a \hydrodynami
" 
ow in the phase spa
e, with f(x; t) playing the role of adensity. The quantity rx � _x, being the divergen
e of a velo
ity �eld, is known as the phase spa
e 
ompressibility, andit does not, for a general dynami
al system, vanish. Let us see what the phase spa
e 
ompressibility for a Hamiltoniansystem is: rx � _x = NXi=1 [rpi � _pi +rri � _ri℄However, by Hamilton's equations: _pi = �rriH _ri = rpiHThus, the 
ompressibility is given byrx � _x = NXi=1 [�rpi � rriH +rri � rpiH ℄ = 0Thus, Hamiltonian systems are in
ompressible in the phase spa
e, and the equation for f(x; t) be
omes��tf(x; t) + _x � rxf(x; t) = dfdt = 0whi
h is Liouville's equation, and it implies that f(x; t) is a 
onserved quantity when x is identi�ed as the phasespa
e ve
tor of a parti
ular Hamiltonian system. That is, f(xt; t) will be 
onserved along a parti
ular traje
tory ofa Hamiltonian system. However, if we view x is a �xed spatial label in the phase spa
e, then the Liouville equationspe
i�es how a phase spa
e distribution fun
tion f(x; t) evolves in time from an initial distribution f(x; 0).
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