(G25.2666: Quantum Mechanics 11

Notes for Lecture 7

I. A SIMPLE EXAMPLE OF ANGULAR MOMENTUM ADDITION

Given two spin-1/2 angular momenta, S; and Ss, we define
S=8S1+8:

The problem is to find the eigenstates of the total total spin operators S? and S, and identify the allowed total spin
states.

In order to solve this problem, we recognize that the eigenvectors we seek will be expressible in terms of tensor
products of the spin eigenstates of the individual spins. There will be four such vectors:
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Although this is a valid set of basis vectors for the full spin Hilbert space, these are not eigenvectors of S2 or S,. Thus,
we seek a unitary transformation among these vectors that generates a new set of four vectors that are eigenvectors

of 2 and S..
The four new vectors will correspond to adding the spins in either a parallel or anti-parallel fashion:

Parallel 17 Total Spin = 1, ms =—1,0,1 = 3 states
Antiparallel 7] Total Spin = 0, ms =10 = 1 state

for a total of four states, as expected.
To find these states, begin by noting that the state

is, in fact, an eigenstate of S? and S,. To see this note that
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Also, since
S? = (S1 + S2)?
=57 +55+28:-S;
= 57 + 53 +2(S14825 + S1ySay + S12522)
= 87 + 587 +251,5, + (S1452_ +S1_S24)
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However, the second term on the right vanishes because each involves a raising operator acting on a state ‘% %> for
either the first or second spin, which annihilates the state. Thus,
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Thus, the eigenvalue of S? is 2h% = 11+ l)hQ, corresponding to a value of s = 1 with a corresponding S, value of h.
;2 1) is a total spin-1 state [s m,) = |1 1) of the total spin:

These facts make it clear that }% % 1
1 11 1
L= 35 3
2 272 2
In order to find the the states corresponding to ms; = 0 and ms = —1, we can use the total lowering operator:
S_=51_+5_

Recall the general relation for the action of raising and lowering operators on general spin states:

Stls mg) = hy/s(s+1) —mgs(ms £ 1)|s ms +1)

The procedure is, then, to act on both sides of

111 1
I 1>—‘§ 22 §>
with S_:
1 11 1 1 11 1
On the left, we obtain v/2A|1 0) so that
1 11 1
VENL 0= (51 + 525 5g 3)
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Finally, the state with ms = —1 is obtained by acting again with the lowering operator:

1 1 11 1 111 1 1 1 11 1 111 1
N =9 - _ .- = - .- _ = - B _ - _ .- = - .= _ =
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The last state is |0 0) and is obtained by recognizing that it must be composed of those states that have opposite
values of ms, and ms,. So we include these states with arbitrary coeflicients:

T R A TS S
2 2'2 2 2 2’2 2

0 0) =«

The coeflicients o and § are then determined by the conditions that [0 0) must be normalized and that it must be
orthogonal to the other three states. The first condition yields:

(000 0)=a?+p2=1

In order to fulfill the second, we recognize that |0 0) is manifestly orthogonal to |[I 1) and 1 — 1). However,
orthogonality to |1 0) needs to be enforced:

(1 0/0 0)=0
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From the normalization condition, it is clear, then, that o = +1/4/2 so that 8 = F1/v/2. The choice of sign is
arbitrary, so we choose o = —1/\/5 and 8 = 1/\/§ so that

o= L(JL Ll 1y 1111
V2|2 272 2 2 2'2 2

Thus, the four new basis vectors are:

1111 T i1
2 2’2 2/ V2 \|2 22 2 2 2’2 2 ’ 2 2’2 2
I
V2 \|2 22 2 2 2’2 2
We can write the transformation from the old basis to the new basis as a matrix equation:
1 1) 10 0 0 2 %7 2)
1 1
1 0) 0% % Y| Iz w3 -39
O I RIS A
4 1 1 1.1 1
o/ \o & g5 o/ \p —kp -b)
The matrix
1 0 0 0
1 1
0 57 0
U:
0 O 0 1
1 1
0 5 T 0

can easily be shown to be unitary. Note that the elements of the matrix can be computed from the following overlaps:

1 11 1
S22 =1
2 2°2 2



L1l 1 1
2 2’2 2 V2
1 11 1 1
<§ ~33 3|' =5
1 11 1 1
<§ 52 "3 0=75
1 11 1 1
<§ —3i3 300 ="75

1 11 1

S -2 -2 -1 =1

2 22 2

These are examples of what are known as Clebsch-Gordan coefficients. In the next section, we will study the general
forms of these coefficients.
Finally, note that the new basis vectors are, in fact, eigenvectors of S? and S,. Thus, they satisfy

S%1 1) = 2R%|1 1) S.1 1) =h|1 1)
521 0) = 221 0) S.110)=0

521 —1>_2h2|1 1) S.)1 —1)=-h1 —1)
520 0) = S.[0 0)=0

The states |1 1), |1 0), [I —1) form what are called the t¢riplet states, corresponding to s = 1. Note that these
are symmetric with respect to exchange of the two spins. The state |0 0) is known as the singlet state as it is
antisymmetric (changes sign) upon exchange of the spins.

II. THE GENERAL PROBLEM

The problem of adding two arbitrary angular moment J; and J, amounts to finding a unitary transformation from
the set of basis vectors defined by the tensor products of the individual eigenstates of J? and J;, and J3 and Jo, to
the eigenstates of J? and .J., where

J=J,+J9
The individual eigenstates of 1 and 2 satisfy
Jljr ma) = ji(jr + R[5 ma)
Jizljr ma1) = m1h|31 mi)
J3lj2 ma) = ja(jo + 1)R%[j2 ma)
Jaz|j2 m2) = m2h|J2 ma)

We may also define raising and lowering operators according to

Jitljr m1) =hy/j1(j1 + 1) —mi(my £ 1)]j; my £1)
Jax|jo ma) = h/ja(j2 + 1) — ma(ma £ 1)[j2 ma £ 1)

We then define the tensor product basis vectors as

i miiga me) = [ ma) QL ma)  mu = —jis i, me = —ja, s o
and we seek a transformation to a set basis set denoted |J M) that satisfies

J?|J M) =J(J+1)h*J M)
J.|J M)= Mn|J M)
JilJ M)y =h\/J(J+1) - MM +1)|J M=+1)




The method of obtaining the transformation is simply to expand the new basis vectors in terms of the old:
J1 J2
T My= Y > |it misja ma)(ji maija mo|J M)
mi=—ji1 ma=—/j2
The coefficients

(1 ma;j2 mel|J M)

are the general Clebsch-Gordan coefficients. In principle, they can be determined by the programmatic procedure
outlined in the last section applied to the arbitrary angular momenta. Note that

(J1 ma;j2 ma|lJ M) =0

unless m1 +m + 2 = M, which restricts the summations in the above expansion considerably.
Although a general formula exists for Clebsch-Gordon coefficients (see below), let us first examine some of the
properties of the coefficients that are useful in constructing the unitary transformation:

1. The Clebsch-Gordon coefficients are real:
(1 misje ma|lJ M) = (J M|j1 mi;ja m2)
2. Orthogonality:
J1 J2
Z Z (J Mljy ma;ja ma)(j1 ma;j2 mo|lJ M') =055 0mm
mi1=—j1 ma=—/j2

This can be seen by recognizing that

(J M|J" M) =6;70mm

so that if we insert an identity operator in the inner product in the form

J1 J2
I'= Z Z lj1 ma;j2 ma)(j1 ma;j2 mal

mi=—j1 ma=—j2

the orthogonality relation results. A similar orthogonality relation is
Jj1+j2 J
Z Z (j1 m1sja malJ M)(J Mljr mi;j2 m3) = Smym! Omam,
J=lj1—j2| M==J

which can also be proved starting from
(j1 ma;jz malji misd2 mb) = Gmym) Omam),

and inserting identity in the form

Jit+j2 J

I= > > J MY M|

T=ljr—ja| M=—J

Note that the label J is not a fixed label like j; and jo. This is because different total J values can result. The
minimum value of J is clearly |j; — j2|, while its maximum is j; + j2, and we need to sum over these in the
completeness relation.



3. Recursion relation:

VIT+1) = M(M £1){j1 mi;j0 mao||lJ M£1)=/j1(j1 +1) —mi(m1 F 1)1 m1 £1;j2 ma|J M)

+ Vi2(j2 + 1) —ma(ma T 1)1 ma;j2 me F1J M)
which can be derived starting from

Jr = Jix + Jog

and taking matrix elements of both sides between the new and old basis vectors:
(J1 ma;ja malJx|J M) = (j1 mu;ja malJixlJ M)+ (ji mi;ja ma|Jox|] M)

On the left side, J1+ acts on |J M) to produce the term on the left in the recursion relation. On the right, the
operators Ji+ and Jot operate to the left as J{fi and J;‘i. However,
-
Jie =Nz
Jgi = Jaex
and hence produce the opposite action as the Ji on the left.
Finally, the general formula for the Clebsch-Gordan coeflicients is
(J1 mi;ja malJ M) = 0mytms M
s —=2J)(s —2j2)!(s — 251)! . . . . Yz
( ) ((s+112))' = 20) (1 +m)!(r —ma)! (G2 + m2)! (G2 — m2)!(J + M)I(J — M)!

1
X -1
;( ) Vi + g2 = J = )G — ma — v)!(G2 + ma — v)I(J — j2 + mu + v)I(J — 1 —m2 +v)!

X [(2J +1)

where s = j; + j2 + J, and the v summation runs over all values for which all of the factorial arguments are greater
than or equal to 0.
This formula is rather cumbersome to work with, so it is useful to deduce some special cases. These are as follows:

(41 Jisg2 gelJ J) =1

ii. if my = :|:j1 or mo = :l:]g and M = :l:J, then

(1 misja molJ J)=(j1 —mi;ja —ma|lJ —J)

= (=1)—m 2J + D1 + g2 — J)! (1 + m1)!(ja + ma)!
Grt+gz+J+ T+ 41— 52T — g1+ 32)!\ Gi = m)1(Ga — ma)!

i, If ji + jo = J,

(21'1)!(23'2)!\/ (J + M)(J — M)!
(2J)! (J1 +m)!(G1 — m1)!(f2 + m2)!(ja — ma2)!

(1 ma;j2 melJ M) :\/



III. THE SIMPLE EXAMPLE REVISITED

Consider, again, the example of adding to spin-1/2 angular momenta. This time, we will use the Clebsch-Gordan
coefficients directly to determine the unitary transformation. Start with the state |1 1). Expanding gives

1/2 vz ] 1 1
1 1) = Z Z 5 Mg m2><§ mii 5 ma|l 1)
m1:—1/2m2:—1/2
Only one term gives m; + ms = 1, which is clearly m; = 1/2 and mg = 1/2. Thus,
1 11 1 1 11 1
1= == =M= == 211
1D ‘2 2’2 2><2 22 2‘ )
The Clebsch-Gordan coefficients, by special case i is just 1, so
1 11 1
IR LI
2 2°2 2
as expected.
The state |1 0) is expanded as
1/2 1/2
1 1 1 1
po= X X |5 mig me)(y mig mto)

mi=—1/2mo=—-1/2

This time, since my + mg = 0, two terms contribute, m; = 1/2,ms = —1/2 and

m

1 11 1\/1 11 1 1 11 1\/1 11

1 |z .- __Z - .2 - I11 - _ .- Z - _ .
10) ‘2 22 2><2 2'2 2 OH‘z 2'2 2 <2

However, since j; + jo = 1, we can use special case iii, and we find

IS S R i A Y
2 2'2 2 ~ V20 Vololon! 2
1 11 1 11! 11! 1
LR Oy e - =
2 2°2 2 2! o!1!1!o! 2
so that
R T O IO TR
V2 \|2 272 2 2 2’2 2
It is straightforward to show that [I —1) =|1 —1;1 — 1) The state [0 0) is expanded to give

1/2 1/2

IR YD

mi=—1/2mo=—1/2

1 1 1 1
- M= m - M= m
5 Ly M2 ) 5 13 2

Again there are two terms that contribute. However, to determine the two Clebsch-Gordan coefficients:

1 11 1 1 11 1
- —;= —=100 d(- —=;= =100
<2 2'2 2’ ) o <2 23 300
we can use special case ii, since M = J. In this case,
1 11 1 11 11! 10! 1
- ;= —=|00)=(-1)2"2 —_— = —
<2 23 ~30 =D semVom T B
1 11 1 1,1 11! 01! 1
Z =2 Z00)=(-1)2"2 \— = ——
<2 2’2 2 ) =1 21010V 110! V2
Hence, the state is given by
1 1 11 1 1 11 1
00=—71(|z == —=)—|z —=;= =
V2 \|2 272 2 2 2°2 2




IV. FINAL REMARKS

Note finally, that the number of basis vectors is generally given by (2j1 + 1)(2j2 + 1), and that this number is equal
to

Ji+J2
> 27+1) = (20 +1)(2j2+ 1)
J=|j1—j2|

Also, sometimes one sees the so called “3J” symbols used instead of Clebsch-Gordan coefficients. This are denoted

as
JioJe J
my M M

and are related to the Clebsch-Gordan coefficients by

mip Mmi M



