Lecture II

The H>* molecule ion is an example of a simple one-electron problem that
can be solved exactly and leads to the energy eigenfunctions associated
with an actual chemical bond. In fact, this molecule is the only one for
which analytical solutions are known.

The actual solution is complicated, so we will not carry it out to
completion, but here we will outline how it is done:

Setting up the Hamiltonian

H>* consists of two protons and one electron. Choose a coordinate
system as follows:

Here, r denotes the position of the electron. For now we will assume that
the protons remain fixed in space with a distance R between them. The
coordinate system is chosen so that both protons lie on the z-axis.

Proton positions are (0,0,%), (O,O,—Ej
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Eigenfunctions of H satisfy
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is not a central-symmetric potential. Hence,
[H.12]=0

so angular momentum is not conserved. But we do have cylindrical
symmetry about the z-axis. Hence, the z-component of angular
momentum is a constant of the motion and can be shown to satisfy:

Therefore, eigenfunctions of H are also eigenfunctions of L, .

Recall L, can be defined in terms of an angle ¢ about the z-axis.




That is, the angle is defined as the angle between the projection of the
vector r onto the x-y plane and the positive x-axis.

Eigenfunctions satisfy

However, periodicity in the angle ¢ requires
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which is true only if
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indicating that the eigenvalues of L, are discrete multiplies of h
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In addition, the eigenfunctions are required to be properly normalized,
hence:
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We still need two other coordinates to specify the wave function.

We cannot use the spherical coordinates r,0 because we do not have a

central potential, i.e. one that only depends on the distance of the
electron from the origin. Rather, the potential for the H>* molecule ion
depends on the distance of the electron from two points representing the
two protons.

We cannot take advantage of cylindrical coordinates because the
potential is not a single function of those coordinates.

Such problems can be treated using confocal elliptic coordinates
defined as follows:
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Solving for r, and rp gives
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Hence, the potential becomes:
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We can also derive an expression for V2 can also be derived in terms of y,
v and @ via the chain rule:
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We find:
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The Schrédinger (eigenvalue) equation becomes:
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If we let
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then, the equation separates:
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The equation is now separable in p and v. Hence, we can choose:
G, (u.v)=M, (1N, (v)

Also, write



Hence, substitution of the separable form into the equation gives
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The constant A reflects the fact that the left side is a function of p alone

while the right side is a function of v alone. Since they are equal to each
other, they must both be equal to the same constant A. The constant A

is known as the separation constant.

Hence, we arrive at two equations for the functions M and N:
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We need to solve these equations for M, (x) and N, (v) and obtain
conditions on allowed values of P (meaning E) and A.

The conditions on P and A will lead to two new quantum numbers
denoted / and n so that
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However, unlike for hydrogen, there is no nice, simple closed-form
expression, only implicit equations.

Solutions are of the form
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