Lecture XI

Solving the electronic eigenvalue problem: In the Born-Oppenheimer
approximation, the electronic eigenvalue problem takes the form.

[T +V..+V., y(x.R)=&(r)y(x.R)

where x denotes the electronic coordinates, and R denotes the nuclear
coordinates.

Crudest approximation. Assume the equation is separable and that the

electrons are distinguishable. Then, we would take a product form for
the solution:

l//(xl’R): ¢1(xlaR) 2(x2aR)"'(PM(xM’R)
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M
= H% (xk’R)
k=1

From here on out, the R dependence will be largely suppressed,
although it should be remembered that this dependence is, nevertheless,
there.

Note, also, that we are denoting the quantum numbers ax simply by k for
notational convenience and simplicity.

If V,,=0, this would be exact for distinguishable electrons.



The functions ¢, (xk, R) , also referred to as orbitals, are required to be orthonormal to

each other:
Zjdr¢k x)‘/)k Idx¢k )(Pk ( ) O

Note, that, in this approximation, the total energy is simply a sum:

£(R)=(R)+&,(R)+ -+, (R)
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The functions would satisfy

V), () =50, (x,)

But since V,, # 0, these solutions are not solutions of the full electronic

structure problem. However, we can try to optimize the functions so as
to give us the best approximate solution in a variational sense.

Let
E[yR]=(y (R)| H.(®)]y (R))
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The first term in this expression is:
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J'dx- . ~dxMH¢7Z(xk)[Te + VeN]H(”k(xk)
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Second term:

M

1 Mo,
Mdx.---d L
2'[ X, xMLI[¢k(xk)§ ‘ﬂ—rj‘g¢k(xk)
1 12 * *
= E % _[dxk ax,p, (xk )(01 (xl )m (% (xk )(Pl (xl )

k i

l &,
_5k1<¢k¢l|| r— ||(/’k¢1>
=3 (ol o) + L oo o)
£ Oy N TS = "l|rk—r,| P

Now, we variationally optimize the functions ¢,(x, )
In principle, we should solve




However, we need to ensure (¢,|¢,)=1, a condition we need to include
via Lagrange multipliers:

SEr{ELe)RI-2 A (ole) 1) -
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called the Hartree equation.

When we treat the electrons as indistinguishable, we cannot use the
product form. Rather, we take

| (gpl(xl) ¢l(xN)}
w(x,R)=——det| : :

JN!
CDN(xl) §0N(xN)
Again, we need to compute E[{p}, R]=(y|H |y).
We find:
Y 1 1
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k=1 |rk re| 2 | kT é’|

Note the sums are not restricted. The first two-body integral gives




J,, is called the Coulomb integral. Note the change in the names of the

integration variables. Since these are just integration variables, they can
be called whatever we like.

1 0 (), ("), (), (x¢')
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K,, is called the exchange integral.

Unitary invariance: Consider a transformation to a new set of orbitals

|W,~>=;U,j‘¢)j>

where Ujis a unitary matrix.
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Coulomb integral:
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Exchange integral:
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Thus, total energy is invariant!
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Choose U so as to diagonalize 1. Let ¢, be the eigenvalues. Then, we

obtain,
h 2 |¥// '
- —Vi+V,, (r)+e Zjdx Zjd

e

VW), ()=, (3

Ir ‘
which is known as the Hartree-Fock equation.
Koopman’s Theorem (Meaning of ¢,)

Consider removing it electron from the system. The wave function can
be constructed by starting with a Slater determinant for the M-electron
system and crossing out the #th row and column.

(Dl(xl) AR 2} xi) ¢1(xN)
’ . : . :
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The change in energy between the M-electron system and the (M-1I)-
electron system is:

AE =(y'(R) H,(R)w(R))

H,(R)y'(R)) - (v (R)
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Hence, —¢, is the energy required to remove [l electron from the system.

Thus, this energy is simply the ionization energy. It is actually positive,
since the Hartree-Fock energies tend to be all negative.

Note ¢, —¢, equals the energy needed to move an electron from orbital i to
orbital k.



Define operators Jyand K; by their action on an orbital:

Define the Fock operator by

Fe—lviyy
2

ext(r)+ Z[Ja (x)_ K/(x)]

]
so that the Hartree-Fock (HF) equations can be written compactly as
F(/)j (x) = gjgoj(x) .
The electron charge density
The wave function for the M-electron system is
V/(I,Z,...,M)z l//(rl,sl,...,rM,sM)

The electronic charge density n(r) is defined to be the number of
electrons per unit volume.

The quantity
> [dx, - edx, y(r,5,23,.. . M)

is the probability per unit volume that an electron will be found at r.

Thus, n(r)= MZIdxz---dxM w(r,s,2.3,...,M) is the number of electrons per

unit volume.

Clearly, J.drn(r): M total number of electrons.

For a Slater determinant composed of orthogonal orbitals, consider the
example of M =2
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} orthogonality

If we separate spatial and spin factors in the single-particle orbitals, we

have:
Wl(xl): §01(r¢;| )Zml (s)
v, (xl ) =0, (rgol ))(m2 (51)

Then, summing over spin gives
2 2
= 2‘@1 (r] )‘ + 2‘(”2 (rl )‘

Generally,
M
r1)=2kzz;‘¢)k ‘ ZZ::‘V//( ‘

Note that the Coulomb integral can be written as:
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which is called the Hartree energy.

Note that the Coulomb integral in the Hartree equation

o)

r—r

ZJ-| P A dr =e Zj.drm jdr
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—eIdr ( +ejdr H(r,)
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Thus, in the Hartree equation, we subtract off the so-called self-
interaction term, which would be the interaction of an electron with its
own spatial density.

n!(r)= ie‘(oj (r)(2
Thus,
j drn (r)=7e
1 - particle density matrix :

Define the 1-particle density matrix as:

p(r,r’)=MZjdx,---dxMW*(r,s,2,...,M)l//(r',s,2,3,...,M)

n(r)=p(r,r)



In HF theory,

ZZgok (r,mp, (r',m)=>>" ¢, (r,m)p, (r',m’)

k m,m'

Exchange energy:
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MQller-Plesset Perturbation Theory:

M
Take H, = sz = Total HF Hamiltonian.

=
Then, a perturbation can be defined by

H,=H,+H'
where H'=H,—-H, and H. is the exact Hamiltonian:

M M 1 1

k=1 k=1 27 |rk _rz|



In perturbation theory, recall:

First order energy correction is
E" = (o H'lw)

while the zeroth order energy is E© <z//0 |H |z//0>

)

But this is the original energy functional we varied to se the HF equation.

E9+EY <l//0|H +H|l//0> <l//o

Second order:

gy el

s#0

‘t//é“)> created from virtual orbitals used in determinants, i.e. excitations

of single-particle orbitals to unoccupied states.
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