
V25.0109: General Chemistry I (Honors) Professor M.E. Tuckerman
First Midterm Examination October 17, 2008

NAME and ID NUMBER:

There should be 17 pages to this exam, counting this cover sheet. Please check this exam NOW!

There are three pages of formulae/data, a periodic table (with molar masses), and a table of hydrogen-atom wave
functions at the back of this exam. Books, notes, etc. are not permitted, however calculators are. Not all questions
are equally difficult. Spending all your time on one question is generally a bad idea. Partial credit will be given but
only if your answers can be deciphered. Therefore, make sure that your writing is neat and that your logic is clear,
organized, and easy to follow. Unreadable answers will not be given the benefit of the doubt. Good luck.

GRADING

1. (10 points)

2. (30 points)

3. (10 points)

4. (30 points)

5. (20 points)

TOTAL: 100 points
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1. (10 points)
Assume the following reaction

aA + bB −→ cC + dD

is balanced as written. In a certain experiment designed to produce this reaction, an amount mA of A in grams
is combined with an amount mB of B in grams. After the reaction is complete, the reaction vessel is found to
contain amounts of C, D, and A. Determine the amounts of C, D, and A in grams present in the vessel after
the reaction in terms of the given initial amounts mA and mB of A and B, the molar masses MA, MB, MC and
MD of A, B, C, and D, respectively and the stoichiometric coefficients.
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2. (30 points)
The electron in a hydrogen atom is in the 2pz orbital, for which the wave function is

ψ2pz
(r, θ, φ) =

1

4
√

2πa3
0

(

r

a0

)

e−r/2a0 cos θ

where a0 is the Bohr radius.

a. (10 points)
What is the probability that a measurement of the electron’s position will yield a value in the cone defined
by 0 ≤ θ ≤ π/4?
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b. (10 points)
What is the probability that a measurement of the electron’s position will yield a value in the cone defined
by π/4 ≤ θ ≤ π/2?
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c. (10 points)
Explain any differences between the probabilities you obtained in parts (a) and (b) in terms of the general
shape of this orbital.
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3. (10 points)
Suppose you wanted to redefine relative masses such that all masses are calibrated to a scale in which oxygen
has exactly one mass unit for each of its nucleons. Oxygen has Z = 8 and a mass number of A = 16. Using the
fact that the mass of a proton is 1.6726216×10−27 kg, the mass of a neutron is 1.6749272×10−27 kg, and the
mass of a carbon atom is 1.9264644×10−26 kg, calculate the relative mass of carbon on the oxygen-based scale.
Make any approximations you think are appropriate, but be sure to justify them.
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4. (30 points)

a. (10 points)
A particle of massm is in a one-dimensional box whose potential energy V (x) is defined as follows: V (x) = 0
for 0 ≤ x ≤ L and V (x) = ∞ for x < 0 and x > L. Suppose the particle is in the n = 3 energy state.
What is the probability that a measurement of the particle’s position will yield a value between x = 0.1L
and x = 0.2L? The particle-in-a-box wave functions and energies are given by

En =
h̄2π2

2mL2
n2 ψn(x) =

√

2

L
sin

(nπx

L

)
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b. (10 points)
What is the probability that a measurement of the particle’s position will yield a value between x = 0.3L
and x = 0.4L if the particle is in the n = 3 energy state?
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c. (5 points)
In parts (a) and (b), the width of the interval for which you calculated the probability is the same, 0.1L,
in both cases. However, the location of the interval is clearly different in each case. Explain any similarity
or difference between the probabilities you obtained in parts (a) and (b).
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d. (5 points)
For a small interval ∆x with endpoints at x = a and x = b with ∆x = b − a, the probability that a
measurement of the particle’s position yields a value in this interval when the particle is an energy state
with n = 3 can be approximated by the formula

P (a ≤ x ≤ b) ≈ ψ2
3(x0)∆x

where x0 is the midpoint of the interval: x0 = (b− a)/2. Use this formula to approximate the probabilities
in parts (a) and (b). How accurate is this approximation for each probability?
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5. (20 points)

a. (5 points)
In classical mechanics, two potential energies V (x) and U(x) are considered the same if U(x) = V (x) +C,
where C is a constant, because potential energies are always defined relative to some arbitrary energy value.
In quantum mechanics, if two potential energies U(x) and V (x) differ only by a constant C, then the wave
functions ψn(x) associated with the two potential energies are the same, and only the energy levels En

change. Starting with the Schrödinger equations for U(x) and V (x):

[

K̂ + V (x)
]

ψn(x) = Enψn(x)
[

K̂ + U(x)
]

ψn(x) = E′

nψn(x)

where K̂ is the kinetic energy operator and E′

n are the energy levels for the potential energy U(x), show
that if U(x) = V (x) + C, then

E′

n = En + C
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b. (15 points)
Now suppose that U(x) and V (x) are truly different, meaning that there is no constant C for which
U(x) = V (x) + C. In this problem, you will attempt to prove that the ground-state wave functions for
V (x) and U(x) must be different. Let ψ1(x) be the ground state wave function for V (x) with energy E1

and ψ′

1(x) be the ground-state wave function for U(x) with energy E′

1. These wave functions must satisfy
the Schrödinger equations

[

K̂ + V (x)
]

ψ1(x) = E1ψ1(x)
[

K̂ + U(x)
]

ψ′

1(x) = E′

1ψ
′

1(x)

In order to prove that ψ1(x) and ψ′

1(x) cannot be the same, you will use a proof by contradiction. That is,
prove that the assumption ψ1(x) = ψ′

1(x) leads to a logical contradiction, from which it must follow that
ψ1(x) 6= ψ′

1(x).

Hint: Try substituting ψ1(x) into both of the above Schrödinger equations and then subtracting one of
the resulting Schrödinger equations from the other. What do you get?
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POSSIBLY USEFUL INFORMATION

N0 = 6.022 × 1023 mol−1

kB = 1.38066 × 10−23 J · mol−1 · K−1 = 1.36262× 10−25 L · atm · mol−1 · K−1

e = 1.60219 × 10−19 C ǫ0 = 8.854 × 10−12 C2 · J−1 · m−1

h = 6.6208 × 10−34 J · s h̄ =
h

2π
= 1.105457× 10−34 J · s

c = 2.99769 × 108m/s

a0 = 0.529177 × 10−10 m

Some conversion factors

1 Å = 10−8 cm = 10−10 m

1 J = 1 kg · m2 · s−2

1 Ry = 2.18 × 10−18 J

Formulas

ECoul =
q1q2

4πǫ0|r1 − r2|
=

q1q2
4πǫ0r

F =
q1q2

4πǫ0r3
r

KE =
1

2
mv2 =

p2

2m
A =

N
∑

i=1

Aipi

A(x, t) = A0 cos

(

2πx

λ
− 2πνt

)

v = λν c = λν

V (x) =
1

2
k (x− x0)

2
F = −k (x− x0) I(ν) =

8πhν3

c3
1

ehν/kBT − 1

hν = Φ +
p2

2me
λ =

h

p
A(y) = cos (S(y)) + i sin (S(y)) = eiS(y) P (y) =

∣

∣

∣

∣

∣

∣

∑

paths

Apath(y)

∣

∣

∣

∣

∣

∣

2

∆A∆B ≥
1

2
h̄ ∆A =

√

〈A2〉 − 〈A〉2 ∆x∆p ≥
1

2
h̄
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E =
p2

2me
−

e2

4πǫ0r
dV = r2 sin θdrdθdφ

En = −
Z2e4me

8ǫ20h
2

1

n2
= −

Z2

n2
(in Ry) a0 =

4πǫ0h̄
2

e2me

hν = Eni
− Enf

(emission) hν = Enf
− Eni

(absorption)

Ĥψ(x) = Eψ(x) p(x)dx = |ψ(x)|2dx P (x ∈ [a, b]) =

∫ b

a

|ψ(x)|2dx

[

−
h̄2

2m

d2

dx2
+ V (x)

]

ψ(x) = Eψ(x)

∫

∞

−∞

|ψ(x)|2dx = 1

En =
h̄2π2

2mL2
n2 ψn(x) =

√

2

L
sin

(nπx

L

)
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Mathematics

a bθ

FIG. 1.

a = (ax, ay, az)

|a| =
√

a2
x + a2

y + a2
z

a · b = axbx + ayby + azbz

a + b = (ax + bx, ay + by, az + bz)

|a + b| =
√

|a|2 + |b|2 + 2a · b

θ = cos−1

[

a · b

|a| |b|

]

Trigonometry

cos2(x) + sin2(x) = 1

cos2(x) =
1

2
+

1

2
cos(2x)

sin2(x) =
1

2
−

1

2
cos(2x)

sin(x) cos(x) =
1

2
sin(2x)

eix = cos(x) + i sin(x)

Indefinite integrals
∫

x4e−xdx = −e−x
[

x4 + 4x3 + 12x2 + 24x+ 24
]

∫

cos2 θ sin θdθ = −
cos3 θ

3
∫

sin(ax) sin(bx)dx =
sin[(a− b)x]

2(a− b)
−

sin[(a+ b)x]

2(a+ b)
∫

sin2(ax)dx =
1

2
x−

1

4a
sin(2ax)

∫ b

a

f(x)dx = F (b) − F (a)
dF

dx
= f(x)
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