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Taken as a whole, the data shown in Figs 2 and 3 provide
strong evidence that the electrons in metallic carbon nanotubes
constitute an LL. Future work will test other predictions of this
theory, such as tunnelling between LLs in end-to-end1 and in
crossed geometries21. M
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Explanations for the anomalously high mobility of protons in
liquid water began with Grotthuss's idea1,2 of `structural diffusion'
nearly two centuries ago. Subsequent explanations have re®ned
this concept by invoking thermal hopping3,4, proton tunnelling5,6

or solvation effects7. More recently, two main structural models
have emerged for the hydrated proton. Eigen8,9 proposed the
formation of an H9O+

4 complex in which an H3O+ core is strongly
hydrogen-bonded to three H2O molecules. Zundel10,11, meanwhile,
supported the notion of an H5O+

2 complex in which the proton
is shared between two H2O molecules. Here we use ab initio path
integral12±14 simulations to address this question. These simu-
lations include time-independent equilibrium thermal and
quantum ¯uctuations of all nuclei, and determine interatomic

interactions from the electronic structure. We ®nd that the
hydrated proton forms a ¯uxional defect in the hydrogen-
bonded network, with both H9O+

4 and H5O+
2 occurring only in

the sense of `limiting' or `ideal' structures. The defect can become
delocalized over several hydrogen bonds owing to quantum
¯uctuations. Solvent polarization induces a small barrier to
proton transfer, which is washed out by zero-point motion. The
proton can consequently be considered part of a `low-barrier
hydrogen bond'15,16, in which tunnelling is negligible and the
simplest concepts of transition-state theory do not apply. The
rate of proton diffusion is determined by thermally induced
hydrogen-bond breaking in the second solvation shell.

Simulating an excess proton in liquid bulk water has proved to be
immensely challenging. Based on the efforts of numerous groups,
many insights into the microscopic nature of proton hydration
and diffusion have been deduced17±31,38. Structural diffusion2 as a
dynamical process was ®rst `seen' in microscopic detail in an ab
initio molecular dynamics study of D+ in D2O (ref. 23). It was seen
that proton diffusion does not occur via hydrodynamic Stokes
diffusion of a rigid complex, but via migration of a structural defect
due to a continual interconversion between covalent and hydrogen
bonds. Solvent ¯uctuations modulate the proton transfer barrier
and preselect a migration path. The rate-limiting step is the
¯uctuation-induced breakage of a hydrogen bond between the
®rst and second solvation shell of H3O

+, which reduces the coordi-
nation number of a water molecule in the ®rst solvation shell23. It
was subsequently suggested that quantum effects could potentially
be important for the rattling of the proton in the hydrogen bond24,
but it has recently been shown that this depends sensitively on a
qualitatively correct model for the interactions27.

The quantum-mechanical particle density `snapshots' from the
present simulations of the hydrated proton give a pictorial realiza-
tion of the structural diffusion process. Initially, the defect is
localized as an H9O

+
4 structure possessing an H3O

+ core that donates
three hydrogen bonds to neighbouring water molecules (Fig. 1a). In
the second frame (Fig. 1b), one of the three protons of the H3O

+

core migrates along its hydrogen bond and forms an H5O
+
2 complex,

in which this proton becomes equally shared between two water
molecules. As the transfer is completed, an H9O

+
4 complex is formed

once again, but now centred on a neighbouring core molecule
(Fig. 1c). The onset of further migration is shown in Fig. 1d, where
the defect converts into another H5O

+
2 con®guration. Overall

(Fig. 1a±d), the structural defect is displaced over a distance
corresponding to approximately twice the average water±water
distance, that is, about 5 AÊ . Each individual particle, however,
moves by only a fraction of an aÊngstroÈm.

The controversial details of this process can be revealed by
examination of the two-dimensional distribution P(d, ROO) of the
displacement coordinate d � ROaH 2 RObH of a given proton relative
to the instantaneous hydrogen-bond centre and the corresponding
bond distance ROO. (See Fig. 1 legend for nomenclature.) For the
analysis to be as unbiased as possible, we begin by including all
OaHOb triples, that is, all hydrogen bonds present in the periodic
sample. This distribution (not shown) is characterized by two
prominent peaks around �d; ROO� < � 6 0:9; 2:8� ÊA arising from
the hydrogen bonds of bulk water but is manifestly non-zero
around jdj < 0 ÊA. This supports the existence of centrosymmetric
complexes, in which the proton is equally shared between two water
molecules, and thereby opposes a description solely in terms of
H3O

+ or H9O
+
4 complexes and/or proton transfer entirely associated

with tunnelling.
The analysis can be re®ned by excluding `irrelevant' hydrogen

bonds in a two-step procedure. First, the H3O
+
a defect site is located,

and only its three OaHOb triples are taken into account. Then, from
these three triples, the hydrogen bond with the smallest jdj is
selected, an intuitive choice based on events of the type in Fig. 1.
This second step focuses on the `most active proton', that is, the one
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that has the greatest likelihood of transferring to a neighbouring
water molecule, but imposes no a priori discrimination between
different structures such as H5O

+
2 or H9O

+
4. In the distribution from

the ®rst step (not shown), the centrosymmetric jdj < 0 ÊA region
is substantially enhanced, and two `wings' emerge, which can be
attributed to asymmetric hydrogen-bonded defects. After the
second step, the distribution (Fig. 2a) acquires a broad and
unstructured character. This important ®nding indicates that the
protonic defect can assume many different structures, so that an
unambiguous distinction between H5O

+
2 and H9O

+
4 can no longer be

achieved.
To analyse `limiting' forms of the defect, two windows in the

displacement coordinate d are chosen. Tight d-margins are deliber-
ately used so that the structural analysis is rendered as evident as
possible (see Fig. 2 legend for details). For small jdj, the structures
are found to correspond to an equal sharing of the excess proton
between two intact H2O, in accordance with Zundel's H5O

+
2 view of

the defect. In contrast, con®gurations with large jdj possess the
characteristics of a threefold coordinated H3O

+ ion, that is, Eigen's

H9O
+
4 complex. There are, however, con®gurations (according to

the present d-margins about half of them) that cannot be char-
acterized as resembling either of these idealized forms.

The fact that a signi®cant portion of the observed structures
remain unclassi®ed is also re¯ected in the shape of P(d, ROO) in
Fig. 2a. Its structureless ridge allows the defect to evolve easily from
H5O

+
2 to H9O

+
4 regions, thus implying that the H5O

+
2 complex

cannot be regarded as a typical transition state. Rather, the proton
in the most active hydrogen bond oscillates between two water
molecules without appreciable hindrance, thereby interconverting
two H3O

+ cores on neighbouring sites via a strongly hydrogen-
bonded, centrosymmetric H5O

+
2 complex. The corresponding

effective free-energy barrier (around d � 0 6 0:05 ÊA and ROO<
2:46±2:48 ÊA) is vanishingly small, &0.15 kcal mol-1, only a fraction
of the thermal energy kBT < 0:59 kcal mol 2 1 at room temperature.
Evidently, both H5O

+
2 and H9O

+
4 are only important as limiting

structures, and numerous unclassi®able situations exist in between.
Therefore, the protonic defect is best visualized as a `¯uxional
complex'.

a b

c d

Figure 1 Examples of simulation con®gurations. We show a perspective view of

the particle densities (diagonal part of the nuclear many-body density matrix) of

representative single quantum con®gurations belonging to the proton migration

path of the quantum trajectory. We note that the employed ab initio path integral

molecular dynamics technique12±14 does not rigorously produce real-time evolu-

tion, but that event sequences can nevertheless be inferred qualitatively. Only the

non-periodically replicated atoms (oxygens, red; hydrogens, grey) and bonds are

included; hydrogen bonds (green) are sketched only in a, the blurring of the atom

positions is exclusively due to quantum effects. The defect (given by the H3O
+
a

core and the triple OaHOb de®ned in Fig. 2 legend) is indicated separately in every

panel by yellow (oxygens) and black (hydrogens). The simulations were per-

formed using CPMD Version 3.0 (J. Hutter, P. Ballone, M. Bernasconi, P. Focher, E.

Fois, S. Goedecker, D. Marx, M. Parrinello & M. Tuckerman, Max-Planck-Institut

fuÈ r FestkoÈ rperforschung and IBM Zurich Research Laboratory 1995±96) at

ambient conditions using 32 H2O with one excess proton in a periodic cubic

box with a lattice constant of 9.8652 AÊ , employing the BLYP density functional34,35,

Troullier±Martins pseudo potentials36, and a G-point plane wave expansion of the

valence orbitals up to 70 rydberg. This particular scheme has been shown to yield

a very good description of the water dimer37, the protonated water dimer16, and

bulk water37. The path integral for the quantum simulation12±14 was discretized

using P � 8 Trotter replicas. The normal-mode propagator together with a chain

of three coupled NoseÂ ±Hoover thermostats on each degree of freedomwas used

to generate a canonical distribution at 300 K, improve sampling ef®ciency, and

ensure ergodicity14. After careful equilibration, quantum and classical trajectories

consisting of 100,000 and 160,000 con®gurations, respectively, were generated

(using identical parameters, in particular the same NoseÂ ±Hoover-chain thermo-

statting scheme).
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Having proposed a coherent picture of the structural defect, it
remains to identify the rate-determining step. This must be done
indirectly, as the path integral approach used provides rigorously
only time-averaged quantum equilibrium properties. Comparing
the number of distinct net displacements of the defect (such as
illustrated in Fig. 1) with the number of (inactive) proton-rattling
events, the simulation unambiguously shows that the latter process
is not rate-limiting. Rather, a proton localized as H3O

+ migrates
preferentially along the hydrogen bond to the neighbouring H2O
that has the lowest coordination number. A water molecule in the
®rst solvation shell becomes undercoordinated by thermally
induced hydrogen-bond breaking between it and a second solvation
shell member23. This phenomenon leads to the coordination
number distribution n(d, ROO) in the most active hydrogen bond,
which is superimposed on P(d, ROO) in Fig. 2a. Here, the proton-
accepting water molecule is undercoordinated near jdj < 0 ÊA (blue
to green), where the defect resembles H5O

+
2, relative to the wings of

the distribution at large jdj (red to yellow), where the defect
resembles H9O

+
4.

How well does a purely classical description of the nuclei, which
includes only thermal ¯uctuations, compare with these quantum
results? The answer can be gleaned from Fig. 2b and from the free-
energy barrier. In the classical limit, the asymmetric H9O

+
4 structure

is stabilized owing to an increase in the thermal barrier to
,0.56 kcal mol-1 (approximately kBT � 0:59 kcal mol 2 1). Thus, it
is the zero-point energy of the most active proton that shifts the
lowest vibrational state towards the top of the classical barrier,
thereby enhancing H5O

+
2-like complexes, so that the ¯uctuations of

the surrounding water molecules become crucial. This idea is similar
to the concept of `adiabatic proton transfer'25. Thus, mechanisms
such as tunnelling through the classically existing barrier and/or
soliton-mediated coherent transfer are of only minor importance. A
similar `low-barrier hydrogen bond' situation15,16 is also found in the
early stage of the pressure-induced transition to symmetric ice X,
where proton disorder along the hydrogen bonds is driven by zero-
point motion (compare Fig. 2a with Fig. 3c of ref. 32). The essential
difference is that in ice X, reduction of the oxygen±oxygen distances
(and resulting low barriers) is caused by external pressure, whereas
in water it is a consequence of the electrostrictive distortion of the
hydrogen-bond network around the structural charge defect.
Another indicator of the quantum nature of the structural defect
is an increase in the radius of gyration of the H3O

+ core (see Fig. 3
legend). The difference between the quantum and classical averages,
1.3 AÊ versus 0.9 AÊ , is due entirely to quantum delocalization of the
defect over several hydrogen bonds. The structure of such `non-
classical' con®gurations (see Fig. 3) suggests that these quantum
delocalizations, in a sense, `probe the most likely direction for
further proton migration', thus enhancing the thermal ¯uctuations
that mainly drive the structural diffusion.

The analysis performed here underlines the complex behaviour of
the hydrated proton, bringing out features of both Eigen's and
Zundel's views, but it also emphasizes that the defect cannot be fully
understood using either of these. One tends to think of solution
complexes in terms of well-de®ned structures with transition states
in between. We have shown that this appears to be a misleading
concept in the context of proton diffusion, and many of the
dif®culties in the interpretation of the experimental data might
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Figure 2 Representation of relative proton positions. Averaged distribution

function P(d, ROO) of the proton displacement d � ROaH 2 RObH relative to theOaHOb

bond midpoint (asymmetric stretch coordinate) and the corresponding oxygen±

oxygen separation ROO between the two neighbouring oxygen atoms Oa and Ob

from quantum (a) and classical (b) simulations at 300 K. (De®nition of the OaHOb

triple: Oa is the centre of the H3O
+
a unit determined by assigning every proton to its

closest oxygen neighbour; H is one of the three protons forming the H3O
+
a unit,

such that Oa, H and Ob yield the minimum value of jdj in each con®guration.) In a,

the quantum averaged local coordination number, n(d, ROO), of Ob is super-

imposed on P(d, ROO). The function n(d, ROO) is obtained by averaging the

number of oxygen neighbours of Ob within a sphere of radius Rcut for given d

and ROO; Rcut � 3:25 ÊA is determined by the ®rst minimum of the oxygen±oxygen

radial distribution function gOO(r) of bulk water. (Colour code: n decreases from

yellow) (,4) to red to green to blue (,3.5).) All distributions are smoothed for

presentation and symmetrized about d � 0 ÊA. In addition, the P(d, ROO) distribu-

tions are normalized to unity and shown on the same scale. Structural analysis of

con®gurations: (1) for small jdj < 0:1 ÊA, the ®rst peak of the intra-complex gOO(r)

occurs at r < 2:4 ÊA (compared with 2.8 AÊ for bulk water). The ®rst peak of gOH(r) is

around 0.95 AÊ (close to the value found in bulk water); a secondary peak occurs

close to 1.25AÊ (roughly half of the average OO distance), however, no clearly

distinguishable feature exists at r < 1:8 ÊA (where the ®rst intermolecular peak for

bulk water would be expected). This pattern for small jdj is consistent with an

H2O¼H+¼OH2 complex, in which a proton is equally shared between two normal

water molecules. (2) For large jdj . 0:3 ÊA, gOO(r) peaks near 2.5AÊ , and the ®rst

peak of gOH(r) is, in this case, close to 1.0AÊ (which is slightly longer than for H2O

molecules in the bulk). This corresponds to an H3O
�
.
�H2O�3 complex, where the

H3O
+ core molecule is roughly threefold coordinated. The ®rst-shell H2O mol-

ecules are themselves approximately fourfold coordinated.

Figure 3 Particle density of a representative delocalized quantum con®guration.

(See Fig. 1 legend for the de®nition of the defect and the details of the

presentation.) The quantum ¯uctuations lead to a structural defect that is

delocalized over approximately four different hydrogen bonds (lower-left to the

upper-right corner). The average `size' of the defects can be quanti®ed by the

radius of gyration Rgyr

H�

3
O
� h�1=NP�SISs�R

s
I 2 Rc�2i1=2. Here, Rc is the centroid of the

defect given by Rc � �1=NP�SISsR
s
I , I takes values of 1 to N (where N � 4, the

number of atoms in the H3O
+ core), s � 1; ¼;P is the Trotter replica index (note

that P � 1 classically), and angle brackets denote the canonical average.
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arise from the attempt to interpret complex behaviour within the
limits of a favoured structure. The main conclusions drawn from the
present ®rst-principles quantum simulations, together with those of
ref. 23, are in accordance with a model that is deduced from, and is
claimed to be consistent with, all known experimental data33. M
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The large-scale geometry and age progression of many hotspot
island chains, such as the Hawaiian±Emperor chain, are well
explained by the steady movement of tectonic plates over sta-
tionary hotspots. But on a smaller scale, hotspot tracks are
composed of discrete volcanic islands whose spacing correlates
with lithospheric thickness1. Moreover, the volcanic shields them-
selves are often not positioned along single lines, but in more
complicated patterns, such as the dual line known as the Kea and
Loa trends of the Hawaiian islands2,3. Here we make use of the
hypothesis that island spacing is controlled by lithospheric
¯exure1 to develop a simple nonlinear model coupling magma
¯ow, which feeds volcanic growth, to the ¯exure caused by
volcanic loads on the underlying plate. For a steady source of
melt underneath a moving lithospheric plate, magma is found to
reach the surface and build a chain of separate volcanic edi®ces
with realistic spacing. If a volcano is introduced away from the
axis of the chain, as might occur following a change in the
direction of plate motion, the model perpetuates the asymmetry
for long distances and times, thereby producing an alternating
series of edi®ces similar to that observed in the Kea and Loa trends
of the Hawaiian island chain.

Various models have been proposed to explain the formation of
discrete islands within hotspot tracks. Periodicity in island forma-
tion may originate in the mantle by solitary waves4,5 on, or shear
instabilities6,7 of, mantle plumes; these models, however, do not
explain the observed correlation1 between island spacing l and
lithospheric thickness H, that is, l ~ H3=4. Alternatively, stresses in
the lithosphere may generate joints with regular spacing of the order
of the thickness of the lithosphere with volcanic eruptions occurring
at their intersections8; however, the stresses necessary to cause the
observed pattern of volcanoes are not well constrained and may
require multiple, somewhat ad hoc, origins8. Our model instead
builds on the idea (motivated by the observed correlation between l
and H) that magma ¯ow occurs at locations where the horizontal
¯exural stresses due to existing islands are approximately zero1 (that
is, at the transition between the ¯exural depression and the ¯exural
bulge). The model provides a simpli®ed yet self-consistent dyna-
mical system that generates realistic results by taking into account
the effects of ¯exural stresses and erosion of the dyke walls on
fracture formation.

The physical processes involved in our model act on greatly
varying length and time scales. Whereas the ¯exural wavelength is of
the order of 100 km (ref. 9), and the ¯exural amplitude changes over
timescales of volcano formation (,106 years; ref. 10), a typical
magma-transporting fracture is only 1±10 m wide and forms over
timescales of days (ref. 11). A practical approach to treating this
disparity in scales is to de®ne the lithosphere's permeability to
magma percolation as a continuous ®eld variable, thus treating the
average effects of fractures in a continuum mechanical sense. By
analogy with the physics of fracture formation and evolution, the
permeability is assumed to depend on stresses11,12 and total erosion
(for example, melting13,14 and thermomechanical erosion15) of the
fracture walls.


