
Missing Data: Our View of the State of the Art

Joseph L. Schafer and John W. Graham
Pennsylvania State University

Statistical procedures for missing data have vastly improved, yet misconception and
unsound practice still abound. The authors frame the missing-data problem, review
methods, offer advice, and raise issues that remain unresolved. They clear up
common misunderstandings regarding the missing at random (MAR) concept. They
summarize the evidence against older procedures and, with few exceptions, dis-
courage their use. They present, in both technical and practical language, 2 general
approaches that come highly recommended: maximum likelihood (ML) and Bayes-
ian multiple imputation (MI). Newer developments are discussed, including some
for dealing with missing data that are not MAR. Although not yet in the main-
stream, these procedures may eventually extend the ML and MI methods that
currently represent the state of the art.

Why do missing data create such difficulty in sci-
entific research? Because most data analysis proce-
dures were not designed for them. Missingness is usu-
ally a nuisance, not the main focus of inquiry, but
handling it in a principled manner raises conceptual
difficulties and computational challenges. Lacking re-
sources or even a theoretical framework, researchers,
methodologists, and software developers resort to ed-
iting the data to lend an appearance of completeness.
Unfortunately, ad hoc edits may do more harm than
good, producing answers that are biased, inefficient
(lacking in power), and unreliable.

Purposes of This Article

This article’s intended audience and purposes are
varied. For the novice, we review the available meth-
ods and describe their strengths and limitations. For
those already familiar with missing-data issues, we
seek to fill gaps in understanding and highlight recent
developments in this rapidly changing field. For

methodologists, we hope to stimulate thoughtful dis-
cussion and point to important areas for new research.
One of our main reasons for writing this article is to
familiarize researchers with these newer techniques
and encourage them to apply these methods in their
own work.

In the remainder of this article, we describe criteria
by which missing-data procedures should be evalu-
ated. Fundamental concepts, such as the distribution
of missingness and the notion of missing at random
(MAR), are presented in nontechnical fashion. Older
procedures, including case deletion and single impu-
tation, are reviewed and assessed. We then review and
compare modern procedures of maximum likelihood
(ML) and multiple imputation (MI), describing their
strengths and limitations. Finally, we describe new
techniques that attempt to relax distributional assump-
tions and methods that do not assume that missing
data are MAR.

In general, we emphasize and recommend two ap-
proaches. The first is ML estimation based on all
available data; the second is Bayesian MI. Readers
who are not yet familiar with these techniques may
wish to see step-by-step illustrations of how to apply
them to real data. Such examples have already been
published, and space limitations do not allow us to
repeat them here. Rather, we focus on the underlying
motivation and principles and provide references so
that interested readers may learn the specifics of ap-
plying them later. Many software products (both free
and commercial) that implement ML and MI are listed
here, but in this rapidly changing field others will
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undoubtedly become available soon. A resource Web
page maintained by John W. Graham (http://
methodology.psu.edu/resources.html) will provide
timely updates on missing-data applications and util-
ities as they evolve, along with step-by-step instruc-
tions on MI with NORM (Schafer, 1999b).

Fundamentals

What Is a Missing Value?

Data contain various codes to indicate lack of re-
sponse: “Don’t know,” “Refused,” “Unintelligible,”
and so on. Before applying a missing-data procedure,
one should consider whether an underlying “true”
value exists and, if so, whether that value is unknown.
The answers may not be obvious. Consider a ques-
tionnaire for adolescents with a section on marijuana
use. The first item is “Have you ever tried mari-
juana?” If the response is “No,” the participant is
directed to skip items on recent and lifetime use and
proceed to the next section. Many researchers would
not consider the skipped items to be missing, because
never having used marijuana logically implies no re-
cent or lifetime use. In the presence of response error,
however, it might be a mistake to presume that all
skipped items are zero, because some answers to the
initial question may be incorrect.

Interesting issues arise in longitudinal studies in
which unfortunate events preclude measurement. If
participants die, should we consider their characteris-
tics (e.g., mental functioning) at subsequent occasions
to be missing? Some might balk at the idea, but in
some contexts it is quite reasonable. If deaths are rare
and largely unrelated to the phenomena of interest,
then we may want to estimate parameters for an ideal
scenario in which no one dies during the study. At
other times, we may want to describe the character-
istics of live participants only and perhaps perform
additional analyses with mortality itself as the out-
come. Even then, however, it is sometimes convenient
to posit the existence of missing values for the de-
ceased purely as a computational device, to permit the
use of missing-data algorithms. These issues are clari-
fied later, after we review the notion of MAR.

Missing values are part of the more general concept
of coarsened data, which includes numbers that have
been grouped, aggregated, rounded, censored, or trun-
cated, resulting in partial loss of information (Heitjan
& Rubin, 1991). Latent variables, a concept familiar
to psychologists, are also closely related to missing
data. Latent variables are unobservable quantities

(e.g., intelligence, assertiveness) that are only imper-
fectly measured by test or questionnaire items. Com-
putational methods for missing data may simplify pa-
rameter estimation in latent-variable models; a good
example is the expectation-maximization (EM) algo-
rithm for latent class analysis (Clogg & Goodman,
1984).

Psychologists have sometimes made a distinction
between missing values on independent variables
(predictors) and missing values on dependent vari-
ables (outcomes). From our perspective, these two do
not fundamentally differ. It is true that, under certain
assumptions, missing values on a dependent variable
may be efficiently handled by a very simple method
such as case deletion, whereas good missing-data pro-
cedures for independent variables can be more diffi-
cult to implement. We discuss these matters later as
we review specific classes of missing-data proce-
dures. However, we caution our readers not to believe
general statements such as, “Missing values on a de-
pendent variable can be safely ignored,” because such
statements are imprecise and generally false.

Historical Development

Until the 1970s, missing values were handled pri-
marily by editing. Rubin (1976) developed a frame-
work of inference from incomplete data that remains
in use today. The formulation of the EM algorithm
(Dempster, Laird, & Rubin, 1977) made it feasible to
compute ML estimates in many missing-data prob-
lems. Rather than deleting or filling in incomplete
cases, ML treats the missing data as random variables
to be removed from (i.e., integrated out of) the like-
lihood function as if they were never sampled. We
elaborate on this point later after introducing the no-
tion of MAR. Many examples of EM were described
by Little and Rubin (1987). Their book also docu-
mented the shortcomings of case deletion and single
imputation, arguing for explicit models over informal
procedures. About the same time, Rubin (1987) intro-
duced the idea of MI, in which each missing value is
replaced with m > 1 simulated values prior to analysis.
Creation of MIs was facilitated by computer technol-
ogy and new methods for Bayesian simulation dis-
covered in the late 1980s (Schafer, 1997). ML and MI
are now becoming standard because of implementa-
tions in free and commercial software.

The 1990s have seen many new developments. Re-
weighting, long used by survey methodologists, has
been proposed for handling missing values in regres-
sion models with missing covariates (Ibrahim, 1990).
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New lines of research focus on how to handle missing
values while avoiding the specification of a full para-
metric model for the population (Robins, Rotnitzky,
& Zhao, 1994). New methods for nonignorable mod-
eling, in which the probabilities of nonresponse are
allowed to depend on the missing values themselves,
are proliferating in biostatistics and public health. The
primary focus of these nonignorable models is drop-
out in clinical trials, in which participants may be
leaving the study for reasons closely related to the
outcomes being measured (Little, 1995). Researchers
are now beginning to assess the sensitivity of results
to alternative hypotheses about the distribution of
missingness (Verbeke & Molenberghs, 2000).

Goals and Criteria

With or without missing data, the goal of a statis-
tical procedure should be to make valid and efficient
inferences about a population of interest—not to es-
timate, predict, or recover missing observations nor to
obtain the same results that we would have seen with
complete data. Attempts to recover missing values
may impair inference. For example, the common
practice of mean substitution—replacing each missing
value for a variable with the average of the observed
values—may accurately predict missing data but dis-
tort estimated variances and correlations. A missing-
value treatment cannot be properly evaluated apart
from the modeling, estimation, or testing procedure in
which it is embedded.

Basic criteria for evaluating statistical procedures
have been established by Neyman and Pearson (1933)
and Neyman (1937). Let Q denote a generic popula-
tion quantity to be estimated, and let Q̂ denote an
estimate of Q based on a sample of data. If the sample
contains missing values, then the method for handling
them should be considered part of the overall proce-
dure for calculating Q̂. If the procedure works well,
then Q̂ will be close to Q, both on average over re-
peated samples and for any particular sample. That is,
we want the bias—the difference between the average
value of Q̂ and the true Q—to be small, and we also
want the variance or standard deviation of Q̂ to be
small. Bias and variance are often combined into a
single measure called mean square error, which is the
average value of the squared distance (Q̂ − Q)2 over
repeated samples. The mean square error is equal to
the squared bias plus the variance.

Bias, variance, and mean square error describe the
behavior of an estimate, but we also want honesty in
the measures of uncertainty that we report. A reported

standard error SE(Q̂) should be close to the true stan-
dard deviation of Q̂. A procedure for confidence in-
tervals—for example, Q̂ ± 2SE(Q̂) for a 95% inter-
val—should cover the true Q with probability close to
the nominal rate. If the coverage rate is accurate, the
probability of Type I error (wrongly rejecting a true
null hypothesis) will also be accurate. Subject to cor-
rect coverage, we also want the intervals to be narrow,
because shorter intervals will reduce the rate of Type
II error (failure to accept a true alternative hypothesis)
and increase power.

When missing values occur for reasons beyond our
control, we must make assumptions about the pro-
cesses that create them. These assumptions are usu-
ally untestable. Good science suggests that assump-
tions be made explicit and the sensitivity of results to
departures be investigated. One hopes that similar
conclusions will follow from a variety of realistic al-
ternative assumptions; when that does not happen, the
sensitivity should be reported.

Finally, one should avoid tricks that apparently
solve the missing-data problem but actually redefine
the parameters or the population. For example, con-
sider a linear regression of Y on X, where the predictor
X is sometimes missing. Suppose we replace the miss-
ing values by an arbitrary number (say, zero) and
introduce a dummy indicator Z that is one if X is
missing and zero if X is observed. This procedure
merely redefines the coefficients. In the original
model E(Y) � �0 + �1X, where E represents expected
value, �0 and �1 represent the intercept and slope for
the full population; in the expanded model E(Y ) � �0

+ �1X + �2Z, �0 and �1 represent the intercept and
slope for respondents, and �0 + �2 represents the
mean of Y among nonrespondents. For another ex-
ample, suppose that missing values occur on a nomi-
nal outcome with response categories 1, 2, . . . , k.
One could treat the missing value as category k + 1,
but that merely redefines categories 1, . . . , k to apply
only to respondents.

Types and Patterns of Nonresponse

Survey methodologists have historically distin-
guished unit nonresponse, which occurs when the en-
tire data collection procedure fails (because the
sampled person is not at home, refuses to participate,
etc.), from item nonresponse, which means that partial
data are available (i.e., the person participates but
does not respond to certain individual items). Survey
statisticians have traditionally handled unit nonre-
sponse by reweighting and item nonresponse by
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single imputation. These older methods, which are
reviewed in this article, may perform reasonably well
in some situations, but more modern procedures (e.g.,
ML and MI) exhibit good behavior more generally.

In longitudinal studies, participants may be present
for some waves of data collection and missing for
others. This kind of missingness may be called wave
nonresponse. Attrition, or dropout, which is a special
case of wave nonresponse, occurs when one leaves
the study and does not return. Overall, dropout or
attrition may be the most common type of wave non-
response. However, it is not uncommon for partici-
pants to be absent from one wave and subsequently
reappear. Because repeated measurements on an indi-
vidual tend to be correlated, we recommend proce-
dures that use all the available data for each partici-
pant, because missing information can then be
partially recovered from earlier or later waves. Lon-
gitudinal modeling by ML can be a highly efficient
way to use the available data. MI of missing responses
is also effective if we impute under a longitudinal
model that borrows information across waves.

Many data sets can be arranged in a rectangular or
matrix form, where the rows correspond to observa-
tional units or participants and the columns corre-
spond to items or variables. With rectangular data,
there are several important classes of overall missing-
data patterns. Consider Figure 1a, in which missing
values occur on an item Y but a set of p other items
X1, . . . , Xp is completely observed; we call this a
univariate pattern. The univariate pattern is also
meant to include situations in which Y represents a
group of items that is either entirely observed or en-
tirely missing for each unit. In Figure 1b, items or
item groups Y1, . . . , Yp may be ordered in such a way
that if Yj is missing for a unit, then Yj+1, . . . , Yp are
missing as well; this is called a monotone pattern.

Monotone patterns may arise in longitudinal studies
with attrition, with Yj representing variables collected
at the jth occasion. Figure 1c shows an arbitrary pat-
tern in which any set of variables may be missing for
any unit.

The Distribution of Missingness

For any data set, one can define indicator variables
R that identify what is known and what is missing. We
refer to R as the missingness. The form of the miss-
ingness depends on the complexity of the pattern. In
Figure 1a, R can be a single binary item for each unit
indicating whether Y is observed (R � 1) or missing
(R � 0). In Figure 1b, R can be a integer variable (1,
2, . . . , p) indicating the highest j for which Yj is ob-
served. In Figure 1c, R can be a matrix of binary
indicators of the same dimension as the data matrix,
with elements of R set to 1 or 0 according to whether
the corresponding data values are observed or miss-
ing.

In modern missing-data procedures missingness is
regarded as a probabilistic phenomenon (Rubin,
1976). We treat R as a set of random variables having
a joint probability distribution. We may not have to
specify a particular distribution for R, but we must
agree that it has a distribution. In statistical literature,
the distribution of R is sometimes called the response
mechanism or missingness mechanism, which may be
confusing because mechanism suggests a real-world
process by which some data are recorded and others
are missed. To describe accurately all potential causes
or reasons for missingness is not realistic. The distri-
bution of R is best regarded as a mathematical device
to describe the rates and patterns of missing values
and to capture roughly possible relationships between
the missingness and the values of the missing items
themselves. To avoid suggestions of causality, we

Figure 1. Patterns of nonresponse in rectangular data sets: (a) univariate pattern, (b) mono-
tone pattern, and (c) arbitrary pattern. In each case, rows correspond to observational units
and columns correspond to variables.
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therefore refer to the probability distribution for R as
the distribution of missingness or the probabilities of
missingness.

Missing at Random

Because missingness may be related to the data, we
classify distributions for R according to the nature of
that relationship. Rubin (1976) developed a typology
for these distributions that is widely cited but less
widely understood. Adopting a generic notation, let us
denote the complete data as Ycom and partition it as
Ycom � (Yobs, Ymis), where Yobs and Ymis are the ob-
served and missing parts, respectively. Rubin (1976)
defined missing data to be MAR if the distribution of
missingness does not depend on Ymis,

P(R|Ycom) � P(R|Yobs). (1)

In other words, MAR allows the probabilities of miss-
ingness to depend on observed data but not on missing
data.1 An important special case of MAR, called miss-
ing completely at random (MCAR), occurs when the
distribution does not depend on Yobs either,

P(R|Ycom) � P(R).

When Equation 1 is violated and the distribution de-
pends on Ymis, the missing data are said to be missing
not at random (MNAR). MAR is also called ignor-
able nonresponse, and MNAR is called nonignorable.

For intuition, it helps to relate these definitions to
the patterns in Figure 1. Consider the univariate pat-
tern of Figure 1a, where variables X � (X1, . . . , Xp)
are known for all participants but Y is missing for
some. If participants are independently sampled from
the population, then MCAR, MAR, and MNAR have
simple interpretations in terms of X and Y: MCAR
means that the probability that Y is missing for a
participant does not depend on his or her own values
of X or Y (and, by independence, does not depend on
the X or Y of other participants either), MAR means
that the probability that Y is missing may depend on X
but not Y, and MNAR means that the probability of
missingness depends on Y. Notice that under MAR,
there could be a relationship between missingness and
Y induced by their mutual relationships to X, but there
must be no residual relationship between them once X
is taken into account. Under MNAR, some residual
dependence between missingness and Y remains after
accounting for X.

Notice that Rubin’s (1976) definitions describe sta-
tistical relationships between the data and the miss-

ingness, not causal relationships. Because we often
consider real-world reasons why data become miss-
ing, let us imagine that one could code all the myriad
reasons for missingness into a set of variables. This
set might include variables that explain why some
participants were physically unable to show up (age,
health status), variables that explain the tendency to
say “I don’t know” or “I’m not sure” (cognitive func-
tioning), variables that explain outright refusal (con-
cerns about privacy), and so on. These causes of miss-
ingness are not likely to be present in the data set, but
some of them are possibly related to X and Y and thus
by omission may induce relationships between X or Y
and R. Other causes may be entirely unrelated to X
and Y and may be viewed as external noise. If we let
Z denote the component of cause that is unrelated to
X and Y, then MCAR, MAR, and MNAR may be
represented by the graphical relationships in Figure 2.
MCAR requires that the causes of missingness be
entirely contained within the unrelated part Z, MAR
allows some causes to be related to X, and MNAR
requires some causes to be residually related to Y after
relationships between X and R are taken into account.

If we move from the univariate pattern of Figure 1a
to the monotone pattern of Figure 1b, MCAR means
that Yj is missing with probability unrelated to any
variables in the system; MAR means that it may be
related only to Y1, . . . , Yj−1; and MNAR means that it
is related to Yj, . . . , Yp. If Y1, . . . , Yp are repeated
measurements of an outcome variable in a longitudi-
nal study, and missing data arise only from attrition,
then MCAR requires dropout to be independent of
responses at every occasion, MAR allows dropout to
depend on responses at any or all occasions prior to
dropout, and MNAR means that it depends on the
unseen responses after the participant drops out. In
this specialized setting, MAR has been called nonin-
formative or ignorable dropout, whereas MNAR is
called informative (Diggle & Kenward, 1994).

1 In Rubin’s (1976) definition, Equation 1 is not required
to hold for all possible values of R, but only for the R that
actually appeared in the sample. This technical point clari-
fies certain issues. For example, suppose that an experiment
produced no missing values even though it could have. In
that case, Equation 1 would hold because Ymis is empty, and
Rubin’s (1976) results indicate that one should simply ana-
lyze the complete data without worrying about the fact that
missing values could have arisen in hypothetical repetitions
of the experiment.
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With the arbitrary pattern of Figure 1c, MCAR still
requires independence between missingness and
Y1, . . . , Yp. However, MAR is now more difficult to
grasp. MAR means that a participant’s probabilities of
response may be related only to his or her own set of
observed items, a set that may change from one par-
ticipant to another. One could argue that this assump-
tion is odd or unnatural, and in many cases we are
inclined to agree. However, the apparent awkward-
ness of MAR does not imply that it is far from true.
Indeed, in many situations, we believe that MAR is
quite plausible, and the analytic simplifications that
result from making this assumption are highly benefi-
cial.

In discussions with researchers, we have found that
most misunderstandings of MCAR, MAR, and
MNAR arise from common notions about the mean-
ing of random. To a statistician, random suggests a
process that is probabilistic rather than deterministic.
In that sense, MCAR, MAR, and MNAR are all ran-
dom, because they all posit probability distributions
for R. To a psychologist, random may suggest a pro-
cess that is unpredictable and extraneous to variables
in the current study (e.g., tossing a coin or rolling a
die), a notion that agrees more closely with MCAR
than with MAR. In retrospect, Rubin’s (1976) choice
of terminology seems a bit unfortunate, but these
terms are now firmly established in the statistical lit-
erature and are unlikely to change.

The Plausibility of MAR

In certain settings, MAR is known to hold. These
include planned missingness in which the missing
data were never intended to be collected in the first
place: cohort-sequential designs for longitudinal stud-
ies (McArdle & Hamagami, 1991; Nesselroade &
Baltes, 1979) and the use of multiple questionnaire
forms containing different subsets of items (Graham,

Hofer, & Piccinin, 1994; Graham, Hofer, & MacKin-
non, 1996). Planned missingness in a study may have
important advantages in terms of efficiency and cost
(Graham, Taylor, & Cumsille, 2001). Planned missing
values are usually MCAR, but MAR situations some-
times arise—for example, if participants are included
in a follow-up measure only if their pretest scores
exceed a cutoff value. Latent variables are missing
with probability one and are therefore also known to
be MAR.

When missingness is beyond the researcher’s con-
trol, its distribution is unknown and MAR is only an
assumption. In general, there is no way to test whether
MAR holds in a data set, except by obtaining follow-
up data from nonrespondents (Glynn, Laird, & Rubin,
1993; Graham & Donaldson, 1993) or by imposing an
unverifiable model (Little & Rubin, 1987, chapter
11). In most cases we should expect departures from
MAR, but whether these departures are serious
enough to cause the performance of MAR-based
methods to be seriously degraded is another issue en-
tirely (Graham, Hofer, Donaldson, MacKinnon, &
Schafer, 1997). Recently, Collins, Schafer, and Kam
(2001) demonstrated that in many realistic cases, an
erroneous assumption of MAR (e.g., failing to take
into account a cause or correlate of missingness) may
often have only a minor impact on estimates and stan-
dard errors.

Example

Suppose that systolic blood pressures of N partici-
pants are recorded in January (X ). Some of them have
a second reading in February (Y ), but others do not.
Table 1 shows simulated data for N � 30 participants
drawn from a bivariate normal population with means
�x � �y � 125, standard deviations �x � �y � 25,
and correlation � �.60. The first two columns of the

Figure 2. Graphical representations of (a) missing completely at random (MCAR), (b) missing at random (MAR), and (c)
missing not at random (MNAR) in a univariate missing-data pattern. X represents variables that are completely observed, Y
represents a variable that is partly missing, Z represents the component of the causes of missingness unrelated to X and Y, and
R represents the missingness.
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table show the complete data for X and Y. The other
columns show the values of Y that remain after im-
posing missingness by three methods. In the first
method, the 7 measured in February were randomly
selected from those measured in January; this mecha-
nism is MCAR. In the second method, those who
returned in February did so because their January

measurements exceeded 140 (X > 140), a level used
for diagnosing hypertension; this is MAR but not
MCAR. In the third method, those recorded in Feb-
ruary were those whose February measurements ex-
ceeded 140 (Y > 140). This could happen, for ex-
ample, if all individuals returned in February, but the
staff person in charge decided to record the February
value only if it was in the hypertensive range. This
third mechanism is an example of MNAR. (Other
MNAR mechanisms are possible; e.g., the February
measurement may be recorded only if it is substan-
tially different from the January reading.) Notice that
as we move from MCAR to MAR to MNAR, the
observed Y values become an increasingly select and
unusual group relative to the population; the sample
mean increases, and the standard deviation decreases.
This phenomenon is not a universal feature of MCAR,
MAR, and MNAR, but it does happen in many real-
istic examples.

We frequently return to this example throughout
this article to illustrate the performance of various
methods. Because the rate of missing values is high,
the chosen method will exert a high degree of influ-
ence over the results, and differences among compet-
ing methods will be magnified. Effects will also be
large because of the unusually strong nature of the
MAR and MNAR processes. In psychological studies,
one would rarely expect a datum to be missing if and
only if its value exceeds a sharp cutoff. More com-
monly, one might expect a gradual increasing or de-
creasing or perhaps curvilinear relationship between X
or Y and the probability of missingness. Also, in most
cases, the reasons or causes of missingness are not X
and Y themselves but external factors that are merely
related to X and Y, perhaps not strongly. Differences
in results due to varying missing-data treatments in
this example should therefore be regarded as more
extreme than what we usually see in practice.

We would ideally like to have a single procedure
for estimating all the parameters (�X, �Y, �X, �Y, �)
from the observed data that performs well over re-
peated samples regardless of how missingness is dis-
tributed. Technically speaking, this is not possible.
We see below that some data editing methods perform
well for some parameters under MCAR and occasion-
ally MAR. Using likelihood or Bayesian procedures,
one may achieve good performance for all parameters
without knowing the distribution of missingness, pro-
vided that it is MAR. Under MNAR data the task
becomes more difficult; one must specify a model for
the missingness that is at least approximately correct,

Table 1
Simulated Blood Pressure Measurements (N = 30
Participants) in January (X) and February (Y) With
Missing Values Imposed by Three Different Methods

X

Y

Complete MCAR MAR MNAR

Data for individual participants

169 148 148 148 148
126 123 — — —
132 149 — — 149
160 169 — 169 169
105 138 — — —
116 102 — — —
125 88 — — —
112 100 — — —
133 150 — — 150

94 113 — — —
109 96 — — —
109 78 — — —
106 148 — — 148
176 137 — 137 —
128 155 — — 155
131 131 — — —
130 101 101 — —
145 155 — 155 155
136 140 — — —
146 134 — 134 —
111 129 — — —

97 85 85 — —
134 124 124 — —
153 112 — 112 —
118 118 — — —
137 122 122 — —
101 119 — — —
103 106 106 — —

78 74 74 — —
151 113 — 113 —

Summary data: Mean (with standard deviation
in parentheses)

125.7 121.9 108.6 138.3 153.4
(23.0) (24.7) (25.1) (21.1) (7.5)

Note. Dashes indicate missing values. MCAR � missing com-
pletely at random; MAR � missing at random; MNAR � missing
not at random.
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and even then the performance may be poor unless the
sample is very large. However, even though there is
no single procedure that is technically correct in every
situation, all is not lost. We do believe that good
performance is often achievable through likelihood or
Bayesian methods without specifically modeling the
probabilities of missingness, because in many psycho-
logical research settings the departures from MAR are
probably not serious.

Implications of MAR, MCAR, and MNAR

With a complete-data Ycom, statistical methods are
usually motivated by an assumption that the data
are randomly sampled from a population distribution
P(Ycom; �), where � represents unknown parameters.
To a statistician, P(Ycom; �) has two very different
interpretations. First, it is regarded as the repeated-
sampling distribution for Ycom; it describes the prob-
ability of obtaining any specific data set among all the
possible data sets that could arise over hypothetical
repetitions of the sampling procedure and data collec-
tion. Second, it is regarded as a likelihood function for
�. In the likelihood interpretation, we substitute the
realized value of Ycom into P(Ycom; �), and the result-
ing function for � summarizes the data’s evidence
about parameters. Certain classes of modern statistical
procedures, including all ML methods, are motivated
by viewing P(Ycom; �) as a likelihood function. Other
procedures, including nonparametric and semipara-
metric methods, are justified only from the repeated-
sampling standpoint.

When portions of Ycom are missing, it is tempting to
base all statistical procedures on P(Yobs; �), the dis-
tribution of the observed part only. This distribution is
obtained by calculus as the definite integral of P(Ycom;
�) with respect to Ymis,

P�Yobs; �) = � P�Ycom; �� dYmis. (2)

Details and examples of integrating probability distri-
butions are given in texts on probability theory (e.g.,
Hogg & Tanis, 1997). In missing-data problems, how-
ever, it is not automatically true that Equation 2 is the
correct sampling distribution for Yobs and the correct
likelihood for � based on Yobs. Rubin (1976) first iden-
tified the conditions under which it is a proper sam-
pling distribution and a proper likelihood; interest-
ingly, the conditions are not identical. For Equation 2
to be a correct sampling distribution, the missing data
should be MCAR. For Equation 2 to be a correct
likelihood, we need only MAR. The weaker condi-

tions for the latter suggest that missing-data proce-
dures based on likelihood principles are generally
more useful than those derived from repeated-
sampling arguments only. We believe that to be true.
Many of the older data-editing procedures bear no
relationship to likelihood and may be valid only under
MCAR. Even when MCAR does hold, these methods
may be inefficient. Methods motivated by treating
Equation 2 as a likelihood tend to be more powerful
and better suited to real-world applications in which
MCAR is often violated.

Finally, we note that the attractive properties of
likelihood carry over to the Bayesian method of MI,
because in the Bayesian paradigm we combine a like-
lihood function with a prior distribution for the pa-
rameters. As the sample size grows, the likelihood
dominates the prior, and Bayesian and likelihood an-
swers become similar (Gelman, Rubin, Carlin, &
Stern, 1995).

Missing Values That Are Not MAR

What happens when the missing data are not MAR?
It is then not appropriate to use Equation 2 either as a
sampling distribution or as a likelihood. From a like-
lihood standpoint, the correct way to proceed is to
choose an explicit model for the missingness,
P(R|Ycom; �), where � denotes unknown parameters of
the missingness distribution. For example, if missing-
ness is confined to a single variable, then we may
suppose that the binary indicators in R are described
by a logistic regression on the variable in question,
and � would consist of an intercept and slope. The
joint model for the data and missingness becomes the
product of P(Ycom; �) and P(R|Ycom; �). The correct
likelihood function is then given by the integral of this
product over the unseen missing values,

P�Yobs, R; �, �� = �P�Ycom; �� P�R|Ycom; �� dYmis,

(3)

where d is the calculus differential. The practical im-
plication of MNAR is that the likelihood for � now
depends on an explicit model for R. In most cases, this
missingness model is a nuisance; questions of sub-
stantive interest usually pertain to the distribution of
Ycom, not the distribution of R. Nevertheless, under
MNAR the model for R contributes information about
�, and the evidence about � from Equation 3 may
present a very different picture from that given by
Equation 2. Likelihoods for MNAR models are often
difficult to handle from a computational standpoint,
but some interesting work in this area has been pub-
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lished recently. Methods for MNAR data are re-
viewed at the end of this article.

Missing Values That Are Out of Scope

In addition to MAR, there is another situation in
which Equation 2 is an appropriate likelihood: when
the fact that an observation is missing causes it to
leave the universe of interest. Consider a question-
naire with an item, “How well do you get along with
your siblings?” Responses for some participants are
missing because they have no siblings. Literally
speaking, there are no missing data in this problem at
all. However, if the intended analysis could be carried
out more simply if the data were balanced (i.e., if
responses to this item were available for each partici-
pant), then for computational reasons it may be worth-
while to write the likelihood P(Yobs; �) in the form of
Equation 2, where Yobs denotes responses for those
who have siblings and Ymis represents hypothetical
responses for those who do not. In this case, the hy-
pothetical missing data could be regarded as MAR
and � would be the parameters of the distribution of
responses for the population of those with siblings.
We need not worry about whether missingness de-
pends on the characteristics of nonexistent siblings;
these missing values are introduced merely as a math-
ematical device to simplify the computations.

To a certain extent, this discussion also applies to
longitudinal studies in which some participants die.
Outcome measures of physical or mental status (e.g.,
cognitive functioning) have meaning for live persons
only. One who dies automatically leaves the universe
of interest, so values that are “missing” because of
death may often be regarded as MAR. However, if the
measurements of these outcomes are spaced far apart
in time—for example, if they are taken annually—
then the death of a participant may provide indirect
evidence of an unmeasured steep decline in the out-
come prior to death, and response trajectories esti-
mated under an MAR assumption may be somewhat
optimistic. In those cases, joint modeling of the out-
come and death events may be warranted (Hogan &
Laird, 1997).

Older Methods

Case Deletion

Among older methods for missing data, the most
popular is to discard units whose information is in-
complete. Case deletion, also known commonly as
listwise deletion (LD) and complete-case analysis, is

used by default in many statistical programs, but de-
tails of its implementation vary. LD confines attention
to units that have observed values for all variables
under consideration. For example, suppose we are
computing a sample covariance matrix for items
X1, . . . , Xp. LD omits from consideration any case
that has a missing value on any of the variables
X1, . . . , Xp.

Available-case (AC) analysis, in contrast to LD,
uses different sets of sample units for different pa-
rameters. For estimating covariances, this is some-
times called pairwise deletion or pairwise inclusion.
For example, we may use every observed value of Xj

to estimate the standard deviation of Xj, and every
observed pair of values (Xj, Xk) to estimate the co-
variance of Xj and Xk. For the correlation between Xj

and Xk, we might compute the sample correlation co-
efficient using the same set of units that we used to
estimate the covariance. On the other hand, we could
also divide our estimated covariance by the estimated
standard deviations. The latter seems more efficient,
but it could conceivably yield a correlation outside of
the interval [−1, 1], causing one or more eigenvalues
to be negative. We believe that the underlying prin-
ciple of AC analysis—to make use of all the available
data—is eminently sensible, but deleting cases is a
poor way to operationalize it. Another limitation of
AC analysis is that, because parameters are estimated
from different sets of units, it is difficult to compute
standard errors or other measures of uncertainty; ana-
lytic methods are troublesome, and other procedures
(e.g., bootstrapping) are at least as tedious as they
would be for other estimates with better properties.

Properties of case deletion. Case deletion can be
motivated by viewing Equation 2 as a sampling dis-
tribution for Yobs and is generally valid only under
MCAR. In a few circumstances, it produces infer-
ences that are optimal under MAR. For example, un-
der the univariate missingness pattern of Figure 1a,
the parameters of the regression of Y on any subset of
X1, . . . , Xp can be estimated from the complete cases
and the estimates are both valid and efficient under
MAR (e.g., see Graham & Donaldson, 1993). How-
ever, this result does not extend to other measures of
association between Y and X such as correlation co-
efficients, nor does it extend to parameters of the mar-
ginal distribution of Y. When the missing data are not
MCAR, results from case deletion may be biased,
because the complete cases can be unrepresentative of
the full population. If the departures from MCAR are
not serious, then the impact of this bias might be
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unimportant, but in practice it can be difficult to judge
how large the biases might be.

When MCAR holds, case deletion can still be in-
efficient. Consider again the univariate pattern in Fig-
ure 1a, and suppose that we want to estimate aspects
of the marginal distribution of Y (e.g., the population
mean). Furthermore, suppose that Y and the Xs are
highly related, so that the missing values of Y can be
predicted from X with near certainty. Case deletion
bases estimates on the reduced sample of Y values,
ignoring the strong predictive information contained
in the Xs. Researchers become acutely aware of the
inefficiency of case deletion in multivariate analyses
involving many items, in which mild rates of missing
values on each item may cause large portions of the
sample to be discarded.

The main virtue of case deletion is simplicity. If a
missing-data problem can be resolved by discarding
only a small part of the sample, then the method can
be quite effective. However, even in that situation,
one should explore the data to make sure that the
discarded cases are not unduly influential. In a study
of a rare disease or condition, for example, one should
verify that the small group being discarded does not
contain a large proportion of the participants possess-
ing that condition. For more discussion on the prop-
erties of case deletion and further references, see
chapter 3 of Little and Rubin (1987).

Example. For the systolic blood pressure data
shown in Table 1, LD removes all participants whose
Y values are missing. To demonstrate the properties of
LD over repeated samples, we performed a simulation
experiment. One thousand samples were drawn from
the bivariate normal population, and missing values
were imposed on each sample by each of the three
mechanisms. For MAR and MNAR, Y was made
missing if X � 140 and Y � 140, respectively, pro-
ducing an average rate of 73% missing observations
for Y. For MCAR, each Y value was made missing
with probability .73. The total number of participants
in each sample was increased to 50 to ensure that,
after case deletion, a sufficient number remained to
support the estimation of correlation and regression
coefficients. After deletion, standard techniques were
used to calculate estimates and 95% intervals for five
population parameters: the mean of Y (�Y � 125), the
standard deviation of Y (�Y � 25), the correlation
coefficient (�XY � .60), the slope for the regression of
Y on X (�Y|X � .60), and the slope for the regression
of X on Y (�X|Y � .60). For �Y, the confidence inter-
val consisted of the square roots of the endpoints for

the classical interval for the variance of a normal
population. For �, the interval was calculated by ap-
plying Fisher’s transformation z � tanh−1 (r) to the
sample correlation r, adding and subtracting 1.96 (N −
3)−1/2, and applying the inverse transformation r �
tanh (z) to the endpoints.

Results of the simulation are summarized in Table
2. The top panel of the table reports the average val-
ues of the parameter estimates under each mechanism.
A discrepancy between this average and the true pa-

Table 2
Performance of Listwise Deletion for Parameter
Estimates and Confidence Intervals Over 1,000 Samples
(N = 50 Participants)

Parameter MCAR MAR MNAR

Average parameter estimate (with RMSE in parentheses)

�Y � 125.0 125.0 143.3 155.5
(6.95) (19.3) (30.7)

�Y � 25.0 24.6 20.9 12.2
(5.26) (5.84) (13.2)

� � .60 .59 .33 .34
(.19) (.37) (.36)

�Y|X � .60 .61 .60 .21
(.27) (.51) (.43)

�X|Y � .60 .60 .20 .60
(.25) (.44) (.52)

Coverage (with average interval width in parentheses)

�Y 94.3 18.8 0.0
(30.0) (25.0) (14.7)

�Y 94.3 90.7 17.4
(23.3) (19.4) (11.4)

� 95.4 82.5 82.7
(0.76) (0.93) (0.94)

�Y|X 94.6 95.9 40.0
(1.10) (2.20) (0.73)

�X|Y 95.3 37.7 96.6
(1.08) (0.71) (2.23)

Note. Parameters: � is the population mean; � is the population
standard deviation; � is the population correlation; � is the popu-
lation regression slope. Coverage represents the percentage of con-
fidence intervals that include the parameter value; values near 95
represent adequate coverage. Use of boldface type in the top panel
indicates problematic levels of bias (i.e., bias whose absolute size is
greater than about one half of the estimate’s standard error); use of
boldface in the bottom panel indicates seriously low levels of cov-
erage (i.e., coverage that falls below 90%, which corresponds to a
doubling of the nominal rate of error). MCAR � missing com-
pletely at random; MAR � missing at random; MNAR � missing
not at random; RMSE � root-mean-square error.
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rameter indicates bias. A rule of thumb that we have
found useful is that bias becomes problematic if its
absolute size is greater than about one half of the
estimate’s standard error; above this threshold, bias
begins to noticeably degrade the coverage of 95%
confidence intervals. Biases that are practically im-
portant according to this rule are indicated by bold-
face type. Some may disagree with this rule, because
the standard error of the estimate depends on the
sample size (N � 50), which was chosen arbitrarily;
those readers may compare the average of the param-
eter estimate to the true value of the parameter and
judge for themselves whether the bias seems practi-
cally important. The top panel of Table 2 also displays
the root-mean-square error (RMSE), which measures
the typical distance between the estimate and the true
value. Small values of RMSE are desirable. Examin-
ing these results, we find that LD is unbiased under
MCAR. Under MAR and MNAR, the complete cases
are unrepresentative of the population, and biases are
substantial, with two exceptions: The estimate of �Y|X

is unbiased under MAR, and the estimate of �X|Y is
unbiased under MNAR.

The bottom panel of Table 2 summarizes the per-
formance of confidence intervals. For each parameter
and each mechanism, we report the coverage—the
percentage of intervals that covered the true param-
eter—and the average interval width. Narrow inter-
vals are desirable provided that their coverage is near
95%. As a rough rule of thumb, we consider the cov-
erage to be seriously low if it falls below 90%, which
corresponds to a doubling of the nominal rate of error;
these values are indicated by boldface type. Examin-
ing the bottom panel of Table 2, we see that coverage
is acceptable for all parameters under MCAR but low
for most parameters under MAR and MNAR. Under-
coverage has two possible sources: bias, which causes
the interval on average to be centered to the left or to
the right of the target, and underestimation of the
estimate’s true variability, which causes the interval
to be narrower than it should be. Under MAR and
MNAR, both phenomena are occurring; the observed
Y values tend to be higher and less variable than those
of the full population, which biases both the param-
eter estimates and their standard errors.

This simulation clearly illustrates that case detec-
tion may produce bias under non-MCAR conditions.
Some might argue that these results are unrealistic
because a missingness rate of 73% for Y is too high.
However, it is not difficult to find published analyses
in which 73% or more of the sample cases were omit-

ted because of incomplete information. On the basis
of a survey of articles in major political science jour-
nals, King, Honaker, Joseph, and Scheve (2001) re-
ported alarmingly high rates of case deletion with
serious implications for parameter bias and ineffi-
ciency. Other simulations revealing the shortcomings
of case deletion have been reported by Brown (1994),
Graham et al. (1996), and Wothke (2000).

Reweighting

In some non-MCAR situations, it is possible to re-
duce biases from case deletion by the judicious appli-
cation of weights. After incomplete cases are re-
moved, the remaining complete cases are weighted so
that their distribution more closely resembles that of
the full sample or population with respect to auxiliary
variables. Weights are derived from the probabilities
of response, which must be estimated from the data
(e.g., by a logistic or probit regression). Weighting
can eliminate bias due to differential response related
to the variables used to model the response probabili-
ties, but it cannot correct for biases related to vari-
ables that are unused or unmeasured. For a review of
weighting in the context of sample surveys, see Little
and Rubin (1987, section 4.4).

Weighting is nonparametric, requiring no model for
the distribution of the data values in the population. It
does, however, require some model for the probabili-
ties of response. Weights are easy to apply for uni-
variate and monotone missing-data patterns. For the
arbitrary pattern of missing values shown in Figure
1c, weighting becomes unattractive because one must
potentially compute a different set of weights for each
variable. Recent years have seen a resurgence of in-
terest in weighting, with new methods for parametric
and semiparametric regression appearing in biostatis-
tics; some of these newer methods are reviewed near
the end of this article.

Averaging the Available Items

Many characteristics of interest to psychologists—
for example, self-esteem, depression, anxiety, quality
of life—cannot be reliably measured by a single item,
so researchers may create a scale by averaging the
responses to multiple items. An average can be mo-
tivated by the idea that the items are exchangeable,
equally reliable measures of a unidimensional trait.
The items are typically standardized to have a mean of
zero and a standard deviation of one before averaging.
If a participant has missing values for one or more
items, it seems more reasonable to average the items
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that remain rather than report a missing value for the
entire scale. This practice is widespread, but its prop-
erties remain largely unstudied; it does not even have
a well-recognized name. Undoubtedly, some re-
searchers may have used this method without realiz-
ing that it is a missing-data technique, choosing in-
stead to regard it as part of the scale definition. Some
might call it case-by-case item deletion. A colleague
has suggested the term ipsative mean imputation, be-
cause it is equivalent to substituting the mean of a
participant’s own observed items for each of his or her
missing items (H. B. Bosworth, personal communica-
tion, February 2001).

Averaging the available items is difficult to justify
theoretically either from a sampling or likelihood per-
spective. Unlike case deletion, it may introduce bias
under MCAR. For example, suppose that a scale is
defined as the average of six items, and we compute
an average for each participant who responds to at
least three. With missing data the variance of the scale
tends to increase, because it becomes a mixture of the
averages of three, four, five, or six items rather than
the average of all six. The scale also becomes less
reliable, because reliability decreases as the number
of items drops. The method also raises fundamental
conceptual difficulties. The scale has been redefined
from the average of a given set of items to the average
of the available items, a definition that now depends
on the particular rates and patterns of nonresponse in
the current sample and that also varies from one par-
ticipant to another. This violates the principle that an
estimand be a well-defined aspect of a population, not
an artifact of a specific data set.

Despite these theoretical problems, preliminary in-
vestigations suggest that the method can be reason-
ably well behaved. As an illustration, suppose that a
scale is defined as the average of standardized items
Y1, . . . , Y4, but these items are not equally correlated
with each other or with other items. In particular,
suppose that the covariance matrix for Y1, . . . , Y4 is

∑ =�
1.0 0.5 0.2 0.2

0.5 1.0 0.2 0.2

0.2 0.2 1.0 0.5

0.2 0.2 0.5 1.0
� ,

and suppose that the correlation between these and
another standardized item X is .50 for Y1 and Y2 and
.10 for Y3 and Y4. Under these circumstances, the true
slope for the regression of Y � (Y1 + Y2 + Y3 + Y4)/4

on X is � � .30. Now suppose that Y1 and Y2 are
missing fairly often, whereas Y3 and Y4 are nearly
always observed. We imposed missing values in an
MCAR fashion at a rate of 30% for Y1 and Y2 and 5%
for Y3 and Y4. We then averaged the items provided
that at least two of the four were available (partici-
pants with fewer than two were deleted) and regressed
the scale on X. Over 1,000 samples of N � 100 cases
each, the average value of the estimated slope was
.26, and 903 of the nominal 95% confidence intervals
covered the population value � � .30. The bias is
noticeable but not dramatic. Modifying this example,
we found that bias tends to decrease as the Yjs become
more equally correlated with each other and with X
and as the intercorrelations among the Yjs increase
even if they are unequal.

Newer methods of MI provide a more principled
solution to this problem. With MI, one imputes miss-
ing items prior to forming scales. Using modern soft-
ware, it is now routinely possible to impute 100 or so
items simultaneously and preserve the intercorrela-
tions between the items, provided that enough sample
cases are available to estimate the joint covariance
structure. If MI is not feasible, then averaging the
available items may be a reasonable choice, especially
if the reliability is high (say, � > .70) and each group
of items to be averaged seems to form a single, well-
defined domain.

Single Imputation

When a unit provides partial information, it is
tempting to replace the missing items with plausible
values and proceed with the desired analysis rather
than discard the unit entirely. Imputation, the practice
of filling in missing items, has several desirable fea-
tures. It is potentially more efficient than case dele-
tion, because no units are sacrificed; retaining the full
sample helps to prevent loss of power resulting from
a diminshed sample size. Moreover, if the observed
data contain useful information for predicting the
missing values, an imputation procedure can make
use of this information and maintain high precision.
Imputation also produces an apparently complete data
set that may be analyzed by standard methods and
software. To a data user, the practical value of being
able to apply a favorite technique or software product
can be immense. Finally, when data are to be analyzed
by multiple persons or entities, imputing once, prior to
all analyses, helps to ensure that the same set of units
is being considered by each entity, facilitating the
comparison of results. On the negative side, imputa-
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tion can be difficult to implement well, particularly in
multivariate settings. Some ad hoc imputation meth-
ods can distort data distributions and relationships.
The shortcomings of single imputation have been
documented by Little and Rubin (1987) and others.
Here we briefly classify and review some popular
single-imputation methods.

Imputing unconditional means. Consider the
popular practice of mean substitution, in which miss-
ing values are replaced by the average of the observed
values for that item. The average of the variable is
preserved, but other aspects of its distribution—
variance, quantiles, and so forth—are altered with po-
tentially serious ramifications. Consider a large-
sample 95% confidence interval for the population
mean,

y � 1.96�S2

N
,

where y and S2 are the sample mean and variance and
N is the sample size. Mean substitution narrows this
interval in two ways: by introducing a downward bias
into S2 and by overstating N. Under MCAR, the cov-
erage probability after mean substitution is approxi-
mately 2	(1.96r) − 1, where 	 is the standard normal
cumulative distribution function and r is the response
rate. With 25% missing values (r � .75) the coverage
drops to 86%, and the error rate is nearly three times
as high as it should be. In addition to reducing vari-
ances, the method also distorts covariances and inter-
correlations between variables.

Imputing from unconditional distributions. The
idea underlying mean substitution—to predict the
missing data values—is somewhat misguided; it is
generally more desirable to preserve a variable’s dis-
tribution. Survey methodologists, who have long been
aware of this, have developed a wide array of single-
imputation methods that more effectively preserve
distributional shape (Madow, Nisselson, & Olkin,
1983). One popular class of procedures known as hot
deck imputation fills in nonrespondents’ data with
values from actual respondents. In a simple univariate
hot deck, we replace each missing value by a random
draw from the observed values. Hot-deck imputation
has no parametric model. It partially solves the prob-
lem of understating uncertainty, because the variabil-
ity of the item is not distorted. However, without fur-
ther refinements, the method still distorts correlations
and other measures of association.

Imputing conditional means. In the univariate

situation of Figure 1a, a regression model for predict-
ing Y from X � (X1, . . . , Xp) may provide a basis for
imputation. The model is first fit to the cases for
which Y is known. Then, plugging values of X for the
nonrespondents into the regression equation, we ob-
tain predictions Ŷ for the missing values of Y. Replac-
ing Y with Ŷ is called conditional mean imputation,
because Ŷ estimates the conditional mean of Y given
X. Conditional mean imputation is nearly optimal for
a limited class of estimation problems if special cor-
rections are made to standard errors (Schafer &
Schenker, 2000). The method is not recommended for
analyses of covariances or correlations, because it
overstates the strength of the relationship between Y
and the X variables; the multiple regression R2 among
the imputed values is 1.00. If there is no association
between Y and the covariates X, then the method re-
duces to ordinary mean substitution.

Imputing from a conditional distribution. Distor-
tion of covariances can be eliminated if each missing
value of Y is replaced not by a regression prediction
but by a random draw from the conditional or predic-
tive distribution of Y given X. With a standard linear
model, we may add to Ŷ a residual error drawn from
a normal distribution with mean zero and variance
estimated by the residual mean square. In a logistic
regression for a dichotomous Y, one may calculate the
fitted probability p̂ for each case, draw a random uni-
form variate u, and set Y � 1 if u � p̂ and Y � 0 if
u > p̂.

More generally, suppose that we have data Ycom �
(Yobs, Ymis) from distribution P (Yobs, Ymis; �). Imput-
ing from the conditional distribution means simulat-
ing a draw from

P�Ymis|Yobs; �� =
P�Yobs, Ymis; ��

P�Yobs; ��
, (4)

where the denominator is given by Equation 2. In
practice, the parameters are unknown and must be
estimated, in which case we would draw from
P(Ymis|Yobs; �̂), where �̂ is an estimate of � obtained
from Yobs. Imputing from Equation 4 assumes MAR.
The method produces nearly unbiased estimates for
many population quantities under MAR if the model
(Equation 4) is correctly specified. Formulating the
conditional distribution and drawing from it tends to
be easiest for univariate missing-data patterns. With a
monotone pattern, the conditional distribution can be
expressed as a sequence of regressions for Yj given
Y1, . . . , Yj−1 for j � 1, . . . , p, which is not too dif-
ficult. With the arbitrary patterns, the conditional dis-
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